SHIFTED PRIMES IN ARITHMETIC PROGRESSIONS TO
LARGE MODULI WITH LINEAR SIEVE REMAINDER
WEIGHTS

RUIYI ZHANG

ABSTRACT. Let N be a sufficiently large even integer, and fix B > 0 and 0 <
e < 10~%. Take Iwaniec’s upper or lower linear-sieve remainder weights. We
estimate a signed sum of prime-counting discrepancies on N/(log N)B < p <
(1—e)N. Fix 0 < u < 1/500 and a sieve exponent 1/2 < 6 < (5—7/32—3u)/8.
Choose 0 < ¢ < min{1071°, ((5 — 7/32 — 3u)/8 — 0)/200, \/u/(20)}. Then
the complete modulus support lies below N(5—7/32=3u)/8  For every fixed
saving exponent A > 0, the error is O(N(log N)~4). For each of the two
signs v € {4, —}, the result holds uniformly for integers a € [N, N log N/3]
satisfying (a,q) = 1 for every modulus ¢ in the support of the corresponding
coefficient w;. Call these shifts admissible; they form a subset of the interval
that includes @ = N. When u = 1/500 and 6 = 19101/32000 — 10~4, the ratio
log D/logz is 298.403125. The proof keeps the smooth-divisor and prime-
tuple factors of the linear-sieve weights. It combines dispersion with a Heath—
Brown decomposition. The boundary, Type-I and Type-II terms are estimated
separately.

1. INTRODUCTION

The Bombieri—Vinogradov theorem [2, 3] gives level 1/2 for primes in arithmetic
progressions on average. Related early weighted work includes Fouvry—Iwaniec
[19, 20]. Consider weighted sums with a fixed residue. Bombieri-Friedlander—
Iwaniec reached level 4/7 with well-factorable weights [6, Theorem 10]. With a fixed
residue, Maynard [7, Theorems 1.1-1.2] proved level 3/5 for triply well-factorable
weights and level 7/12 for the upper linear-sieve weights. Parts I-1II address fixed
residue classes, well-factorable estimates, and uniform residue classes, respectively
[21, 7, 22]. Lichtman [1, Theorem 1.7, (1.6)] obtained level 66/107 for triply well-
factorable weights with a fixed residue. For such weights he also obtained level
153/256—6, uniformly over residues |a| < N'*9 for each fixed § > 0 [1, Theorem 1.7,
(1.7)]. His Proposition 6.6 treats Iwaniec’s modified upper and lower linear-sieve
weights. There the largest prime factors are restricted to prescribed short intervals.
Its admissible level is ¢ < 9(t1) — 0 with 9(¢1) defined in [1, (6.2)]. Take at
least three prescribed factors and t; below the threshold in that proposition. Then
the level becomes ¥ < 9(t1,t2,t3) — 0, with the function of [1, (6.4)] and fixed
d > 0. The error constant in that proposition depends on the fixed residue a [1,
Proposition 6.6]. Lichtman’s modified linear-sieve weights reach level 10/17 [25].

2020 Mathematics Subject Classification. Primary 11N13; Secondary 11N36, 11105, 11P32.
Key words and phrases. shifted primes, linear sieve, level of distribution, dispersion method,
Kloosterman sums, primes in arithmetic progressions.

1



2 RUIYI ZHANG

Pascadi [8, Theorem 1.3] gives levels approaching 5/8 for triply well-factorable
weights, with a fixed residue. For suitable upper linear-sieve weights his levels
approach 3/5. Pascadi’s Theorem 5.4 also treats both signs of the restricted well-
factorable linear-sieve weights and refines Proposition 6.6 [8, Theorem 5.4]. His
Lemma 5.6 records a correction to a small error in Section 6 of [1] [8, Lemma 5.6].

Here z = N* with u < 1/500 and 8 > 1/2, so s = 0/u > 250, in the fundamental-
lemma range. The cited linear-sieve levels use sifting ranges with s ~ 1-2 and are
not directly comparable.

The congruence p = a (mod g¢) says that ¢ divides the shifted prime a—p. So the
sums below count shifted primes a — p in the class 0 modulo ¢. The modulus coeffi-
cients are Iwaniec’s explicit lower and upper remainder weights [10, Theorem 4]. We
retain their smooth-divisor factors, prime-tuple factors, and distinctness conditions.
We estimate the complete signed sum for the admissible shifts in the stated interval.
Theorem 1.2 covers the fixed parameters u, 6, A, B, e below. Its support exponent
tends to 153/256 as u | 0. This numerical endpoint matches Lichtman’s moving-
residue level for triply well-factorable weights [1, Theorem 1.7, (1.7)]; the residue
ranges differ. At v = 1/500 the exponent is smaller. The coefficient family here is
the full remainder in [10, Theorem 4]. It includes the smooth-only term and the
distinctness masks. Lichtman’s Proposition 6.6 estimates restricted factor-pattern
components of different modified sieve weights. Its implied constant depends on
the fixed residue. Here uniformity is only over the support-coprime shifts specified
below, an admissible subset of [N, N log N/3| that includes a = N; no uniformity
over the full interval is asserted.

The local statement uses the hypotheses of Section 3. Let B be a Heath—Brown
box at scale X. Write wp(n) for its finite source coefficient and Cp(q) for its
modulus coefficient. Set

1(n,q)=1
AB(q; a) = wp (’I’L) (1n_a - 2 .
; @ " o(g)
In Section 3, wp is written as a sum over the variables of B; this is the same

discrepancy.

Proposition (Dispersion for a source box). Fiz 0 < o < 1070 and constants
Kicale > 0 and Chox > 0. Here Kgyeale bounds the logarithmic difference between the
prime scale X and N. The source boves have relative width (log X)~Cvex. Let N
be sufficiently large and even, N/(log N)&scale < X < N, and put L = log X and
Ay = X1H9/20 Let a be a positive integer with a < X (log N)&seale < Ay, Suppose
every supported modulus is coprime to 2a. Suppose B and Cpg satisfy (H1)-(H5)
of Section 3. These include the support condition q¢ < XY°, where

19101 53 oo
= 33000 ™= 0.59680625, ¢y = oo =3

For each fized A" > 0 there is a finite C = C(0, Kscale, Choxs A’y Csre) such that

nr = 10747 190 > 0.

(1.1) 3" Co(@)AB(4;0)| Lo koo Coomricoe XL 4+ X170 LC,
g<X70

Here Cgyc denotes the fixed uniform constants in (H1)-(H5). The estimate is uni-
form in B, N, and all a as above. The implied constant and the threshold for N
are ineffective.
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Theorem 3.1 in Section 3 is the abstract dispersion estimate under the support
and packing hypotheses in (H3). Theorem 3.2 is the dispersion engine used for
Theorem 1.2. It allows support up to X6,

Theorem 1.1 (Signed shifted-prime mean value at v = 1/500). Fiz A,B > 0,

0<e<1074, and

1 19101
S <0<, =
3 <=9 = 35500

1 . _10 Me 1
=— =0,-0 0 < 10710, 2= 0 ——
Y50 e ’ <U—mm{ 200"\ 10006 [’

r=0’>, D=N’ z=N'" Y=D" Keu=B+]1,

Set

and choose an integer Crox > [2A+32]; constants may depend on this choice, as in
Theorem 1.2. Let N be sufficiently large and even. For either sign v € {+,—}, let
w¥;(q) be the complete Iwaniec remainder coefficient of formula (W) in Section 5.
Its prime set is Pn = {p prime: p{ 2N}, with the grid and distinctness conditions
there. Let a be an integer with N < a < NlogN/3 and (a,q) = 1 for every
q € suppwy;. Call these shifts admissible; they form a subset of the interval that
includes a = N. Put Iy = (N/(logN)B, (1 —)N). Let w1, count its primes, and
71y (g, a) those congruent to a modulo q. Then

suppwy C {g < D'T7F7: (¢,2N) =1},  D'ITT < N®-, lwi (q)] <o 1,
and

K,4,0,B,6,Co0r N(log N)™4

S k(o) {mns(0.0) - 7}

The sum covers the complete support of formula (W). For the admissible choice
6 = 19101/32000 — 10~*, the sieve ratio log D/logz = 5000 equals 298.403125.
The implied constant and the threshold for N are ineffective.

Remark (parameter conventions). In Theorem 1.1 one takes Auge = A and Chox >
[2A+32]. The shifted choice Aage = A+3 and the corresponding Chox > [2A+38]
occur only in the auxiliary source-wide estimate (3.95), which is not used in the
proofs of Theorems 1.1-1.2 or Corollary 1.3, nor in Section 5.

Theorem 1.2 (Signed shifted-prime mean value). Fiz A >0, B> 0,0 <e < 1074,
0 <u<1/500, and
1 5-7/32 - 3u

5<6?<G)(u): 3

Put
Ne = @(U) - 9,

0 < o <min{1071%, 56 /200, \/u/(20)},
r=0¢’>, D=N’ z=N" Y=D".
Set Kycale = B + 1. Choose an integer boz-width exponent
Chox > [24 + 32].

The implied constant and the threshold for N below may also depend on the chosen
Chox- For the canonical choice Chox = [2A + 32] this is a dependence on A alone.
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Equivalently Cyox > 2(A + cgr), with the boundary exponent cg = 16 of (3.24) and
(B.19). This also gives the logarithm-freezing condition Chrox > A+18 from (B.18).
Let N be sufficiently large and even. For each sign v € {+,—}, let w%;(q) be the
complete Twaniec remainder coefficient defined by formula (W) in Section 5. Its
prime set is Pn = {p prime : p t 2N}, with the grid and distinctness conditions
specified there. Let a be any integer satisfying

N <a < NlogN/3, (a,q) =1 for every q € supp wy.

Call these shifts admissible; they form a subset of the interval that includes a = N.

Put
I = (o 0=V

Write ©y,, for the number of primes in In. Write wr,(q,a) for the number of
these primes with p = a (mod q). For every fized o in the displayed range, these
coefficients satisfy

suppwy C {g < D77 1 (¢,2N) =1},
DT < NOW - wX ()| o 1,

and

(1.2) Lo,Au.0,B.2.Cor N(log N) ™.

> wte(a) {mrytao) - T

The sum includes the entire support of formula (W). The sieve ratio is
log D/logz = 0/u. The condition on o gives Y = D = N < Nw/2 < z, as
required for the rough-factor bounds. The implied constant and the threshold for N
are ineffective. The proof uses the Siegel-Walfisz theorem.

Proof of Theorem 1.1. Apply Theorem 1.2 with v = 1/500. Then O(u) =
19101/32000, and its condition on o becomes the displayed condition above.
All the support, coefficient, and discrepancy bounds specialize as stated. The
numerical sieve ratio follows from log D/logz = 6/u. At 6§ = 19101/32000 — 10—
the proof uses Theorem 3.2 through Theorem 1.2. That theorem allows support
up to X%6. It does not use the introductory proposition. At # = ¢ the support
bound D'*7+7 of (W) exceeds XV°. O

In Theorem 1.2, D = N? and D't7*t7 < N©® by the choice of o. The in-
troductory source-box estimate has the fixed local level 99 = 19101/32000 — 10~%.
It assumes its support hypothesis. The packing ceiling for Theorem 1.2 is O(u).
The latter applies the X6 dispersion theorem 3.2 together with the source esti-
mates below. Here ©(u) < 153/256 < 0.6. Fix B > 0. Each source shell has
X > N/(2(log N)B). So, for sufficiently large N,

(u) N e
NOM < X0
= <2<logN>B> =

Thus the full support of Iwaniec’s remainder weights lies in the range of Theo-
rem 3.2. Section 4 proves the modulus packing. Appendix B estimates the Heath—
Brown, boundary, and other source terms. Section 5 assembles these estimates.
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Corollary 1.3 (Logarithmic-integral comparator). Under the hypotheses of Theo-
rem 1.2, for each v € {+,—},

Li((1—€)N)

” —Li(N/(log N)®)
E wi(q)§ 71y (¢, 0) — —————
— w(2.0) ¢(q)

Ko, A,0,B.,2,Croe N(log N)™ 4.
The implied constant and the threshold for N are ineffective.

The proof uses the spectral large sieves of Deshouillers and Iwaniec [5]. It uses
the Kim—Sarnak exponent 7/64 [13]. It also uses Deligne’s bound for holomorphic
coefficients [14]. Section 2 states these inputs. The dispersion argument and its
application are in Sections 3-5.

2. CLASSICAL INPUTS AND THEOREM 2.8

Put e(t) = exp(2mit). Write n ~ N for N < n < 2N. Unspecified arithmetic
indices are positive integers. Norms of sequences are counting-measure 2 norms. A
star denotes reduced residue classes in residue sums. In character sums it denotes
primitive characters. These two uses are distinguished explicitly below. Constants
are uniform within each sequence family. Put

7
2.1 Oxs = —.
(2.1) KS = 35
Thus Okgs = 2 - 7/64, where 7/64 is the unramified Ramanujan exponent. This
symbol is distinct from the level parameter 6 and the exceptional parameters ;.

2.1. Spectral normalization and large sieves. The spectral large sieves are
due to Deshouillers and Iwaniec [5].

Let ¢ > 1. Use Petersson-orthonormal bases at level T'g(g). The measure is
dx dy/y?. Take 0o = I. For a Maass cusp form,

(2.2) uj(2) = pioo(M)yi Kix, 2n|nly)e(nz),  Xj =1+
n#0

. N

This is the Fourier expansion of [5, (1.15)], as printed there. It has no factor 24/|n/;
that factor enters only through the dictionary (2.11). For a holomorphic form f of
even weight k > 2, write

(2.3) f(z) = ts(c0,n)e(nz).
n>1

The Eisenstein coefficients coon(s) have the normalization of [5, (1.17)]. Their

relation to the Whittaker coefficients pP" of Drappeau, whose full dictionary is

(2.11) in §2.2 below, is

L/t |it=1/2
['(1/2 + it)

Let ¢ run over inequivalent cusps. Use width-one scaling matrices. The continuous-

spectrum measure in the DI large sieve is plain dt.

(2'4) p?og (n> t) = S"coon(l/2 + it)'
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Theorem 2.1 (consequence of [5, Theorem 2]). Let € > 0,¢ > 1, K > 1 and
N > % Let a,, € C be supported on N < n < 2N. Then each of

k—1)!
o= Y Gt Y

2

)

Z ann~*D/24 (00, n)

2}€§€k§K fEBL(q) In~N
) 2
(2.5) M(K a) _ - a0
) - np Oo(n) 9
n,zéK cosh(mk ;) TZ;V /
K 2
E(K,a) = Z/ D annpeson(1/2 +it)| dt
c —-K n~N
is at most
N1+e
2.6 C. [ K2+ > anl?,
(26) (5245 5) T e

n~N

uniformly in ¢, K,N,a. By [5, Theorem 2, (1.28)—(1.30)], each expression is
bounded by C.{K? + pu(a) N'T<}||an||3, with the constant depending only on e. At
a = oo, pu(oo) = 1/q, giving (2.6); the source includes the endpoint N > 3. The
third line of (2.5) has no factor 1/ cosh(nt). The cusp transport for Theorem 2.8
is in §2.7.3.

For an exceptional eigenvalue 0 < \; < i, choose ix; > 0, and put
(2.7) U =2ik; =24/5 — A\j.

Theorem 2.2 ([5, Theorem 5], the specialization used here). Let ¢ > 0,
q>1, N> % and Y > 1. Let a,, € C be supported on n ~ N. Then

28 Y YT aan)| < (H,/NZ) <1+,/N;+E> Jall3

j exceptional n~N
This is [5, Theorem 5]. It uses the notation of Theorem 2, so N > 1 is allowed.
The implied constant depends on € alone.
Theorem 2.3 (from [5, proof of Theorem 7, (8.17)]). Let € > 0. Let a,, be the
characteristic sequence of an integer interval I C (N,2N]. Then, for some ¢, and
uniformly in @, N,Y > 1 and I,

(9) 9
29 > Y vy anpjoo(n)‘ < c(QN)*(Q+ N + VNY)N.

2<q<Q j exceptional n~N

The range starts at ¢ = 2 because Theorem 2.8 uses level ¢ = rs with r > R > 1,
so q > 2 there.
Proof. By [5, (8.17) and (8.4)],

Z Z Yy Z anpPjoco (n)

Qo<q<16Qo exc N<n<2N

< EYQuN)* (Qo + N + VNY)N
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for Qo > 1. In [5] the interval is printed as [N, N;], N < Ny < 2N. The sum
runs over N < n < 2N, so a, is the characteristic sequence of the initial interval
(N, N1]NZ. The source estimate (8.17) is uniform for Qg, N,Y > 1 and every real
N; € [N,2N]; its final statement imposes no relation between Y and Qp, N. In
the proof, the induction first treats 1 < N < Qg at Y, = 8_26,/]\7, while (8.18)
handles the remaining large-N range, and the final comparison extends the result
to every Y > 1. We write all intervals in this half-open form.

(i) g-blocks. Let I = max{i > 0: 167'Q > 1}. The blocks (167'Q, 16 Q)],
1 < < Ig, together with (1,16], cover 2 < ¢ < @. There are at most 2 + log;4 @
of them. Every summand is nonnegative. So each block may be enlarged to its full
DI range. Each block has Qg < Q.

(ii) Intervals. Write I = (u,v] NZ with N < u < v < 2N. Then 17 =
1(n,v] — 1(n,u), both initial intervals in DI’s sense, and [A — B|? < 2|A? + 2|B|%
This costs a factor 4.

Hence the left side of (2.9) is at most 4c0Y(2+1log;6 Q)(QN)* (Q+N++v/NY)N.
Take € = €/10 and ¢, := 40?/110 supg>1(2 4 logys Q)Q /% < oo. O

The interval hypothesis is the one in [5, (8.17)], and the induction closes in the
proof of Theorem 7. Theorem 2.3 comes from this step of that proof. [5, Theorem 7]
treats a, = 1 on n < N. Theorem 2.3 needs N > 1. The one-integer block N = %
is treated in §2.7.5.

2.2. Hecke exponents and the adopted trace normalization. Kim—Sarnak
input. The bound 7/64 at an unramified place is [13, Appendix 2, Proposition 2];
the Satake normalization is stated in [13, p. 175]. Independently, the archimedean
input A; > 975/4096 is the lower bound in [13, Appendix 2J; it is not a consequence
of the finite-place estimate below. Let f be a weight-zero Maass newform of con-
gruence level. Each exceptional parameter of f satisfies 0 < ix < 7/64. For a prime
p not dividing the level,

(2.10) Japl, 18] <P ) < ()™ (v 2 0).

Thus the preceding archimedean input gives ¥; < fkg, equivalently \; > 975/4096
by (2.7). At the finite places, (2.10) gives |Af(k)| < 7(k)k?<s/2 for k coprime to the
level. We use these bounds for newforms of level dividing q. These newforms diag-
onalize the unramified Hecke operators on the full level-¢ space. For holomorphic
newforms we use Deligne’s |As(k)| < 7(k), again for k coprime to the level. Both
factorizations use primes coprime to the level.

Deligne input. The holomorphic bound is [14, Théoréme 8.2]. Both inputs
enter at primes coprime to the level, through the prime-power recurrences and
multiplicativity above.

Bruggeman and Kuznetsov independently introduced the relevant trace formu-
las; see [5, p. 220] and their original papers [27, 26]. For the normalization and
formulas used here, see [9, (4.7), (4.9)-(4.19), Lemma 4.5], in the PLMS version.
The coefficient dictionary is

(2.11) (Maass),

p?g(n) = (4ﬁn)_k/21/}f(a, n) (holomorphic),
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with (2.4) for Eisenstein series. The Maass identity follows from Wy ;. (4m|n|y) =

2y In|y K (2m|nly).

For ¢ € C2°((0,00)), define the DI transforms
()= o [ Tl L) &0

sinh 7t x
dzx

(t) = écoshmﬁ/ Ko (x)p(x)—,

0= [ o

Values at removable singularities are hmltb. In Drappeau’s notation the corre-
sponding transforms are —4(}5, o7, and 4ik$(k —1).

Theorem 2.8 and Section 3 use the following identity. Let ¢ = rs, (r,s) = 1, and
r > 1; take

(2.13) Ul/s_(s\/\/v; 1/0\/;>, C(oo,1/8)={y=csyr:c>1,(c,r)=1}.

The scaling matrix and admissible moduli in (2.13) are also given in [5, (1.6)
and (2.4)] and [9, Lemma 4.3]. Since r > 1, the cusps oo and 1/s are inequiv-
alent. Hence the same-sign identity has no diagonal term. If a matrix in To(rs)
maps oo to the reduced fraction 1/s, its lower-left entry is +s. Then rs | s, so
r = 1. Every application here has r > R > 1. For m,n > 1, put Ky(m,n) =
Yee Y Sooi1ys(m, £n57)p(4my/mn/v). In the DI coefficients, Drappeau’s for-
mulas read

K4 (m,n) = % > iF (k= D) Amymn) ok — 1)) (oo, m)y(1/s,m)
f

<)

<

(2.12)

E>2
k even
Z Cj:hﬁi_ﬁ ijO )Pj,l/s(n)
(214) -y / BU0) (/) oo (L2 s (12 4 i)

Z COShﬂ'H pJOO )pj,l/s(_n)

+5 Z /R SO (/)" Geoom(1/2 + it)pe,1/5,-n(1/2 + it) dt

The proof uses only the identities (2.7.T16)—(2.7.T18), derived in §2.7.2. The con-
tinuous integrals carry plain dt. Let «a,,, 8, be finite sequences. Multiply (2.14)
by @B, sum in (m,n), then take spectral absolute values and apply Cauchy—
Schwarz. The first functional is Ly (u) = >, @mpucc(m). The spectral product is

Li(u) 32, Bupuys(£n).

2.3. BFI and the classical progression estimates. For a finitely supported
sequence f, define

(2.15) Z f(n Z f(n (a,q) = 1.

n=a (nq) 1
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The notation of [6, (1.1)] writes A(x; ¢, a) for (2.15) with both sums cut at n < z.
The progression estimates are from Bombieri, Friedlander and Iwaniec [6]. We
use [6, (A2), Theorem 0(a), and proof of Theorem 0(a)].
BFI hypothesis (A2) [6, (A2)]. Fix Bz > 0 for the sequence family. Let 8 be
in the family, with support parameter N > 2. For every d,k > 1 and integer ¢ # 0
with (£, k) =1, and for every A > 0, there is C4 with

1
216) | 3 G- B ) < CallaN (@) (og(2))
n={ (k) (n,dk)=1
(n,d)=1

The C4 are independent of N, d, k, ¢ and of § in the family. As in [6], d and k run
over all positive integers. If ||3]|2 > N(log2N)~B for a fixed B’, then a bound
CANT(d)Bs (log 2N)~(A+B/2) implies (2.16), after adjusting the constant.

Theorem 2.4 ([6, Theorem 0(a), (2.2)]). Let S, be supported on n < N,
N > 2, and satisfy (2.16). For every A > 0, there is By > 0 such that, uniformly
for @ < N(log N)~B1,

(2.17) S S As(ga) < B3N (log N) 4.
¢<Q amodgq
(a,q)=1
The constants depend on A, Bz and the constants in (2.16). For a sequence on
N < n < 2N, replace N by 2N in (2.17).

[6, Theorem 0(b)] is not used; its discrepancy has the cutoff n < x of [6, (1.1)],
while (2.15) is a full-support discrepancy. The switched bilinear form uses the
full-support bound (3.49), proved from (3.25), (3.48) and Theorem 2.4.

That bound uses [6, (1.6)]. Let ¢, € C be supported on 1 < h < H. The large
sieve gives
2

< (Q* + H)|cll3.

primitive

(2.19) >y

g<Q x mod q

Z cnx(h)
h

We use this initial-interval form with H the upper support bound.
Bombieri—Vinogradov input. Write ¥(y;q,a) = Zn<y n=a (q) A(n). For
every A > 0 there is B = B(A) > 0 such that, for y > 3 and Q < y*/?(logy)~ 7,

(2.20) > max

1<0 (a,q)=1

This is BFI’s formulation of the Bombieri-Vinogradov theorem [6, (1.4)]; compare
the original results [2, 3]. The maximum allows the varying reduced residue a =
N mod ¢q. We apply (2.20) at each endpoint separately, with its own level inequality.
Thus (2.20) is used at fixed y only.

Siegel-Walfisz input. We use the power-log form of [17, Corollary 5.29].
Remove prime powers and sum by parts. Let C > 0 and A > 0 be fixed. For y > 3,
q < (logy)© and (a,q) = 1,

.

Y
: -7 ]
P(y;q,a) (p(q)’ <a y(logy

Li(y)
©(q)

The constant is uniform in reduced a and is ineffective. Subtraction at two com-
parable endpoints keeps any fixed logarithmic saving. We use (2.21) with this

(2:21) (yiq,a) = +0a,0(y(logy) ™).
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power-log error. Three further forms need their own proofs. The first saves a
power of the interval length. The second keeps the tensor and coprimality struc-
ture of the structured sequences. The third is localized to one dyadic box of the
Heath—Brown decomposition. Section 3 proves the short-interval estimates and
those for its structured sequences.

2.4. The linear sieve and its structured remainder. Let A be a finite integer
sequence with nonnegative multiplicities. Let P be a prime set. Put

w(d)

(222) P(z)=[]p. SAP,2) = lapey-1, A= =7 X +r(Ad).
PE<7§ acA
p

Here X > 0 and w is multiplicative. Require 0 < w(p) < p for p € P. Set w(p) =0
for excluded primes. Set V() =[], ,ep(1 —w(p)/p). Use the continuous linear-
sieve solutions

sF(s)=2¢7 (0<s<3), sf(s)=0 (0<s<2),
(sF(s)) = f(s—1) (s>3), (sf(s)) =F(s—1) (s>2).
On s > 1, F decreases to 1. Also f increases to 1, with f = 0 through s = 2. In
particular F'(1) = 2¢7. We use this endpoint when the level is at least the sifting
limit.
Let Ky > 2 be one fixed absolute constant such that, for all z > w > 2,

-1
I1 o) o loez (), Bay
P log w log w

wp<Lz

(2.23)

Such a constant exists by Mertens’ product estimate, after increasing it to cover
bounded w.

Theorem 2.5 ([11, Theorem 1], dimension one). Suppose, for some fixed
K > 2 and every z > w > 2,

(2.24) I -/ < log= <1 B ) .

1
wipes ogw log w
peP

Let y > z > 2 and s = logy/log z. Then
S(A,P,z) < XV(){F(s) + e Qu(s)logy) /1 + 3 Ir(Ad)l,

d<y
d|P(z)
S(AP,2) > XV (2){f(s) — "Q1(s)(logy) 3} = > |r(A,d)],

d<y
d|P(z)

(2.25)

where, for s > 1,
(2.26) Q1(s) < exp{—slog s+ sloglog(3s) + O(s)}.

See [11]. The hypotheses are (1.1)-(1.3), and Theorem 1 is (1.4)—(1.6). The
dimension-one constants 5 = 2 and A = 27 appear in [11, p. 176]; the source
states B =0 in [11, p. 173]. For s < 2 the lower main function in (2.25) vanishes.
Hence its lower main term is nonpositive.

For the later prime set Py = {p: p1 2N}, take the multiplicative function with
w(p) =1 on Py, w(p) = 0 off it, and w(p®) = 0 for @ > 2. Its product in (2.24) is
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over a subset of all primes in [w, z), so (2.24) holds uniformly in N with the fixed
value K = K);. The same data satisfy (2.27) with L,, = 2. Thus, whenever (2.25)
is specialized to this set, its factor is eVA™, This is fixed; combining it with (2.26)
changes only the absolute constant in the O(s) term there. This w is a nominal
sieve density: by Theorem 2.6 the constructed coefficients are independent of A,
X, and w.

The structured remainder is from [10, Theorem 4].

Assume (2.24) and nonnegativity of w on prime powers. Fix L, > 1. Assume,
for all z > w > 2,

(2.27) > Z long 7

w<p<za>2
peP

These are [10, (1)—(2)] in dimension one, with L = L.
Fix 0 < €5 < 1/3 and D > 2. Put 6, = €2 and

(2.28) G(D) = {D=0+8)" > 0},

Let (D) consist of tuples D = (Dy,...,D,) from this grid with D, <--- < D; <
D'/2 Define

1y DDV = (D EHD) Dy DaDly <D (012 (p-)/2).
( ’ ) D_<D)={D€H(D) 1~--D21_1D2l <D (1§l§p/2)}

[10, Theorem 4] gives |DF|,|D~| < exp(8¢; ). This bound follows the definitions
of DT and D~. The grid is built from the relative level of each application.

Theorem 2.6 (from [10, Theorem 4], with R = 1). Assume (2.22), (2.24),
(2.27), with the parameters above. Then there are coefficients ¢fjt and \Z(D) of
modulus at most 1. They are independent of A, X, w. They satisfy

S(A,P,z) < XV(2)(F(s) + Es) + Rf + Rt (2<z<D),

(2.30) TR
S(A,P,z) > XV(2)(f(s) — E) — Ry — R~ (2<z< DV?),

where s = log D/ log z and
(2.31) E, < s+ e 8K+ e (log D)~1/3,

with an absolute implied constant. [10, Theorem 4] contains e+~ For the coeffi-
cient construction used here, the prime set and multiplicative function just specified
give K = Ky and L, = 2. Hence (2.31) has the fixed factor eX¥+2; it is retained
in the formula and may be absorbed into the implied constant. The prime-power
dependence comes from its (2), namely (2.27). In its estimate (31), put u = D<.
Then

-y Y en, I (- e

ulp<za>2 u<p<z p a>0 P
peEP peEP
For the first bound use max{2,u} in (2.27). An empty prime interval contributes
zero. The second bound follows factor by factor. Thus eV < e’~ bounds the extra
prime-power factors in the nonsquarefree terms. Formula (2.31) keeps the factor
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e+l of the source. The signed remainders are
(2.32) R = Y dir(Ad),
d<D*s
d|P(D?)
(2.33) R= Y Y ND) > (A, dpy---p,).
DeD¥ (D) d<D5>'2 Disz:<Di1+5s
d|P(D) pi| P(2)

pi#p; ((i,4)€I(D))
The sets I(D) impose distinctness on equal-label tail positions. Unequal grid inter-
vals are disjoint. Coefficients may be zero on unused tuples. They depend only on
P,D, z es,D and the distinctness conditions. In particular they are independent
of A, X,w. They may change with the level or the cutoff.

[10, Theorem 4] holds for general R > 1, 0 < ¢, < 3~ % with the respective
ranges in (2.30). Its preceding combinatorial identities give S < WE and S > Wp.
The coefficients come from [10, (23)—(25), (26), and Lemma 4]; these formulas also
show their independence of the sequence.

Relative-level grid. Choose 0 < o < 1071 first, and put 7 = ¢°. For any
level L. > 2, substitute

(2.33a) €s = 0, D=1L,, b, =€¢2 =0 =1.

Then, term for term,

(2.33D) G(D)={L " :n>0}, D=L, D=L

Thus the labels, half-open prime intervals, smooth-prime cutoff, and smooth-divisor
support agree term by term with (2.32)—(2.33). These are the Iwaniec parameters
at level L., and the tuple conditions (2.29) are unchanged. With this 7, Theorem
2.6 applies as stated. In the application to (W), Section 5 takes L. = D = N?,
so the grid there is exactly the global grid in Theorem 1.2. The coefficients are
the values supplied by Iwaniec’s construction for (P, L., o, D) at the cutoff z of the
application, here z = N". The cutoff also restricts the prime variables in (2.33).
The proof uses only the bound |- | < 1 and the support of these coefficients. It
never compares coefficient values at different cutoffs.

[10, Lemma 3] gives (F, f) with error O(eVE—5(log D)~'/3). In its use here
the sieve constant is K = Ky, fixed independently of N, D, z. Therefore eVEM
is absorbed into the implied constant, and the error is O(e~*(log D)~'/3) with
that fixed constant. Likewise, in the profile (2.26), this multiplier changes only
its absolute O(s) constant. The lemma cites [11, Lemmas 18 and 20]. Theorem
4 includes the closed endpoints z = D and z = DY? of (2.30), although [11,
Lemma 20] has strict inequalities.

2.5. The fundamental lemma, Weil bound, and Heath—Brown identity.
Fundamental lemma (cf. [6, Lemma 4]; the prime-support condition is
explicit in [18, Lemma 5]). Let D > 2, s > 3 and z = D'/, Let P(z) be the
product of all primes below z. There are )\fit, supported on d < D, d | P(z), with
AF=1,|AF| <1and

A" x1)(n) = (AT x1)(n) =1 if (n,P(2)) =1,
(A x1)(n) <0< (AT x1)(n) otherwise,
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Ai
> ~=1l0-1/p)

(2.34) d<D p<z
x {1+ 0(c™)).

The support d | P(z) means that every supported d is squarefree and uses only
primes below z. In (2.34), this makes (A\* % 1)(n) = 2 dl(n,P(2)) AT a sum over
exactly the sieving divisors: if (n, P(z)) = 1, only d = 1 contributes, and otherwise
FI78’s divisor-sum signs apply to g = (n, P(z)). The support is also used in the
remainder sum in (2.25). The explicit Bonferroni weights in (3.102)—(3.104) use the
same support to sieve only primes in P below z and to obtain the stated divisor
count. For the AA37 weights in (W), the corresponding condition d | Py(Y)
separates the smooth divisor, whose primes are below Y, from tail primes p; >
D; > Y. This is used in the unique recovery of d in the proof of the slot identity
(4.13) and in Appendix B, Lemma B.1.

The error O(e~*) suffices below. Removing the primes of an auxiliary modulus
changes the local Euler product and needs its own argument. The rough-integer
estimates below use explicit Brun—Bonferroni weights; see also [30]. The Iwaniec
endpoint s = 1 follows from Theorem 2.6.

Weil input. For every ¢ > 1 and u,v € Z, define

S(u,v;c) = Z e((ux +vx)/c).

z mod c¢,(z,c)=1
The required bound is
(2.35) 1S (u, v; ¢)| < 7(c)(u,v, )22,

This is the Weil-Estermann bound with full ged. Its ged factor covers nonprimitive
indices; see [17, Corollary 11.12]. In (2.14), (2.35) serves for absolute convergence.
Each quantitative application keeps the gcd and modulus factors in its sums. For
prime moduli this is Weil’s bound; prime powers use Estermann’s bound, and the
general modulus follows by the Chinese remainder theorem.

Lemma 2.7 (the exact Heath—Brown identity used here). Let X > 2,
K > 1 be an integer, and let z > 1 satisfy 2% > X. Then for every integer
1<n<X,

K
230 A =2C0(5) T ptm) e ptmy o

J mgngcng=n
m;<z

Jj=1

The identity is [12, Lemma 1, (6)].
Equation (2.36) is algebraic. For s > 1, set M,(s) = >_, ., p(m)m=*, Y(s) =
C(s)M.(s). The coefficients of Y — 1 vanish at indices 1 < n < z. The polynomial

identity 1 — (1 —Y)% = Y00 (=171 (%)Y gives

e -S- Sy (§)eretm+ (<) a-rx.

Each nonzero factor from Y — 1 has index > z. Hence the last term has no coef-

ficient of index n < X. Coefficient extraction proves (2.36). For the order-three

decomposition on n < 2X,,, take K =3, z = 2X,1n/3. Then 23 = 8X,, > 2X,,,. The

Mbobius variables have support m; < 2X,1n/ 3 Dyadic restrictions are imposed after

j=1
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this identity. Coeflicient extraction preserves both product constraints and prime
ordering.

2.6. Theorem 2.8. Theorem 2.8 belongs to the line of incomplete-Kloosterman
estimates of [5, Theorem 12] and [9, Theorem 2.1]; Drappeau states that his theo-
rem extends DI82 Theorem 12. The closest refined quintilinear estimate is [1, Theo-
rem 1.8, (1.8)—(1.9)]. Lichtman identifies [23, 24] as antecedents for the exceptional-
spectrum and residue-dependence refinements. The statements are not identical:
the hypotheses (2.38)-(2.40) and bound (2.42) are the variant proved here from
(2.14) in §2.7. Section 3 uses the full bound (2.42) in (3.14)—(3.15).

Theorem 2.8. Let C,D,N,R,S > 1, A>1,and 0 < ¢y < 1/100. Let b,, ,s € C
be supported on

(2.38) 0<n<N, R<r<2R, S < s<28.
Let g : R2; — C be smooth, supported in

(C,2C] x (D,2D] x R2 .
For each multi-index v = (v4,...,v5) € 25207 assume

1760

(2.39) 10”g(c,d,n,7,5)| < G, (¢ d™2n"3r V17
The G, are uniform in the family. Let a € Z satisfy 0 < |a| < A, and require
(2.40) bnrs =0 unless (a,rs) = 1.

Set ¥ =24+ ACDNRS. For every € > 0,

anrd
Z Z b r.s Z g(c,d,n,ns)e( sc)

(241) (r,s)=10<n<N c,d>1
(rd,sc)=1

Cereorlyy X0, (a),

where the inverse is modulo sc, and

J. (a)2 _ Z Afxs (n//)eKS

n//‘aoo
n’’ <2N
N ~
(2.42) x [¢8(=5 + BS)(C + DR) + |alN RS [b(n") 3

+ [CS(EDVRYs (N + R$)! s
% (C + DR)!"20xs DQNR] 3
Here n’’ | a® if each prime factor of n’” divides a. This includes n” = 1. Also

(2.43) ||b||§ = Z ‘bn,n5|2a Hb(n”)H% = Z |bn’n”,r,8|27
n,r,s TL/,T‘7S
(n',a)=1
with b extended by zero outside (2.38). When a = +1, only n”” = 1 occurs in (2.42).
The implied constant depends only on the displayed parameters and the seminorm
bounds G,,. It is uniform in (a, A,C, D, N, R, S,b).
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For (r,s) = 1, the condition (rd, sc) = 1 means (¢,r) = 1 and (d, sc) = 1. Pairs
with (¢, s) > 1 are included, as are both signs of a. The sequences and weights may
be complex.

2.7. Proof of Theorem 2.8. The proof uses the large-sieve bounds above, the
Hecke bounds of Kim—Sarnak and Deligne, and the trace formula (2.14). We derive
the opposite-sign trace formula below.

In this subsection C, D, Nt, Ry, St, A are the parameters of Theorem 2.8. Write
R, S, Ny for R, ST, N1; Section 3 uses R, S for other scales. Put

X =2+ ACDN,RS, A,=|ar|, q=rs,
(’I"7 S) =1, 6fks= 7/32, 19]' = 2ik; € (0, oKs]

on an exceptional eigenspace. All norms below use counting measure. Spectral
bases are Petersson-orthonormal.

(2.7.T1)

2.7.1. Completion and separation. Fix n,r,s,c, put k = sc, and define g.(§) =
[ g(e,t,n,r, s)e(=Et)dt. Group d in reduced classes modulo k and apply Poisson
summation. This gives the exact identity

(2.7.T2) > gle,d,n,r,s)e(arnrd/k) = k™" Ge(h/k)S(h7, arn; k).
(dk)=1 heZ
The zero frequency is bounded using |cgx(arn)| < (arn,s)(arn,c).  Since

Yococ(u,e) < 20T(u) and Y, og(u, s)? < 48%7(u), Cauchy—Schwarz gives its
absolute contribution B

(2.7.T3) e XD(N,R)Y2||b],.

This is the fourth term of (2.42).
Choose a small auxiliary exponent ¢; > 0. Set

(2.7.T4) H =4SCD% txe, €2 = €1 + €.

Integrate by parts in d. Use (2.39) in d on d € (D, 2D]. For every £ # 0 and j > 0,
this gives [9.(£)| <; D(|¢|D*=0)=7. Every h # 0 has |h|/k > |h|/(45C), because
k = sc < 4SC. By (2.7.T4) this gives (|h|/k)D!=< > (|h|/H)X<'. Hence, for every
h with |h| > H,
(2.7.T5) [9c(h/k)| < DX (H/|h]).
For j > 2 and every H > 0, Z|h|>H(H/|h|)j <2+42H. If H < 1, the sum runs over
all h # 0 and is at most 2¢(2)H? < 2+2H. If H > 1 it is at most 2(1+ H/(j —1)).
With |S(h7,arn; k)| < k, the tail |h] > H of (2.7.T2) is <; (1 + H)DX 7 for
each (¢,n,r,s). Summing against |b,, .. s| over ¢ < 2C gives <; X777 ||b||2, using
S| < (N1 RS)Y2?||b||2, C, D, N1, R, S < X and 1+H < 5X*1, Taking j > 20/¢;
makes it smaller than (2.7.T3). If H < 1, the retained range 1 < |h| < | H| is empty.
Every nonzero frequency lies in this tail, including h = £1. Thus (2.7.T2) contains
only the zero frequency and this tail. Equation (2.7.T3) completes this case.

For 1 < |h| < |H], write h = ¢pm and ¢ = ¢, sgn(ar), with signs ¢, ¢ € {1}.
The identity S(—u,v;k) = S(u, —v;k) makes the second Kloosterman argument
¢A,n. Partition the integers m into

(2.7.76) 7, = (M;,min(2M;, |H])| N Z, M; =27/2.

Thus the first nonempty block is exactly {1}, with M = 1/2. Partition n into
(N’,2N'], N’ > 1/2. Shortened final blocks remain integer intervals. There are
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O(log? X) pairs of blocks; each restricted coefficient norm is bounded by the original
norm. For the current block define

be 1
b (Tl )n’,r,s = bn’n”,r,s 1{N’<n’n”§2N’} 1{(71/,@7-):1}'

The slice satisfies [|b°(n”)||2 < ||b(n”)|l2. Restrict b to the current block. By

support, b’(n”) = b(n"") term by term. Thus the block estimate is exactly (2.42)—
(2.43).
For one block write

ge(snm/(sc)) D
Jov TN — W,
(27T7) sc SC O(C7 m,n,r, 3)7

vy=cs\r,  Wi=Wyy/(CSVR).
Differentiate under the integral and use (2.7.T4). Then
(2.7.T8) |0 W1 | <, XIVIe2emvig—vep~vep—vagms,
The block sum is Dv/R times a sum with weight v~ WS(m7, s A,n; sc). Put
4/ A M N’ 4m\/Agmn
7z ="V o VA
CSVR s\

Invert ¢ = 4my/A,mn/(zs\/r) and multiply by fixed smooth cutoffs in m,n,r, s,
each equal to 1 on that variable’s range (y,2y] (y = M, N’, R, S) and supported
in [y/2,3y]. Since z/Z = \/(m/M)(n/N')(R/r) (C/c)(S/s) and C < ¢ < 2C, the
resulting smooth function F(z,m,n,r,s) is supported on 1/(12v/3) < z/Z < 6v/2,
hence on Z/21 < x < 9Z. Mellin inversion in its four log coordinates gives

(2.7.79)

(2.7.T10) Wy = (2n)~4 oy (x)miti itz pits gita gt
R4
_ 4
(2.7T11) magcsup fo7 o) (o) < X1 TT 1+ )7 = B(0)
IS5 e v=1

For (2.7.T11), integrate three times by parts in each Mellin variable. There are four
variables. Allow five z-derivatives. This uses at most 17 derivatives in (2.7.T8).
The chain rule uses 9,¢ = —c/x, Opc = ¢/(2m), Opc = ¢/(2n), Orc = —c/(2r),0sc =
—c/s. Thus (2.7.T10) and all ensuing integral interchanges are absolutely conver-
gent. For fixed t set o, = m™t 1z, (m) and By, s = by sn'f2ritssis. Estimate the
following sum.

(2.7.T12) Ly = Z amBnrs Z vt (dm/mAn/Y)S (M, s Agn; sc).

r,8,m,n (e,r)=1

2.7.2. The cusp pair, both signs, and transform bounds. Use o, = I and

_(vr 0
(2.7.T13) 1/s = (S - 1F)
Multiply (rfc Z) by (2.7.T13). With ¢ = rcg + d, the positive cusp moduli are
0

v = esy/r, (¢,r) = 1, as in (2.13). Conversely choose d = ¢ (r), (d,sc) = 1, and
co = (¢ — d)/r; this supplies every allowed modulus. Double cosets correspond to
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the reduced residues modulo sc. Insert their top and bottom entries in the cusp
Kloosterman definition. This gives

(2.7.T14) Seo,1/s(m,v57y) = e(vs/r)S(mr,v; sc), v #0.

The numerator modulo 7 is ve. Modulo sc it is m7 u+ va, with « = rd. This proves
(2.7.T14) for either sign and for complex Fourier coefficients.
We use the trace formula in DI’s coefficient normalization, with the transforms
QAS, QVS, 5 of (2.12). Let m,v > 0 and r > R > 1. Use the same-sign Drappeau formula
of Section 2. Apply the exact dictionary below.
pE,Ia(n) Dr 7r1/2-}-1‘t|n|¢t—1/2

@TTI5)  pula(n)=327= Pd(mt) = gy

w,a ca @can(1/2 +it)'
2¢/In|

The holomorphic dictionary is p]]?ru(n) = (47n)~%*¢;(a,n). For signs +,—, the
Maass weights are as follows.

(2.7.T16) hy(k) = —d(k)/ coshmr, h_ (k)= g&(m) / cosh 7k
For measure dt, the continuous weights are as follows.
(2.7.717) e (t) = —d()/m e () = d1)/2
Only sign + has a holomorphic coefficient. It is
it —1)! ~
2.7.T1 ——= ol —1).
(27.718) e

There is no 1/ cosh(wt) in (2.7.T17).
For the opposite sign the normalization follows from the following derivation.
Take a width-one scaling matrix o4. Let I'y stabilize a in I' = I'g(¢), including —1.
Then o, 'Tyo, = {£T* : k € Z}. Define, for m > 0,
Uam(z,8) = Z (S0, t62)%e(moytdz), (F,G) = F(2)G(z) da:Qdy'
SETG\I I\H Y

Each coset enters once, with weight one. The series and unfolding converge ab-
solutely for s > 1. Unfold the first series and decompose the second into cusp
double cosets of positive lower-left entry «y. Translation in the real variable leaves
the Kloosterman factor Sqp(m, —v;), with the cusp convention of (2.7.T14). Ex-
plicitly, a matrix o, ‘5o = (25) gives phase e((va — md)/7); its negative inverse
has entries (—d, b;v, —a), giving the same phase in Sqp(m, —v;7). The remaining
integral is

I = 7_252 / y51+52_2\2|_282 exp(?ﬂ'i{mz — V/(’YQZ)}) dx dy.
H

The zero-lower-left coset, if present for equivalent cusps, vanishes by the integral of
e((m+v)z) over [0,1]. Put s_ = s1 —s2, s = 51+ 852, 2 = 10", —/2 < a < /2,

and o = (/v/m/7v)e*. Then
/2
1=y ofm) [

coss+ 2 Oé/ 6s_uef(471'\/m/’y) cosh(u+ia)du do.
—7/2 R

For each interior «, shift u 4 i to the real line. The vertical sides vanish expo-
nentially, and the inner integral is 2e7**-*K,_(4m\/mv/7). Let Rs; > 1. At either
angular endpoint the radial growth is of order cos~1®*~! a. For Rs_ = 0, a logarithm
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may also occur. The remaining exponent is fsy — 2 — |Rs_| = 2min Rs; — 2 > 0.
Hence the original absolute integral is finite. Hence Fubini and the endpoint limits
are legitimate. Applying (2.7.T20) gives the following identity for $s1, Rso > 1:
F(Sl + S9 — 1)
[(s1)0(s2)
X T2 ey (m, =5 ) Ko, o, (4my/mu /7).
5

(Uam (1), Upy (52)) = m2°~*1 2 ()1 =2)/2

(2.7.T19)

The polar substitution and contour shift above give the factor 2K, _s,. The re-
maining angular integral is

/2 , r -1
(2.7.1720) / cos®1 o272 g emiB182)e g — po2-s1—s2 —(81 + 52 ) .
—r/2 [(s1)0(s2)

For an independent normalization, unfold once and use (2.2). This gives

\/7?(47rm)1/2—sr

F(S) (S— 5 —i/ij)f‘(s— §+Z'I{j).

{Uam(s),uj) = pja(m)

This is the integral of y5’3/2e*2”mme].(27rmy). Use the standard integral rep-
resentation of K and a beta integral. The second factor (u;, Uy, (s2)) is the same
expression with p;p(—v), v, s2 in place of pjq(m), m, s. There is no conjugation of s,
in this bilinear pairing. Multiplication gives exactly (2.7.T21). Applying the same
unfolding to the Eisenstein expansion (2.4), with its standard Parseval measure,

gives (2.7.7T22). Thus Parseval gives the spectral side with

7'rm1/2_51 V1/2—52 (471.)1—31 — 59
I'(s1)T'(s2) ’

(2.7.T21) 2
A(Sl,SQ;t> = H F(Sj — % — it)F(Sj - % + it).

Jj=1

Its Maass summand is Pp;q(m)pje(—v)A(s1, s2; k;). Its continuous integral is

PZ/(V/m)“mcpcb,_y(l/Q + it)

x A(s1,82;1)|T(1/2 + it)| =2 dt.

(2.7.T22)

The factor at the second cusp has index —v. It arises because the second Eisen-
stein parameter in Parseval is conjugated: E(z,1/2+it) = E(z,1/2 —it). So the
continuous product pairs a conjugated coefficient at 1/2 + it with an unconjugated
one at 1/2 + it.

For the unscaled Eisenstein series the continuous Parseval measure is dt/(4m).
Its coefficient of |/y K (2m|n|y)e(nx) is

it Pean(1/2+ )
bea(nt) = 2 pnlt S

Hence (477)_117((’&) (m, t)b(c,6)(—v, ) equals

(v/m)" e .am(1/2 +it)pe0,—(1/2 + it) [T (1/2 +1it)| 7%
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The coefficient product contributes 47, canceling the Parseval denominator. Thus
(2.7.1T22) has plain dt and no hyperbolic-cosine denominator. The second ¢ is
unconjugated at the same ¢.

Write o; = Rs; > 1, § = |01 — 03], 0« = min(oy,02), and = = 47y/mv /v, with
fixed m,v > 1. Replace both Poincaré summands by their moduli. For one double
coset with positive lower-left entry, the absolute integral is

(2.7.723) Loroamp V(1440 +1og(2 + 7).

The radial integral is a fixed positive factor times Kjs(xcosa). For § > 0, its
small-argument bound is Os((x cos ) ~?); for § = 0, it is O(1 4 | log(x cos @)|). The
angular weight is cos”*t?2=2 o, Thus the power endpoint has exponent 20, —2 > 0,
while the logarithmic endpoint is integrable and contributes O(1 +log(2 + 7)) after
angular integration. The implied constant depends on the fixed spectral parameters
and on m, v, and is uniform in ~.

Consequently the controlling absolute-sum majorant is

(2.7.T24) D Nap(y)v 27 (1 4 log(2 + 7)) < oc.

For the cusp pair (c0,1/s), (2.7.T14) gives v = c¢sy/r, (¢,7) = 1, and N(y) =
¢(sc) < sc. The sum is bounded by a constant times >, ¢! 727 (1 + log(2 + ¢)),
which converges because o, > 1. For a general fixed cusp pair, the cited cumulative
count » . o7 Nap(7) <ayp T? and dyadic decomposition bound the tail by Y, <, (1+
k)2~2(0+=Dk < 50, Any bounded initial range is finite.

The logarithm in (2.7.T23) is attained: for o3 = 02 = 2, m = v = 1 and the
admissible moduli v = v/2¢, ¢ odd, the absolute cell integral is 7y~ *logy+O(y™4).
The summable majorant (2.7.T24) supplies the uniform step beyond the fixed-y
angular endpoint estimate.

Both sides continue to the connected domain Rs; > 3/4, |R(s1 — s2)| < 1/2.
For the geometric side, Weil’s bound and K, (z) < x~1®#I(1 + |log z|) give locally
uniform absolute convergence. For the spectral side, apply Stirling and DI’s positive
large sieves. These give locally uniform absolute convergence. Since ix; < 7/64,
the exceptional gamma factors have no poles here. Equality therefore holds at
s1 =141iu,s0 =1 —iu. With

cosh 7t

(2.7.T25) H(t,u) = cosh 7 (t — u) coshm(t +u)’

this gives

5 4W\/2W5(m, —v;7) Ko (47/mu /7)

~

=GR e et 25 [ memewa

cosh mrk;

(2.7.T26)

where
Ec(t) = (v/m)" pcam(1/2 + it)peo,—v (1/2 + it).
The factor [['(1/2+it)| =2 of (2.7.T22) is part of the spectral kernel; E. excludes it.

The constant eigenfunction contributes 0 to the sum over j: its Fourier coeflicients
vanish at the nonzero frequencies m and —wv.
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To integrate (2.7.T26) against a test function, set

4
(2.7.T27) / Kopu(z)p(z)2 ™2 da, k(u) = —usinh(2mu)R(u).
7r
Kontorovich-Lebedev inversion gives [ k(u)Kow () du = ¢(x)/x; see [29,
§10.43(v), (10.43.30)—(10.43.31)]. Use the following kernel identity.
(2.7.728) / usinh(2muw)H(t, u) Koy (x) du = cosh(mt)x Koy (x).
R
For |Ru| + |Rv| < 1, the absolutely convergent product integral is
2
7r
2.7.T29 K, ( dr = .
ertm) [0 ) O
Use the Bessel product representation K, K, (z) = 2 fo K40 (22 coshv) cosh((p —

v)v) dv. Integrate in x. For |Rb| < 1, use fo cosh (bv)/ coshvdv = (7/2) sec(mb/2).
The latter follows by expanding 1/ cosh v and the partial fractions of secant. In the
subsequent KL application, (u,v) = (2it, 2iu) with u € R; here ¢t € R on the regular
and continuous spectrum, while an exceptional parameter satisfies |3t| < 7/64.
Thus |Ru|+ |Rv| < 7/32 <1 and |R(p —v)| < 1. Apply KL inversion to 2K (z),
whose KL transform is, by (2.7.729), (72 /4)H(t,u)/ cosh wt. This proves (2.7.T28).

All interchanges here are justified as follows. Split the integral representation of
K, at sinh U = max(1,1/x). Integrate by parts on its tail. This gives
(2.7.T30) K (2)] < ™11 4 |v] + log(2 + 1/2)).
Apply the self-adjoint operator (29,)? — 22 repeatedly to ¢(z)/z. Then R(u) <4 ;
e ™ (1 + [ul)' 7. On real t, [H(t,u)] < 4cosh(mt)e2mmaxtltllul}; exceptional
parameters give an exponentially decaying function of u as well. DI’s positive qua-
dratic estimates imply convergence after the remaining (1 + [¢|)™* bound. The
geometric side is absolutely summable by Weil. These bounds justify Fubini on
both sides of (2.7.726). Equations (2.7.T27)—(2.7.T28) now give exactly (2.7.T16)—
(2.7.T17) for sign —. For sign +, let » > R > 1. Insert (2.7.T15) in the classical
same-sign formula. This gives the minus signs in (2.7.T16)—(2.7.T17) and the co-
efficient (2.7.T18). These are the normalizations of Section 2, (2.14).

Let ¢ be supported in [Z/21,9Z]. With B = max, <5 sup 27|¢\) ()|, the trans-
form bounds are

(2.7.T31) |6(t)|+]d(t)] < B(1+|log Z))(1+2Z) ' min{1, (1+2)/|t)*} (¢t €R),

(2.7.T32) |p(iv)| + |p(iv)| < B+ |log Z)) 1+ Z~2) /(1 + Z), 0<wv<1/4,
and the bame bound as (2.7.T31) for ¢(¢ ) with |¢] replaced by ¢. To prove them,
put ®(y) = [cos(zy)¢(x)dz/z and D.(y) = [e "Y¢(z)dx/x. Five integrations

by parts give | (y)| + \<I>£] (y)| < %ZJ rmn( ,(Z|y])7®), j < 3. The exact Bessel
representations are

™

o(t) = 4 /OO cos(2tu)®(sinh u) du,
0

gg(t) = 72/00 cos(2tu)®(cosh u) du,
0

50 = L

= / P (sin u) du.
2 J_,
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Their absolute bounds follow by splitting at sinhu = 1/Z; three integrations by
parts give the cubic decay. The periodic holomorphic integral has no bound-
ary terms. Replacing cosine by cosh(2vu) and splitting at the same point gives
(2.7.132). Truncate the oscillatory representations first. For real ¢, the tails are
O((1 + |t])/(xsinh U)). For t = iv, they are O((1 + v)e*V /(xsinhU)). Since
2v < 1/2, these tails tend to zero and justify the interchanges.

2.7.3. Clusp transport and all Hecke factors. Choose integers w,y with rw—sy = 1,
and let

(2.7.T33) W =1/ (T Y > .
rs rw

Then 017/15W = ((1) y{r)v with y/r = —5/r(1). Also WTy(rs)W =1 = Ty(rs).

Here is an integer computation of the latter fact. For A = r—1/2 (:; 7%)

rad — sfy = 1, conjugating (ch Z) gives entries

(2.7.T34) aadr — abyrs + Bedrs — Bdys —aaf + a?br + aBd — B3es

o rs(ady — by?s + c¢6*r — ddy)  —apBys + abyrs + addr — Bedrs)
Both W = A(1,y,1,w) and W~! = A(w, —y, —1,1) have this form, proving both
inclusions. Thus composition by W is unitary, commutes with the Laplacian, and

preserves each eigenspace. The weight-£ slash action has the same properties.
Comparison of Fourier series after the translation y/r gives

(27.T35)  prase(v) = ews/Peraw (), br(L/s,v) = o(vS/r)ie,w(oo,).

For Eisenstein series, substitute W~W ! in the defining coset series for Rz > 1.
It gives E.(Wz,u) = Ew-1.(2,u), using W~lo. as a width-one scaling matrix.
Changing the source-cusp representative or translating its scaling matrix does not

change the Fourier coefficient at the fixed observation cusp co. Meromorphic con-
tinuation therefore gives

(27T36) Qpc,l/s,z/(u) = e(yg/r)(pW*lc,oo,v(u)'

In (2.7.T12), (2.7.T14) contributes e(—sA,ns/r). Equations (2.7.T35)—(2.7.T36)
cancel this phase exactly for both signs, in every spectrum.
For (k,q) = 1, define the normalized Hecke operator below.

(2.7.T37) ToF(z)=k="2 3" 3" F((az +b)/d).
ad=k b mod d

Sum each Fourier term, of index v/, over b. This forces d | v/, and the term moves
to index v = av’/d. The coefficient at v # 0 is

(2.7.T38) e r(v) = Z cr(kv/a?).

al(k,v)
The prefactor is 1 because, in the normalization (2.2) of [5, (1.15)], the fac-
tor /gy contributes \/a/d, and k=1/2d\/a/d = 1. For weight ¢, use T =

kD725 o d7E37,(); the normalized coefficients ar(v) = v~/ (00, v)
satisfy the same identity at coprime (k,v).
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Split n =n'n”, n" | a3, (n,ar) =1, and put k = A,n”. Then (k,q) = (k,n’) =
1. The number of pieces is

(2.7.T39) D<@N) JJA-p )7 < X%, 7(k)® < A*

plar

The product bound is uniform in ar. Choose p. so that (1 —p=¢)~! < p¢ for
p > pe. The smaller primes contribute a constant depending only on e. The
remaining product is at most |ar|¢. On a Maass eigenspace V, the transported n''-
functional is Y o T}, o W, where Y (v) = >, Bn'nco(sn’). By Riesz representation
and unitarity,

(2.7.T40) D o (u) P < (k)RS DY (ug)]2.

u; €V u; €V

The self-adjoint unramified 7}, diagonalizes on the full level space. By Kim—-Sarnak
its norm is at most T(k)keKS/ 2. For holomorphic forms replace k%<s by 1, by Deligne.
For negative index, ¢,(—n’) = ¢3(n’). Conjugation permutes an orthonormal basis.
Hence the positive-index quadratic bound holds with conjugated coefficients. The
argument allows complex coefficients and any orthonormal basis of each eigenspace.

The continuous spectrum requires its own proof. Represent a cusp by u/w,
w | ¢, put w' = (w,q/w). The orbit conditions in [5, Lemma 3.6, (3.9)—(3.11)]
(c1,d1) =1,(c1,q9) = w,c1d; = uw (mod ww'), with ¢; = wy, give exactly

Pufwson(z) = W f(we))? S 4%
v>1,(v,q/w)=1

(2.7.T41) Z e(—ndy /(yw)).

d; mod yw
(d1,yw)=1, vd1=u(w")

For a character x mod w’, let Vy(n;2) = > 0 1o d w X(W)Pu/w,00n(2). For (k,q) =
(k,n') =1, either sign of n’, the identity is

(2.7.742) Vy(kn's2) = X(k) | 322 (@d)d 2 | vyl 2).
dlk

To prove it, sum (2.7.T41) over u. Write ¢; = ¢} ¢/, where ¢/ is supported on primes

of ¢ and (c},q) = 1. CRT factors the inner sum as x(c})Gy(=n;c{)ce; (n). The
outer character supplies another y(c}). Replacing the Gauss-sum variable by kd,
gives y(k) on ¢{. The other factor is

0@z Y dd,
d||nl,(d,q)=1

by ce, (n) = 324 ¢ ) du(c)/d); this divisor sum factors at kn’. All manipulations
converge absolutely for Rz > 1. Both sides are meromorphic Fourier coefficients,
so (2.7.T42) holds meromorphically, hence at z = 1/2 + it outside a discrete set.
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There are finitely many cusp characters. Orthogonality in u mod w’ gives

>

c

2
S v [k [ e o (1/2 + i)

n’!

<7(k)*)

c

(2.7.T43) 2

Z Upy |n/|it<pc,oo,n’ (1/2 +it)

n’

Here the character eigenvalue is y(k) Ed‘kXZ(d)(k/cF)”, of modulus at most
7(k). Transport (2.7.T36) permutes the complete cusp set. For negative indices,
Peoo,—n' (1/2+10t) = Peoo,ns (1/2 — it). Changing ¢ to —t and conjugating coefficients
converts each symmetric integration window to DI’s positive-index continuous
quadratic form. The discrete exceptional set is null for the dt-integral.

2.7.4. Regular, continuous, and holomorphic estimates. Put Qp = RS, L, =
N'/n” > 1/2. Include [t| < 1 among the spectral windows K. By (2.7.T31), the
undivided transform satisfies the following bound.

(2.7.T44) h(K) < Bt)X° V(14 2) P min{1, (1 + 2)/K)%}.

For Maass forms use the positive DI weights 1/ cosh 7x;. For holomorphic forms use
the positive weights (¢ — 1)!/(4m)*~1. These weights are split equally between the
two Cauchy—Schwarz factors. For the continuous spectrum use plain dt. Take the
supremum of e.(t) outside the positive quadratic form. By (2.7.T17), |ec| < |®(|/2,

with &, = qb, d_ = qb Thus every norm uses a positive measure.
[5, Theorem 2] at co gives the m-side
(2.7.T745) > T(g)(K? + MY /q)M < X*(QrK® + M)M.
q=Qr

For the n-side, Cauchy—Schwarz over n” costs D. Apply (2.7.T40) or (2.7.T43).
Then use [5, Theorem 2] at scale L,». The bound is

(2.7.746) < DY (k)*K (K2 + Lo /Qr) || ()3

n'’

On continuous and holomorphic parts (2.7.T46) holds with k%<s replaced by 1. [5,
Theorem 2| allows the endpoint M = 1/2 in (2.7.T45).

Use K2+ U < ((1+2)?+U)max(1,K/(1+ Z))?. The sum over dyadic K of the
latter factor times the cubic decay in (2.7.T44) is O(1+log(2+Z2)). The cubic decay
also absorbs a factor K¢ with it the sum is O((1+ Z)¢log(2+ Z)). Thus the bound
(2.6) in the form (K2 + N/q)(KN)¢ gives the same estimate. Cauchy—Schwarz and
(2.7.739) therefore yield

L8] < X4B(t)(1+ Z2)H(Qr(1 + Z)* + M)M]'/?

(2.7.T47) 12

D (A" (1 4+ 2)* + Lo /Qr) |V (n")I3
The same calculation with plain dt proves (2.7.T47) for the continuous part. It uses
the symmetry shown after (2.7.T43). The same cubic summation proves absolute
convergence of its integral, justifying the window partition. Thus the continuous
part uses the measure dt throughout.
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2.7.5. Exceptional spectrum and the one-integer block. Write L = Ly, 2 = 1/Z,
Q=14 Qr/L. Since 0 < 9; < bks,
(2.7.T48) 1+2% <2(14+2/V/Q)%q%/2,

Fix n”. Apply Cauchy Schwarz, assigning Y = (1 + Z/v/Q)? to the m-side and Q
to the n-side. With fy,,~» as in (2.7.T40), the two exceptional quadratic forms are

(rs)
Mo =S5V [S e o)
r,8 exc m
(rs)
Nor = 30300 )2

with 7, s over the support of b. Let L > 1/2. Apply (2.7.T40) and Theorem 2.2 at

level rs > Qr, length L and Y = Q. Since LQ/(rs) < 14 L/Qr, the factor in (2.8)
is < max(1,L)¢(1 4+ L/Qr). Summing over r, s gives

(2.7.T49) N < X2 (A0 (1 4+ L/Qr) 6" (n)]||2.
Put Q' = 4Qr, Yo(M) = (Q" + M)?/M, and

C2S°R
2.7.T50 Ly = _
(27150) @ + ML+ Qr)
The identity Z2/Q = (1672 A,n")"1C%S?R/[M (L + Q)] gives
(2.7.T51) max(1,Y/Yo(M))P%s <1+ (A,n")~0%s z0%s.

Let M > 1. Then (2.9) applies to every integer interval inside (M,2M]. Use the
positive Hilbert space with weights Y7s. Apply Abel summation to m**. The norm
is at most 1+ |¢1|log 2 times the maximum interval norm. Take the maximum after
the norm. It remains outside the spectral sum. Apply (2.9) at Yo(M). Then use
monotonicity

(2.7.T52) V¥ < max(1,Y/ )<Y,

For fixed ¢, the coefficient «, is independent of the factorization ¢ = rs. Put w(q) =
#{(r, s) in the current support : rs = ¢} and A = maxo<q4<q w(q), and let wy(q)
count the distinct prime factors of ¢. Since (r,s) = 1, w(q) < 2409 < 7(q) <, ¢".
In the Hilbert space over all levels 2 < g < @’ and their exceptional forms, vector-
valued Abel summation gives M}l{? < AY2(1 + [t1|1og 2) sup s (aronn Fy (1)'2,
where Fy (I) = 3 5 <o Zgi)c Y|, 1 Pico(m)[* and I ranges over integer in-
tervals. Thus the supremum is outside the whole quadratic form. Apply (2.9)
with exponent n = €/2 at Yo(M). By (2.7.T4), M < H < 4X? when ¢; < 1;
also Q' = 4Q7 < 4X. Consequently A(Q'M)" <. X?¢. Together with (2.7.T51)—
(2.7.T52), this is absorbed in X3¢ and gives

(2.7.T53) Mo < X1+ 2)[1 + (Aan”) %5 2°%5)(Qr + M) M.

(5, (8.17)] excludes M = 1/2. We prove that endpoint here. Let p(q) be the
least prime not dividing ¢q. Every smaller prime divides ¢q. The classical Chebyshev
lower bound O(z) := >, logl > z for x > 2 (see [17]) gives

(2.7.T54) p(q) < 1+ logg.
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Here O(p(q) — 1) < log g, because the product of all smaller primes divides ¢; the
case p(q) = 2 is immediate. The implied constant in (2.7.T54) is absolute and
independent of ar.

On an exceptional eigenspace V, let v represent u — ¢, (1). Self-adjointness and
(2.7.138) show that Tpv,T,2v represent ¢, (p),cy(p®). The Hecke identity 777 =
Ty + I, with || T}, || < 2p%ss/2, gives

(2.7.T55) D lew, (M < 8™ 3" e, )7 +2 ) lew, (0°)]
uj;eV uj; eV u; eV

Multiply by Y, which is constant on V. Group levels by p(q) < P := Cp(1 +
log(4Q7)), where Cy is an absolute constant supplied by (2.7.T54). Positivity
permits enlarging each group to all 2 < ¢ < @Q'. For k = p, p?, the singleton {k} is
an integer interval in (k/2,k], with k/2 > 1, so (2.9) applies at N = k/2. In DI’s
terms, subtract the initial intervals (k/2, k] and (k/2, k — 1]. The resulting factor 4
is included in c..

For the endpoint, the same factorization count multiplies the level-¢ quadratic
form by at most 7(q). The following bound holds for any positive exponent. In its
use in (2.7.T57), take n = min(e/2,1/4) and use 7(q) <. ;«/2 for Qr < ¢ < 4Qr.
This keeps their combined loss within the displayed e-power after adjustment of its
constant. At Yy = (Q' + k/2)?/(k/2) it gives

(9)
(2.7.T56) > D Y ew, (W) < (QR)(Q + k/2)k max(1,Y/Yy) s,
2<q<Q’ exc
Since Yy(1/2)/ Yy = k(Q" +1/2)?/(Q’ + k/2)* < k < 9k/4, insert (2.7.T56), with
its exponent taken as n, in (2.7.T55). Sum over the at most P possible primes:

(2)
Vil (1)]2
(2.7.T57) > @ Y ew, ()]

QT<q<4Qr exc
< Q9P (Qr + )4 max(1,Y/Yy(1/2))%s,

for 0 < e < 1/4, with the implied constant including the divisor bound and the
change from € to 7. Before simplification, the sum is at most a constant times

06(9/4)9KS Ql1+e Z (8p2+29}<s+6 + 2p4+29Ks +25);
p<P

this is <, Q1T+EP6, because 5+20xg+2¢ < 6. The loss P is logarithmic and uniform
in ap. In particular P® <. X¢; together with the factorization loss already included
in (2.7.T57), this fits the X3¢ allowance of (2.7.T53). Together with (2.7.T51), this
proves (2.7.T53) also for M = 1/2. Since a; = 1, Abel summation costs nothing
here.

Apply the triangle inequality over n” before Cauchy—Schwarz. Then (2.7.T49),
(2.7.T53), and (2.7.1732) give

|L5°] < XOB(t)(1+ [t1))(1+ 2) 'V M(Qr + M)
3 [(Aan)Ps/2 4 20521 (L + Q) /Qr) 2|0 (") 2.

n'’

(2.7.T58)

There is no exceptional continuous or holomorphic spectrum.



26 RUIYI ZHANG

2.7.6. The four terms and completion of the proof. Put

(2.7.T59) T=A,MN'/(C?S), My=CS/D, w=4Xx°.

The quantity ¥ is unrelated to the cell endpoint T' of Section 3. Then M < w M,

Z2Qr = 1672%, so (1 + Z)_QQ;1 = (Qr +T)~L. Square (2.7.T47) and multiply

by D?R. Apart from the stated auxiliary powers, sum the following over n’.

MM4+Qr+3)(L+Qr+%)
Qr +%

The first, noncancelling branch of (2.7.T58) has the same bound. Termwise, use

(27.T61)  (Qr+ M)(L+Qr)/Qr < [Qr(1+ Z)>+ M][(1+ 2)* + L/Q7].
To obtain (2.42), use the following identity.

Qr(M +Qr +3)(L+Qr+%) _ _ LMZ
Or+% = (L+Qr)(M+Q7)+QrT Ot %

Multiply (2.7.T62) by M/Qr, then drop the last (nonpositive) term:
MM+ Qr + DL+ Qr +3) _ M(L+Qr)(M +Qr)
Qr+% - Qr
Since D2M/S < wCD and M + Qr < @wS(C + DR)/D, it follows that
(2.7.763) Qr+%
< w?{CS(L + RS)(C + DR) + A,N'RS}.
The last term follows from D?RMT = A,N'RS(DM/(CS))?. Using L < Ny/n”,
N’ < N, A, < A proves the first two terms of (2.42), with A%s(n/)%s kept

explicit.
For the cancelling branch of (2.7.T58), use

(2.7.T64)  Zys*(L+Qr) < (C*S*R)™(Qr + M) 2% (Ny + Qr)' 0,

,’L//
and >, [P (n")]]2 < DY2|b|l2. Since M — M(Qr + M)'~2%xs is increasing,
substitute My, paying at most w?~2%%s. The resulting identity is

D2RM0(QT =+ Mo)l_QeKS (OQSQR)GKS (Nl + QT)l_OKS
(2.7.765) Qr

= CS(CDVR)**s(Ny + RS)'%s(C + DR)' 2%,

This is the third term of (2.42). The fourth was (2.7.T3). The truncated tail is
smaller than it.

To account for all losses, reconstruct the block sum as DvR(2m)™* [ Ly dt.
Equation (2.7.T11) gives [B(t)(1 + |t1])dt < X7, The amplitude’s w loss
in (2.7.T63) is at most X2 after taking its square root. The log partitions and di-
visor factors cost X©(¢1), This includes the DI small € losses, D, and the one-integer
PS loss. The bound is uniform in ar. Consequently the final loss is

(2.7.T66) Y Oler)+18eco

(2.7.760) (An")’*s DR 18 (n")]]3.

(2.7.762)

+ M%Z.

Choose the freely available €; small enough relative to the requested e. Equations
(2.7.T63), (2.7.T65), and (2.7.T3) then prove (2.41)—(2.43), with loss X180 for
both signs and including the M = 1/2 block. This proves Theorem 2.8 in the form
used in Section 3, (3.14)—(3.15).
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3. DISPERSION FOR ABSTRACT SOURCES

This section proves a local implication for an abstract source. It uses Linnik’s
dispersion method [28]. The second-dispersion setup has close precedents in May-
nard [7] and Lichtman [1, §5]; the proof below tracks its own coefficient masks,
restoration terms, and moving residue. The local hypotheses are (H1)—-(HS5). The
source-wide estimate (H6) and the box-family coefficient bound (H7) are used only
in the global summation in Section 3.10. Each application verifies the required
conditions for its own measures. The geometric and source partition results appear
below. Theorem 2.8 is stated in Section 2, (2.38)—(2.43), and derived from the clas-
sical inputs in §2.7. We keep its full moving-frequency bracket. The local estimate
has three terms. The restoration error Eggr is bounded apart from the spectral
term.

3.1. Notation and source hypotheses. Local notation. Put L = log X; §3.10
writes log N explicitly. T is the lower endpoint of the selected Type-II cell, as in
Lemma B.3 for the prime source. Here ¥s, = 7/32. The zero-mode functional is
Z(V) of (3.31); Z is the scale of z. B is a Heath-Brown box. D and C are the
scales of b and ¢ in (3.62), as in Theorem 2.8. B, , is the count (3.70). S is the
scale of 2. SESPT denotes the signed box sum in (3.12). Type I-1 and I-2 denote
boxes with one and two large variables (§3.11). Since log X = log N +O(loglog N),
fixed powers of log X and log N are comparable. I is the selected integer interval
of a Type-II cell; Iy is reserved for the source interval of Theorem 1.2. Some letters
have local meanings, fixed at each use. The letter C'is a fixed logarithmic exponent
in (3.13), (3.92) and similar bounds, and the scale of ¢ from (3.62) on. Similarly,
¢ is the source cut of Theorem 1.2, € is a small fixed exponent, and ¢, € {£1} is
a sign. The letter YV is a summation length in (3.16)—(3.19) and (3.35). It is the
auxiliary scale H,SF in the spectral step near (3.70). In Theorem 1.2 it is the
smooth-prime cutoff D T is the tuple set of §3; it is unrelated to T

Let N be a sufficiently large even integer and let a be a positive integer. Fix
0 < Kycale < 00 and

0<o<107 7=0 0=300, ¥ =7/32, n=0/1000,

_ 53 nn 264897
1 =1 ! by = - = o = Y4 2 4.
3.1) =107 b= % T aoc0000 0 T P/

The local product scale is N/(log N)¥sale < X < N. All implied constants in
this section may depend on the fixed Kica1e and the fixed source bounds. They may
also depend on the parameters displayed at the point of use. Put

L=logX, =z = X/ (oglog X)* ) - nrloo”

(3.2)
po = min{p prime : p{ 2aN}.

In particular, N/ug = N1=t7”,

Thus pg > 3 and po 1 aN. Every prime below pg divides 2aN. Chebyshev’s
bound > _ logp > py gives pg < log(2alN). By C4 below, a < X(log N)Kscate
so po K log N < z9 < ug eventually. Write

Lt,g)=1
3.3 Si(q;a) = Limg (g) — —22—.
(3.3) +(q;a) t=a (q) o(q)
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A Class-II box consists of the following data. These are source hypotheses.

C1. Exact unrestricted coefficient. Fix a source term, a prefix cell, a sign of
the well-factorable remainder in Iwaniec’s theorem [10, Theorem 4], and a tail-label
vector b. Its coeflicient is exactly

(3‘4) Cb(q) = Z )\dlq:dnjeﬂ)j’ ‘)\d| < 17

where each p; ranges independently over its fixed prime set and p; > uz. Here
ur, > ug is the source’s lower cutoff for labelled tail primes, and P(up;N) =
Il,<u, pron - The variable d | P(ur; N) is squarefree with the cap of that theo-
rem. The full modulus is at most X%6. Every supported full modulus is prime to
2N. Selectors are constant on the block. Exact identities remove the equal-tail,
prefix-diagonal, natural-comparator, cut, and selector-transfer corrections. Each is
a separate contribution outside (3.4).

C2. Exact factors. There is a labelled partition J = J; U Jo U J3, with d
attached to Jq, such that

3
(35) Cy = Oslot('yl * 7yg ok 73)7 Colot = H |Jz|' = 00(1)7 |'72| <L
=1

The last two factors are ug-rough. If Js = @ for s = 2,3, then v5(m) = 1,,—1.
The factor v; always contains the smooth-divisor sum of Iwaniec’s theorem. If
Ji = @, then v (m) = >, Aalm=q. Equality (3.5) holds on all supported moduli,
with repeated-prime multiplicities. The source’s labelled-tuple map proves it. It
covers moduli with repeated primes as well as squarefree ones.

C3. Packing. Localize dyadically the first factor v; at < @, 3 at < R, and
vo at < S. Here T is the lower endpoint of the selected Type-II cell; Ny is its
integer length. Enlarge the sufficiently-large threshold for N to absorb fixed dyadic
constants. Then

(36) Q<TX %, QRS < M; X 8% N; > QX3 M; > X'2

Here @ is the scale of the first factor v; (the outer slot scale, written Qgot in
Appendix B). It is not the scale of the full modulus ¢ of (3.4), which is QRS. Thus
(3.6) gives the first inequality in (3.7). We list the four spectral packing inequalities
together.

Q<TX™7, T’RS<X'"%, AJ"TQR2S® < X215,

(3.7) (TR/SPTQRAS® < X757, 4 = X1+7/,

Each application must verify the stated packing and interval conditions for its own
source. Appendix B does so for the prime source in Theorem 1.2.

Removed squareful and other restricted terms. A source may remove for-
bidden tails, forbidden prefixes or retained allowed repeats. Their contributions are
bounded separately. One admissible bound is O, (N 1—too” L*), after all source-label
and representation multiplicities. Theorem 3.2 concerns the unrestricted coefficient
(3.4). The removed terms need their own estimates.
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The prime source in Theorem 1.2 is 1p(n)1y/(10g N)B<n<(1—c)n- Appendix B
verifies its coefficient, interval, cutoff, support, and boundary conditions. The hy-
potheses above also state the local estimate for any other source that satisfies them.

Apply the finite HB expansion below. Then split into disjoint short product
boxes of relative width L~ ex. Boundary boxes contribute separately. On each
interior Class-II box select an HB variable in the window. Maximize its lower-
endpoint exponent e; = logy V;. Break ties by the fixed variable index, as in the
classification in Appendix B. Call it n, and the product of the other variables m.

In (3.8), allow a roughness cutoff ( > zp, where zy = 2¢(X) is the baseline in
(3.2). All estimates below are uniform in (. Upper bounds use only P~ (n) > 2.
The SW proof (3.25) for the selected factor uses the cutoff ¢. It remains uniform
under stronger roughness.

logn
(3.8) o, € {,u(n), 1, i} Lp-(my>cliz(n), Jon| <1, |Brm| < T23(m).

The fixed HB binomial coefficients and tags may be kept as exterior scalars.
It C (T,2T) has length N; < TL~%ox. The m-interval is majorized by

(3:9) $r(m) = ¢o((m —mo)/My), My = (X/T)L™ex,

Fix ¢9 € C*([-1,1]), with 0 < ¢9 < 1 and ¢9 = 1 on [-1/2,1/2]. Tt is
independent of N, X, the source and the box. It is also independent of all shell
and tuple variables. For every j > 0, the seminorms H(;Séj )||1 and ||¢é] )||Oo are fixed
constants. The support of ¥r(m) = ¢o((m — mg)/My) lies in the doubled interval.
The majorant depends on the box only through mg and M;. On that entire support
the cut geometry gives

(3.10) 1< |mn—a| < X3

C4. Moving frequency. All original moduli are prime to a, and 0 < a <
X (log N)&seale < Ay, This is the moving frequency in the spectral theorem. It may
vary with V.

C5. Window. The source selection gives

(311) Nﬁ(]o' S T S N1/3+14a" X600’ S T S X1/3+150.

The second assertion follows from the first and log(N/X)/log N = o(1), with
Ny chosen after fixed 0. Claim P (nonresonance): the doubled support satisfies
(3.10). The source assumptions for the non-II extension are in §3.11.

3.2. Statement and theorem inputs. Length hypothesis for the selected
integer interval (LEN). Uniformly over the selected boxes, the interval has
length Nj < TL~%ox and satisfies Ny > (2T)1_27126. The integer interval used in
(3.17) has this same length, with the endpoint convention specified by the source.
Lemma B.3, (B.22)—(B.27), proves this for the prime source. Each application
proves it for its own source.

For the coefficient of one Heath—Brown box define
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(312)  Ap(gia) = Y w)S,,(¢a). S5 =) Cn(0)Ap(ga).

veB

3.3. An abstract dispersion estimate. The local argument is source-

independent. We state it before the verification for specific sources. Let B be a

finite family of dyadic boxes at scale X, and let a be a moving frequency. For

B € B write Cp(q) for its signed modulus coefficient. Define Ag(g;a) by (3.12).
The following hypotheses define the class used in this paper.

(H1) Exact coefficient:
On every box, Cg(q) has the exact form (3.4), with its fixed labelled prime
sets, squarefree smooth-divisor variable d, and repeated-prime multiplicities.
Every supported modulus is coprime to 2a.

(H2) Three-factor decomposition:
The labelled variables split into three groups satisfying (3.5). The last two
factors are ugp-rough, as in C2. The identity holds on all supported moduli,
including repeated-prime multiplicities.

(H3) Geometric packing and box data:
After dyadic localization, the scales @, R,.S and the test scale T satisfy (3.6)—
(3.7). On each box, the Heath-Brown coefficients factor as a3, with (3.8).
The smooth majorant has the form (3.9). Its center satisfies |mg| < Cety X/ T,
where Cy, is a fixed source-class constant, uniform over all boxes, shells, tuple
variables, and permitted N, X, a. Its full doubled support satisfies (3.10). The
selected integer interval satisfies LEN, including its strong length bound and
integer endpoint convention. For this abstract dispersion estimate, assume
modulus support in ¢ < X7, with 9y as in (3.12a).

(H4) Moving frequency:
The frequency is the positive integer a, with N even, 0 < a < X (log N)Hscale <
Ay, and all original moduli are coprime to a.

(H5) Selected window:
The tested scale obeys (3.11), with all parameters fixed after o > 0 is fixed.

(H6) Source-wide remainders and boundary:
Let a source supply a logarithm-freezing estimate and boundary estimate for
the full box family. After summing over all source labels, shells, boxes, and
representation multiplicities, these estimates must give

Elog < N (log N)“es™Cbex, Ehary < N(log N)er=Cbox/2,

with fixed cjog and cg. This condition is used in the global summation, not
in the local theorems below.

(H7) Box-family coefficient bound:
The finite box family B = {B;} carries outer coefficients ¢;, coming from the
source labels and the Heath—Brown identity. At fixed o they satisfy (3.91):
22516 < Co ey Core (log N)&o with a fixed Ky < 24Chox +26. This condition
is used only for the aggregate bound (3.92), not for the per-box estimates.

Write Cy. for the fixed source constants in (H1)—(H5), such as Cjot, Cetr and
the implied constants in (3.8)—(3.11).

The Siegel-Walfisz bound (3.25) for the selected factor follows in §3.4 from the
classical theorem [17, Corollary 5.29]. BFI [6] and Theorem 2.8, proved from clas-
sical inputs in §2.7, are theorem inputs, not source hypotheses. The source-wide
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boundary bound (3.24) is hypothesis (H6). It is used in the source estimates, not
in the per-box theorem (3.13).

Put

19101 1
“ g0 TGy
The number O is the small-atom empty-prefix packing level of Proposition 4.6 in
§4. The exponent 1y is a support convention in the abstract dispersion estimate.
The actual support level comes from the packing inequalities (3.6)—(3.7) after all
Iwaniec factors are restored. In Theorem 1.2, (B.2)—(B.4) give ¢ < N°? with eg <
O(u) < ©(0) = 153/256 < 0.6; hence ¢ < X6 on every source shell for sufficiently
large N. The fixed exponent ¥y belongs to the abstract support hypothesis of the
introductory source-box estimate. The variable ceiling ©(u) = (5 — 7/32 — 3u)/8
in Theorem 1.2 controls the Iwaniec coeflicient family as u varies. At u = 1/500,
O(u) = 19101/32000 = Og, whereas Jg = ©g — 10~%. The introductory estimate
applies to its stated abstract support class; the Iwaniec result at this endpoint
uses the X6 theorem below. Theorem 3.1 is the abstract dispersion estimate
under the support and packing hypotheses in (H3), including the stronger support
g < XV, Theorem 3.2 is the dispersion engine used for the actual source support.
Theorem 1.2 in the application uses that engine together with the source estimates
of Appendix B. At w = 1/500 it gives the limiting ceiling ©(1/500) for this specified
signed mean value.

(3.12a) o

Theorem 3.1 (Dispersion estimate under the (H3) packing hypotheses). (a) As-
sume (H1)-(H5). Then, for every fized A’ > 0 and every boz B,

(3.12b) " Cp(0)AB(40)| Ko Koo, Coonotr Cre XL+ X170 LC,
g<X%o

where ¢, = Lyo?/4 > 0 and C = C(0, Chox, A', Kycale, Csre) 18 the exponent of (3.13).
The implied constant and the threshold for X are uniform in the box, the even
integer N, and all moving frequencies a permitted by (H1)-(H5). They may depend
on the fized source bounds and on o. They are ineffective, since the proof uses
the Siegel-Walfisz theorem in (3.25). Under (H3) every supported modulus satisfies
q < XV, so the truncation in (3.12b) is vacuous and its left side is |SESPT.

(b) Assume in addition (H7). Fiz A > 0 and take A’ = A + 24Cpox + 31 in
(a). Then the weighted sum Eyn = 3, |cj||SgJSDT\ over the box family satisfies
(8.92), that is, E11 <o A,Coox.KecstoiCore N (l0g N)™4. This bound is uniform in the
scales X of the boxzes. For N/(log N)%sale < X < N one has log X > log N —
Kgcareloglog N > Llog N for large N, so X(log X)™ 4 < 24 N(log N)~4" and
X1 (log X)¢ < N'=% (log N)¢. Part (b) holds for any fived Cpox > 0. The
condition Cpox > [2A + 32] of Theorem 1.2 serves only the source-wide errors of
(H6).

Under the support hypothesis in (H3), the theorem gives arbitrary logarithmic
saving for these signed sums through q < XVo = X0:59680625 yhere 95 > 1/2.

Proof. The support bound assumed in (H3) makes the sum in (3.12b) the full
sum SESPT of (3.12). Hypotheses (H1)—(H5) imply those of Theorem 3.2. Hence
Theorem 3.2 applies to B and gives (3.13), which is (3.12b). This proves (a). Part
(b) follows from (a) and (H7) by the summation (3.92) in §3.10. O
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Theorem 3.2 (Dispersion theorem). Assume (H1)-(H5), where in (H3) the sup-
port bound ¢ < X0 may be relazed to g < X°6. Thus each box satisfies (3.8)-(3.10)
and LEN. Then, for each fized A’ > 0,

(3'13) |SgSDT| <<0'7Kscale7cb0x1A/7Csrc XL?AI + XliCGLC'

Here C = C(0,Chox, A, Kscale; Csre)- It multiplies only power-saving terms. It
enters only the final choice of Ny. The exponent C is fixed after the proof parame-
ters. It is uniform in the box, each class in the random partition, the residue, and
the moving shift. Constants and Ny may depend on the fixed o. All bounds are for
fited o > 0 as N — oco. The implied constants and the threshold Ny are ineffective,
since the proof uses the Siegel-Walfisz theorem in (3.25). The estimate (3.13) is per
box and does not use (HG) or (H7). If (H7) also holds and A’ = A + 24Cpex + 31,
then the weighted sum over the box family satisfies (3.92).

Hypotheses (H1)—(H5) give the coefficient, factor identity, packing, box, fre-
quency and window conditions, including LEN and the integer endpoint conven-
tion. BFI [6, Theorem 0(a)] supplies (3.48), Theorem 2.8 of §2.7 supplies (3.14)—
(3.15), and (3.25) supplies SW. The source-wide condition (H6) enters the source
error terms, including (B.29) in the proof of Theorem 1.2 and the auxiliary bound
(3.95). It is not used in the per-box Theorem 3.2. The box-family bound (H7) en-
ters only (3.92). The spectral part gives a term X'~17257 [,C (§3.9). It is absorbed
in X'=¢ LY since ¢, < 0/2 < 1.7250.

The dependencies have the following order:

source identities, box geometry and source estimates — (H1)—(HT),
Section 2 and (3.25) = BFI, Theorem 2.8 and SW,
(H1)-(H5) + theorem inputs = (3.13),
(3.13) + (H7) = (3.92).

The hypotheses are stated independently of any particular source. Appendix B
verifies them for Theorem 1.2. Source comparison and the estimates for removed
squareful terms are separate steps. Aggregate logarithm-freezing estimates enter in
§3.10. Theorem 3.2 uses (H1)—(H5) and the stated theorem inputs.

The inputs are the following theorems, printed in Section 2. The Siegel-Walfisz
theorem (SW) [17, Corollary 5.29] gives prime distribution in reduced progressions
to moduli at most a fixed power of the logarithm. [6, Theorem 0(a), (2.2)], with
[6, (A2)], gives the BDH quadratic estimate. It applies to sequences satisfying its
norm-normalized SW condition. On the domain (rd, sc¢) = 1, Theorem 2.8 gives

rd
(3.14) 2 2 bune DL glednrs)e (%>

(r,s)=10<n<Nr c,d:(rd,sc)=1
< (24 ArCDNrp Ry S7) T80 I, (ar).
Here 0 < |ap| < Ap, where Ar is the frequency bound A of Theorem 2.8, and

b = 0 unless (ar,rs) = 1. The positive scales meet the endpoint conditions of
Section 2. The bracket is
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JE = Z A%p (n")ﬂSP [CST(NT/'HN + RTST)(C + DRT)

n''|ag®
(3.15) + |azr | N7 Ry Sr] (|6 (n")]13
+ [CST(CD\/ RT)2195" (Np + RTST)liﬂﬁp
x (C'+ DRr)'~2%» + D2NzRr]||b[3.

Here b°(n"") is the dyadic-block slice of b(n”) with (n’,a) = 1. The slice satisfies
[6°(n")||2 < ||b(n"")||2. Since b is supported on the present dyadic block, b’ (n”) =
b(n") term by term. Hence (3.15) is exactly (2.42)(2.43).

The smooth derivatives in (3.14) obey the variable-based hypothesis (2.39), with
the exponent 1 — ¢ displayed there: each derivative is scaled by the corresponding
positive argument ¢, d,n,r, s itself. In particular, the initial interval 0 < n < Np
is not treated as a dyadic block of scale Np. Theorem 2.8 is used in the form of
Section 2, (2.38)—(2.43). It is proved in §2.7. Its spectral identity, including the
continuous spectral measure, is exactly (2.14). The I-2 estimate (Lemma 3.5) also
uses the composite-modulus Weil-Estermann bound [15, 16] in §3.11.

The sum in (3.13) is a signed modulus sum; triangle inequalities over source
labels and boxes are applied outside it.

3.4. Elementary preparation, moments, and SW. Divisor moments. For
integers K,k > 1,

3.16 ()% < o (n), ) (1 4 log Y-,
(3.16) o <me), P EE < )

At pv, the first inequality is (v + 1)¥ < (”+2UK_1). The ratio of successive
right /left quotients is at least 1. This holds since (1 + )% < 1+ (2% — 1)t for
0 <t <1, by convexity. The second inequality follows by summing over the k
factors. Also 7;(n) < 7(n)i~1.

Suppose Y11=k < H <Y. Select a largest factor in a k-factorization. Then

(317) Y. mm) <k > meoa(d)(H/d+1) < 3kH(1+log(2Y))" .

Y<n<Y+H d<(2Y)1-1/k

Let 1 <u <Y and0 < w < 1. Split off prime factors larger than Y ®/2. Greedily
group the rest into factors at most Y®. There are at most [2/w| + 1 groups. The
large-prime part has at most 2/ prime factors with multiplicity. Hence

(3.18) T(w) <2/ N (@)K /=,
dlu, d<Y =
For u = |mn —a| < X3, take Y = X3, = 1/12. Put h = (d,n). If h { a,
the congruence d | mn — a has no solutions. Otherwise it has at most |J|h/d + 1
solutions on J. Sum (3.18) and apply (3.16). For |J| < 3M; this gives

(319) > r(jmn — a))® < 22K (1 +1og X)) {3My7(n) KA 4 X1/}
meJ
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Write I for the integer support of ¢y; it is contained in an interval of length at
most 3M;. Sum (3.19) with K = 5 over n € Ir. The n-sum of 7(n)?6 < 75126 (n)
is bounded by (3.17) and LEN. Since M; > X /2 the term N; X4 is absorbed by
M]N]. Thus

(3.20) > Z (jmn —al)® < MyN;L, ¢ =225 42126 4 9
nelr mGIM

Here c; is an upper bound; the exponent 2'2° 4 2126 _ 1 already suffices.

For the prime source, Lemma B.3 takes T as the lower endpoint of the selected
cell. Under threshold (B.24), it proves (B.27), namely N; > (27)'~2 ™. In
(3.17) take Y/ = |T'| and H' = N;. The integers in Iy = (T,rxT] of (B.22) are
exactly (Y', Y’ + Nj]. The stated bound implies H' > (2Y”)1=2"""°. The mesh uses
the lower endpoint of the dyadic shell, which is a different scale. For the product
source, LEN gives the lower length and the integer-interval convention. Thus (3.17)
applies to 79126, after increasing Ny(o) for each fixed o > 0. The same argument
with @ = /6 treats intervals of length at least X*. It gives Y.  [Bn|* < M;L¢
by elementary means; Shiu’s estimate [4] would also suffice.

Finite Heath-Brown identity [12]. For U > 1 and n < U3,

3
B2y Aw =3 (%) S wlm)-um,)logns.
7j=1 n=my---m;ni--n;g, m;<U
For the proof put M(s) =3, -, u(m)m~=°. The series 1 —(M has no coefficients
of index at most U. Hence —(¢’/¢)(1 — (M)? has none of index at most U®.
Expand the cube and use —(¢’/¢)¢? = (—¢’)¢?71. Let X be the dyadic shell of the
tested coordinate, and ¢ € (X,2X]. Take U = 2X'/3. Then (3.21) applies, since

t < 2X < U3 = 8X. For the product source use U; = 2X¢1/3 for the shell X; of
each coordinate. There are at most 24 variables. Roughness factors exactly over
the product. The identity

(3.22) () = 0y %

logt k> epk

has its proper-prime-power error bounded at source level in §3.10.

Logarithms and boundaries. On one short box replace each 1/logp by its
value at the box reference point. The pointwise error is O(L~v>x~2) per coordinate.
To sum the discrepancy absolutely, use

(3.23) Z 1Co(@[Se(g0)| <o (|t —al) + L,  t#a.

The first term counts divisors of ¢ —a. The second uses > xo.c 1/¢(q) < L.
The unrestricted labelled coefficient is O, (1). The number of prime labels is fixed,
and the small-prime part is disjoint from them. For the prime source, the pointwise
majorant in Appendix B gives (3.23) with F,(n) = d(a—n)+2(14 L). The source-
wide logarithm-freezing estimate is (B.18): |Erog| <y NL¥~Crox. Tt is summed
over tuples, each lying in one box, so its box-count factor is 1. Here the logarithm
is Ly = log N, and its divisor-moment input is (B.17). The box width is expressed
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in Lx = logX. Fixed powers of Lx and Ly are comparable. For the product
source, the corresponding aggregate bound is a source condition stated in §3.10.

Write Ly = log N. Consider the source cuts, the HB caps, and the monomial
ordering and radial cuts of the product source. On each dyadic source shell, each
boundary region has relative width O(L;,Cb"") in an active coordinate. Count-
ing that coordinate first and summing the geometric shell scales gives a total of
O(N L3 “v>x 4+ NO/7L3) boundary indices, including the fixed divisor multiplicity.
An active coordinate can be chosen among the positive-power factors, so the integer
endpoint terms have a fixed power saving. For the prime source, Cauchy—Schwarz
with this count and the source-wide second moment in (B.17) gives

(3.24) Ehbary < N(log N)er=Cox/2,

For the prime source in Theorem 1.2, (3.24) holds with ¢g = 16 by the global
estimate (B.19) in Appendix B. This verifies (H6) for that source.

The prime-source estimate is invoked under Theorem 1.2, whose residue range
supplies a > N. This lower bound is compatible with the local upper bound:
a < NlogN/3 < (2/3)X (log N)B+! when X > N/(2(log N)B). The prime-source
cut and a > N give |mn —a| > eN/2 on the doubled support. Thus resonant boxes
are empty and (3.10) holds.

SW for the selected factor. For every Agw > 0, subinterval I C I, integer
d > 1, and reduced class [ mod k,

1
(3.25) > = —~ Y Kagy TT(d) LAV
nel, n=l(k), (n,d)=1 nel, (n,dk)=1

Here and below the interval indicator is used only once. Let k > L. After
K is chosen large, the trivial bound is O(T/k + 1 + T/p(k)) < TL~“sW. The
elementary bound ¢ (k) > k/loglog(k + 2), or ¢(k) > k'/2, suffices. Let k < LK
and put y; = exp(L?/3). For sufficiently large X, zy > w1, so no selected integer
has largest prime below y;. Integers divisible by p?, p > yi, contribute O(T/y1).
Every other integer has a unique form n = Pm, with P > P*(m), P > y;, and
m < 2T /y;. For fixed m, its coefficient is u(m)u(P) = —u(m), 1, or log(Pm)/L.
The last has bounded variation on the allowed prime interval. If (m,dk) > 1, both
relevant counts vanish, or the coprimality with d removes the term. Otherwise
P = Im(k). Apply prime SW and partial summation, uniformly at endpoints
P > ;. The endpoint errors sum to Oaq,, (TL~A5W), since logy; = L?/3 and
Y m<ar )y, 1/m < L. Excluding P | dk costs at most O((w(d) +w(k))T/y1) <agy
T7(d)L="sW. Endpoint subtraction handles arbitrary I. This proves (3.25). All
errors are absolute, of size O(TL~4sW). Only the classical Siegel-Walfisz theorem
is used for primes. The proof is uniform for every ¢ > zy3. A nonzero selected
coefficient has all prime factors at least (. Raise the lower endpoint of the sum over
the largest prime variable. Its SW bound is unchanged. If { > 2T, the coefficient
is zero.

3.5. First dispersion with restoration before CRT. Work first with the nor-
malized convolution in (3.5). Split all three factors dyadically. Apply the triangle
inequality before squaring. There are O(L?) triples, including the outer factor. For
one triple put
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(326) )\r = Z ’73(7”3)’72(7‘2)7 r3 < R, ro X S.

T3r2="

Since r is up-rough and at most X6, |\, < 7(r) = O,(1). The arbitrary
small-prime factor of C1 remains in the outer ¢, as the only smooth divisor. Let
1o be a smooth nonnegative bump, equal to 1 on [1,2], supported on [1/2,5/2].
Cauchy—Schwarz in (g, m) gives

S| < QM; LS,
2

3.27
B S @/ Qs i) [ S S

Write t = (g, 71,72, n1,n2), k; = mn; — a, and

(3.28) c(t) = wo(q/Q)l(q,a):lArl5\7'20[7;,10_4”2, W(t) = Ly ,qr1)=(nasqra)=1-
Expanding the square gives S’ = S; — 2RS3 + S3, where
S3 = Z c(t) Z Vr(m)Lgr 1y Lgra ks
t m
(3’29) S2 = Z C(t) Z Y1 (m)lqu|k1 1(mn2,q7“2):1/90(q7"2)a
t m
S1= D et) D br(m) Lmny gr)=1 Lomns aray=1/ (Plar1)(ar2)).
t m

Let T be the tuple set. Let B be its union of cross-copy gcd failures

(330) (nl,nQ) > 1, (7"1,’!“2) > 1, (Tll,’l“g) > 1, (TLQ,’I“l) > 1, (q,’/‘l’l"z) > 1,

and let ® = {|n; —ng| < TL™™}. Set &' = T\ (BUD). On every tuple subset
V' define the formal sums

MT(WV) = Y (el Mi50(0)

eV qrirap(q) ’

Mz&fo(O)
qrire '

(3.31)
Z(V) = et ()l zna(q)
teV
Restoration lemma. Choose Ag, Cys, C)s in the order of §3.10. Then

(3.32) S' = M1 E3 + Z(T) — MT(T) + O(Eggr),
Egr < L**F°MN; (N’ + 1) + C.XM; Ny (N’ + 1)
(3 33) 20Q e
' M7

QLA



SHIFTED PRIMES WITH LINEAR SIEVE REMAINDER WEIGHTS 37

We first prove the positive estimates needed for CRT. For S;, let T;(V) be the
positive majorant. It replaces c(t) by |c(t)| and deletes coprimalities. Retain the
two congruences for Y3, one for Yo. Let |MT|(V),|Z|(V) be the positive versions
of (3.31). We write Texe for the positive contribution of (S3) from the complement
of ¥* defined in (3.37).

The total-variation progression estimate is

(3.34) > sy -kt [ 1] <vin.

m=b(k)

Compare f(b + jk) to its cell average on [b + jk,b + (j + 1)k]. Bound the
difference by the cell variation, and sum. Mobius expansion of the coprimality then

gives 3 =1 U1 = (9(k) /k)Mro(0) + O(r (k).
From n/o(n) = 3 4, 1 (d) /(d) we get

1 1 log(2Y
ZT<<log(2Y), Y —=< 0g(2V)

r<Y (T) r<Y,p|r (p(’l") p= 1
e 1o
(3.35) quQ < L?/Q, qx%lq SaE < L?/(pQ).

For Yy, Yo, |MT| the weight is bounded by O,(M/(p(q)*p(r1)¢(ra))), since
qr1 < QRS < Mj. For |2 it is Oy (M1 /(qri72)) 10, =n,(q)w(t). These two shapes
prove

(3.36) T1(B) + To(B) + | MT|(B) + |Z|(B) < L“M1N; <z](\)]é2 + 1) .

For the first failure of (3.30), fix n;. Choose one of its at most L primes p > 2.
Count n in multiples of p. The first shape gives N;/zp + 1. For the weight of |Z|,
(n1,q) = 1. So the extra congruence gives a class modulo pg, with N;/(pq) + 1
choices. For a common prime p > wug of 1,79, fix r1. Sum the p-divisible ry
weight using (3.35). For p | (n1,72), fix n; and do the same weighted 7o sum. For
p | (n2,71), fix 1. Then count ny in multiples of p, or modulo pq for the weight of
|Z]. For p | (q,r;), use the last estimate of (3.35). This covers all five failures, and
ug > zp gives (3.36).

Split the unrestricted (¢, m)-sum at

(3.37) > = {7(|k1|)7(|k2|) < LE=}.

The complement is estimated on all tuples, coprime or not. Put u = 7(]k1|) and
v = 7(|k2|). The exceptional indicator is at most uvL~¢>. The two divisor choices
r; | k; cost at most uv. There are also at most u choices for ¢ | k1. The resulting
weight is u3v?, of degree five. To keep the progression restriction while counting,
split into w > v and v > u. On the first part u?v? < u®. For each fixed (m,ny),
sum over the at most u divisors ¢ first. The condition ¢ | k1 and (g, a) = 1 implies
(m,q) = 1. Thus q | ko forces no = ny (mod ¢). There are at most 4N;/Q such na,
by (3.6). This bounds the first part by L=¢=(4N;/Q) >  u®. Exchanging the two
copies (n1,r1) <> (ng, rq) gives the same bound for the second part. Consequently
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o N MiN2
(3.38) YTexe < L CEEI Z 7(jmn — a)® < %L 1=Cs

n€lr,mely

The factor 4 from 4N;/Q and the factor 2 from the two parts are absorbed in the
implied constant.

For a modulus-related failure, fix (m,n1). The number of (¢, 71) with ¢gry | k1 # 0
is 73(|k1]) < 7(|k1])? < X3, A common prime p > ug comes from 71, ny, or q.
It forces ny into one class modulo pg. For p | r1,79 use p f m. For p | ny,re use
mnz = a(p). For p | na,r use ng = 0(p). I p | g, ro, then pq | gra | k2 gives the class
directly. If p | ¢, only, exchange the copies. There are O(L) candidate primes
and O(Ny/(uo®) + 1) choices in each class. There are at most 7(|kz2|) remaining
choices of ro. Hence

(339) T3(%modu1us) <e XeMINI(NI/(UOQ) + 1)'

For (n1,ns) > 1 on ¥*, there are at most L2“> pairs (¢,71). There are at most
L primes p | n1, p > z9. There are at most 2N;/(20Q) + 1 choices for ng. There
are at most LE= choices for ro. Thus

(3.40) T3(B, NE*) < LT MIN (N1 /(20Q) + 1).

On the near-diagonal the same count replaces Ny/zo by TL~°™. The density
shapes and (3.35) give the same or smaller bound. Therefore

T3(DNE)+T1(D)+To(D)+ [MT|(D) + | Z|(D)
<L L3=TMN{(TL™“v /Q + 1).
Use the common constants from §3.10: Cy = Ag + 2¢. + 3 and Cpy = 5Cx +
Ap+ Cpox + ¢4 +3. They satisfy Csx, > Ag+c1+2 and Cpr > 3Cs + Chox + A +c.

To check this, divide by the last term of (3.33). After this division, the right side
of (3.41) is at most

(3.41)

sosrerap (TL- Q 3805 tet Ap+Chox—Chr 4 73CstetAp y—0/3 _
L T + V < L +L X = 0(1)
I I

Here LEN supplies T/N; < L while (3.6) supplies Q/N; < X~7/3. The chosen
C makes the first logarithmic exponent negative; the second term tends to zero
for fixed 0. The same target absorbs (3.38), since Cx, > Ag + ¢1 + 2. This removes
bad tuples and the near-diagonal from all of Sy,S5,S3,Z, MT before their main
terms are compared.

Now use CRT on &'. Let Q1 = ¢r1, Q2 = gra,g9 = (r1,72). The two congruences
have one class modulo [Q1, Q2] = gri72/g precisely when (n1,Q1) = (n2,Q2) =1
and ny = na(qg). To see this, equate an; and ang modulo (Q1,Q2) = gg. On &',
g =1 and q, 71,7y are pairwise coprime.

Fixed cutoff. On the smoothed support put

(3.42)  k(t) = grire < K, = 40QR?*S?, Hy, = QR*S*X"/M;, H, = 40H,.

These are fixed for the entire shell triple. Poisson gives exactly
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* C(t)w(t)1n15n2(Q)
KPP h0
tes’
(3.43) x> Go(hMi/k()e(h(b(t) —mo)/k(t)),
1<|h|<H.
S3(&') = Z(&') + M E; + O(X ).

Put A = M;/k(t). This is the Poisson prefactor of one progression sum. In
(3.43) it appears as the factor My in front of £ and the factor 1/k(t) inside E3.
Integration by parts gives |$0(u)| < Cjlul™.

Here one may take C; = (27r)_j||¢((f)||1. It is independent of the box and the
tuple. The integer j = [104/n] + 1 is fixed once o is fixed. Choose X after these
seminorms and all fixed coefficient parameters. So the tail bound is uniform over
the whole box family. If H, < 1, then A > X", since AH, > X".

The tail of one progression sum is at most C;»()\H*)lfj if H, > 1, and at most
CiX'7 otherwise. In either case it is O(X—10-D), since AH, > X". Take j =
[104/n] + 1. After increasing Xy, the weighted tail per tuple is at most X 103,
There are at most X° tuples. This proves (3.43). The cap (3.42) is the same for

all tuples. So it survives the Mellin separation of the inner variable below.
On &', (3.34) gives

(3.44) S1(8') = MT(&") + O(N?L°/Q).

For Sy, retain (m,r2) = 1. Mobius expansion over e | 73 gives one class modulo
grie, so

B4 Y ) et Lot = D | o(rry),
™ qriTa
Divide by ©(gr2) = ©(q)@(r2). The main term is again MT. The summed
error is O(RSN?L¢). It is absorbed using QRS < M;X ~899. Exchanging the two
copies shows that MT(®’) is real. Complete Z and MT formally to 7, with errors
bounded by (3.36), (3.41). This proves (3.32). CRT and the zero-mode identity are

used on &’ only.
3.6. Main-term cancellation and the full GR error. Put agf) = anlin,r=1
and

(3.46) Al&gb)= > &—p@™ Y &
n=b(q) (n,q)=1

Expanding the product of these two centered counts gives exactly

j{: #@(Q/(?)l(%a):1kr1szﬂ4i&%(0)

qrirs

Z(T) - MT(T) =

q,T1,72

(3.47) .
> Aa™;q,b)A(alm);q,b).

b mod ¢
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For the norm-normalized condition [6, (A2)], apply (3.25) to dr, with 7(dr) <
7(d)O4(1). If [[a(]]3 < N;L=4371 the elementary estimate

(3.48) D> 1A@;4,0)) < (T1og(3Q) +3Q) | a||5 <« NyTL™ 2
q<3Q b

suffices, since log(3Q) < L is absorbed by the factor L=, If ||a(") |3 > N;L~4s~1
then [|a(™|2(27)/2 > TL~(Croxt4s+1)/2 Then (3.25) with exponent Agpr -+
(Cpox+As+1)/2 implies [6, (A2)]. The condition @ < T'X ~2%7 implies the condition
3Q < T(logT)~B1 of [6, Theorem 0(a)] eventually, which then gives (3.48) in this
case too. Apply |uv| < (Ju|? + [v[?)/2 in (3.47), and sum the reciprocal r; weights.
This gives

(3.49) |Z(T) — MT(T)| < M;N2LCrext2=43 /().

Take A3 = Ag+ Chox +2. Increase it by a fixed constant to absorb any endpoint
logarithm. Combine (3.27), (3.32), (3.33), (3.49), with ¢ = ¢y0?/8. For a requested
local precision A’ > 0, set Ayork = A’ + 4 before choosing Ag, Cx, Cys as in §3.10.
The resulting restoration contributions to |S| are at most

(3.50) XL~ Avonc 4 XLC 202 4 XLO(Q/N)Y2 4+ X X/2LC {ug"/* +(Q/N1)'/?}.

Both terms in braces are kept. Their power savings are at least 7/o0?/16 and
0/6 — £ya? /16, respectively. Each exceeds c,, and z, 12 peats every logarithm.
More explicitly, for fixed Ayork and sufficiently large X, X LCZ(; 12 « x L Awork

because 20_1/2 = X1/ (2(loglog X)*) heats every fixed logarithm. Thus this term
joins the first term in (3.51), rather than the fixed-power-saving term. The separate
term X LC(Q/N;)"/? in (3.50) has saving /6 > ¢, by Ny > QX/3 in (3.6), and is
therefore absorbed in the displayed power-saving term. Increase X after the fixed
exponents. This gives

(3.51) S| < X [ Awork M1Q1/2LC‘E>2!<|1/2 L xl-eaC,

This completes the first dispersion. A later saving for £ changes only the middle
term.

3.7. Reciprocity, the complete mask, and the second square. Split the
combined products again as r; < r;s;, where r; < R s; < S. The remaining
support is

(an1817”282) = (7‘151;7”232) = (m,nz) =1,

(3.52) (n1,7982) = (na,m181) =1,  (ng,qres;) =1, |ng —ng| > TL™ M,

Solving the two CRT congruences and using u/v + v/u = 1/(uv) (mod 1) for
(u,v) =1 gives

ahm 35 ahmnyqris ah(niy — ng)M2qris ah
(3.53) 17252 i 24151 — ( 1 2) 24181 n (mod 1).
qrisi 252 n1Tr282 qrisi1Tra2s2ny
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All inverses exist by (3.52). Put f = (n; — n2)/q # 0. Then the outer tuple
w = (f,n1,n2,71,72, $2) determines ¢ = (n1 — na)/f. The modular phase becomes

(3.5) e (hf) .
n1T252
Split f # 0 by sign and dyadic intervals f € ¢¢(F, 2F], starting at F' = 1/2. Split
h # 0 by sign and intervals Hy < |h| < min(2H,, H.), starting at Hy = 1/2. These
disjoint intervals include f,h = %1 exactly once. Write g7, ¢, € {£1} for the signs
of f and h. The cap on the last, shortened h-block depends on h alone. Always

F<T/Q.
The nonmodular factor is exactly
~ hM h
(3.55) b0 < ! ) e { <“ - moﬂ .
qrisiT2Ss2 qrisirz2sz \1i

Its dependence on (h, s1) is only through |h|/s1. For v = |h|S/(Hgs1) € [1/2,2],
choose a fixed smooth cutoff. It equals 1 there and is supported in (1/4,4). Rewrite
(3.55):

Wy () (v) = w(v)do(Yav)e(Y1v),

(3.56) v — spHo(a/n1 — my) Vo — spHo My
' Sqrirasa ’ 2 Sqr1r232'
Since Hy < H, = 40H>,
(3.57) V1| + |Ya| < (1 4 a/ X)L X" « [CroxtRecate xn —. [,

Mellin inversion separates the ratio. Put m(t) = sup, |Wy(w)(’it)|. The zeroth
and second logarithmic derivative estimates give

(3.58) m(t) < min{1, L2, /(1 + |t])?}, /Rm(t) dt < Loge-

If m(t) > 0, divide the outer coefficient by m(¢). The norm bounds below are
for this normalized coefficient. The factor m(t) is restored before the ¢-integration.
If m(t) = 0, the integrand is zero. So the integrable decay of m is kept.

The full inner coprimality mask is

(3.59) (s1,ac) =1, (s1,J0) =1, c=mnirass, J, =qna.

The second condition combines (s1,¢q) = 1 and (s1,n2) = 1. To separate the
second, split Px = [ug, X3] NP at random. Each prime goes independently and
uniformly into one of two classes B,, R,. For an integer m, let Px(m) = {p € Px :
p | m} and vx(m) = |Px(m)|. If all prime factors of s lie in Py, then exactly

(3.60) Lo gyt = By 2010 oep 1p,(cry]-

A common prime makes the event impossible. Otherwise the event has proba-
bility 2-#x($)=¥x()) Every prime of a supported s; lies in Px. So (s1,J,) = 1
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depends only on the primes of J,, in Px. Since s; < X%6 and J,, < X%%4 one may
take

(3.61) K, =1[06/(t0®)],  Kj=[1/(to?)].

Replace the inner coefficient by AYX = A 2vx ()= K lpy(s)cB, and each outer
representation coefficient by AX = A, 2vx(Jw)=Ky lpy(J,)CR,- Both multipliers
have modulus at most 1. The original sum is 2K=+X/E W, . This factor is O, (1),
and E, is an average. Fix x before aggregating representations. The partition acts
on \; and A, only, so (3.25) for a, holds for each .

Set b= Nnariy, C = N1rosSa, and

(3.62) I(be,f)= > > X mue(ahfbs/c),

sx85,(s,ac)=1 h

where X, ; = (5/s)A\X(s/S)", and npc = (|h|/Ho) ™" 1j5j<n. on the chosen signed
block. Both are 1-bounded. Dyadically localize b < D,c < C. The outer support
has (b, c¢) = (b,po) = 1. So the nonnegative majorant

(3.63) p = 10(b/D)vo(c/C)(b,e)=(bpo)=11 fec; (F2F]

equals 1 on it. Cauchy—Schwarz now gives

1/2

(3.64) Wl < | D2 143, w0 wa= ) ol
bye,f be,f
Fix (b,c, f). Factor b = mari,c = nirass; then ¢ is determined. So there are
at most 7(b)73(c) outer representations. For fixed ni,ny the permitted g | ny — no
have divisor multiplicity. So there are O(T2R2S)X°") representations in total. A
normalized representation coefficient has modulus O, ((QR?S?)~!). Summing over
representations with Cauchy—Schwarz,

1/2 T
(3.65) (Z |A><|2) < X0<1>W.

This bound holds for the coefficients AX of each class x.
Expanding |I|?, put

(3.66) z=ss', k=hs —hs, y=fk.

The terms with k& = 0 have at most X°(M H, .S choices of (s,s’, h1,hs). To see
this, write (s,s") = g(u,v), (u,v) = 1, and (h1, he) = j(u,v). Sum (g,j) over their
ranges. Thus

(3.67) [Wi—o| < X°WH,SDFC « (T?R?S%) X ~80tnto(1),

where the final inequality is T?R?S < X'787. For k # 0, split y = e,m, m > 0,
and z into Z € {S2,25?}. The coefficient independent of (b, c) is



SHIFTED PRIMES WITH LINEAR SIEVE REMAINDER WEIGHTS 43

Ey — /N _
ﬁi«’(ﬂny - 1(Zsa170):1 Z /\s,t)‘s’,t Z Nhy,tThy t-

(3.68) ss'—2 fE€ss(F,2F], h; in block
f(h1s'—has)=e,m

Put Y := H,SF. By (3.70), |y| < 8FH.S. So the coefficient is supported on
1 < m < 8Y. The off-diagonal sum is exactly

(3.69) S B ) Yo(b/D)olc/C)e(e,amzb/c).

z,m b,c:(b,c)=(b,po)=(z,c)=1

3.8. The W-prime norm, with endpoints. For S > 1, 1< H < S, F > 1/2,
and a # 0, let

By = #{s; € (5,25], (s152,a) =1,
(3.70) 1< |hi] < H, fe(F,2F]:
s182 = z, f(h1s2 — hasy) =y # 0}.
For every nonzero integer v, define its a-supported part by v, = Hp‘a prr(PD | In

particular y, = Hp‘apvp(lyl). Set

To=max7(z)7(|ly)),  Po=[J@-p""")7"
pla
Pl :PO27 PQZH(l_pﬁsp_1/2)_1u
pla

where the maximum is over z < 4520 < |y| < 8FHS. Then

(3.71)

(372) Y B2 (ya)"® < To2FPyH?S?[16Py + 64(8 + log(25)) Py + 32P,).
z,y#0
Proof. For fixed s = (s1, 82), let Ng(k) = #{h: 1 < |h;| < H,h1s2 — has1 = k}.
Each (z,y) has at most 7(2)7(|y|) choices of (s, f). Therefore Cauchy—Schwarz and
(fk)a = faka reduce the left side to

(B73) To| D | Qo Qo=Y_> kI*Ny(k)? > fl» <2FPR,.
f<2F s k0 f<2F
For the last inequality, majorize fo™ by D dlax d|f d%». Then sum |2F/d] <
2F/d. It holds for every F > 0.
Put g = (s1,82), s = g(u,v), S = S/g. A fibre of hisy — hos; has at most
1+ 2H/S’ points. It has at most one when S’ > 2H. Expand

(3.74) Kl = > 0y (d), o, (p)) =pr(1-p "), 0< @y, (d) < d
dla d|k

Here @y, is multiplicative with ¢y_ (1) = 1; the prime-power formula is for j > 1.
If Ay(s) counts h € [—H, H)? with k # 0,d | k, then



44 RUIYI ZHANG

2H
(3.75) Qs Y YA+ Y G
dla ,d<4HS s :
For the first sum write h = ew, w primitive, ||w||sc = j < H. There are at most
8;j choices of w, and e < H/j. The congruence is d. | w1s2 — waes1, de = d/(d, €).
Since (s1s2,d.) = 1, a contributing primitive vector has (wq,d.) = 1. The case

wy = 0 forces d. = 1. There are at most 25 choices for s;, then S/d. + 1 for ss.
By > .<p(d;e) < 7(d)E, this proves

(3.76) D Aa(s) < 167(d)H?S?/d + 16HS.

For the second sum (d, g) = 1. At most 8 H.S’/d nonzero levels of hjv — hou are
divisible by d. Each has at most 4H/S’ points. Thus A,4(s) < 32H?/d. For each g,
sum the at most (S/g + 1)? pairs. Use the exact inequality

2
(3.77) > (5/9791) = > (S/g+2+g/S) < S(8+1og(29)).
g<2S g<28

So before the d-sum, the second term of (3.75) is at most 64(8+1og(25))H3S/d <
64(8 + log(2S))H?S5?/d, using H < S. Finally

S @yt =,

d|la>
Dap—1 _
(3.78) lZ drm =Py,
d|a>®
> d% < (4HS)VP,.
d<4HS,d|a>

The last contribution of (3.76) is at most 32H2S? Py, since H < S. This proves
(3.72), also for real nonintegral (S, H).
Uniformly for |a| < X2, elementary prime ordering gives

Py, Py, Py < exp(C(log X)%/3%) = x°W)
To < exp(Clog X/loglog X) = X°W),

For a € {1 — s, 1/2 = s} we have 35 p~® < 30y % < (log X)' .
The bound for the products then follows from — log(1 —v) < v. The divisor bound
is elementary.

To apply (3.72) to (3.68), use the cap H = min(2Hy, H,). Empty blocks have
zero coefficient. Increase Xy in (3.6)—(3.7). Then

(3.79)

(3.80) Hy/S < X =97+ [ Crox H, <S5.

The strict power margin in (3.6)—(3.7) absorbs the fixed logarithmic factor and
the factor 40. For S = 1/2 this gives H, = 40H; < X99+n[Coox s (). If the
middle factor is supported at s = 1 € (1/2,1], set S = 1/2. Then H, < 1, every
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nonzero-frequency block is empty, and E5 = 0. Thus Theorem 2.8 is needed only
for S > 1; in that case a nonempty block has H > 1. Each summand of (3.68) has
modulus at most 1, 50 |3, m| < B. c,¢;m- Since po { a, (pom)s = m, exactly. Thus

(3.81) > (n")" |8 (n")|3 < X°W(H.S)?F,  |B]3 < X°V(H.S)*F.

n//|aoo

The second estimate is the same proof with ¥, = 0. Here S > 1, as (3.72)
requires; the case S = 1/2 was treated above. If +; is supported at 1, take ¢ =
1,Q = 1. If 73 is supported at 1, it is a fixed coordinate. If the full modulus is 1,
the discrepancy is identically zero.

3.9. Application of Theorem 2.8 and the spectral budget. For nonzero
(3.69), set

(382) TT:ZXZ7 ST = Do, RT:Z7 ST:p0/27
’ dr =b, cr = ¢, ny = pom, Ny =8pyY, ar =¢eya.

Let the Theorem 2.8 coefficient equal 3, ,, at these indices and zero elsewhere.
The support conditions give exactly

(3.83) (zb,poc) =1 <= (b,c) = (z,¢) = (2,p0) = (b,po) =1, (ar, zpo) = 1.

Here (z,¢) = 1 comes from (s,ac) = (s’,ac) = 1. The py conditions on (b, z) come
from their roughness. The smoothed variable ¢ may be divisible by py. Reducing
the inverse modulo ¢ gives the exact phase identity

(3.84) e (aT(pOm)ZbPOC) —e (W’) .

boc c

We make the dyadic support of the smooth weight explicit. Choose a fixed
smooth step y. It is zero on (—oo, 0] and one on [1,00). Split

Yo,1(v) = Yo(v)[1 — x((v—0.8)/0.1)],
(3.85) Yo,2(v) = Po(v)x((v —0.8)/0.1)[1 — x((v — 1.4)/0.2)],
0,3(v) = Po(v)x((v — 1.4)/0.2).

They sum to ¢g. They lie in the strict dyadic windows (0.45,0.90], (0.80, 1.60],
(1.40,2.80]. Expanding the (b,¢) bumps gives nine weights. Multiply by fixed
smooth cutoffs equal to 1 on the supported nr, z,pg indices. At the lower np
endpoint use a cutoff zero below 1/2 and one above 1. Its derivatives are O, (n;").
Each weight satisfies the Theorem 2.8 derivative conditions with ey = ¢/2000 > 0.
Take ¢ = 0/100, Ar = Ap. Thus (3.14), exactly as stated, applies to (3.69).

We bound the four terms of its bracket. Put

<

V =T*R*S®, D,=TR, C,=TRS,

3.86
(3.86) Z=8% V<X WHT2R283 /X
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Since ¥y, < 1/2, all powers of (D,C) in (3.15) are nonnegative. First replace
them monotonically by D,,C,. Then C, < D,Z, and Y <« ZX 87tnte(l) - Apply
(3.81). Suppress only uniform X °(1) and py-powers. This gives

bracket term/V ‘ upper bound
1 K4 = AJ"TQR?S5 /X2
(3.87) 2 (Ao/X)Ka
3 Kp = (TR/S)*?*»TQR?*S°/X?
4 (TQR?S°/X?)(T*R?*/X).

We check the regular third term directly. Up to pg-powers, its bracket before the
coefficient norm is

C(CDVZ)*» 2" =00 (DZ)' "% = CDZ*(C/Z)*">

3.88
( ) < T2R255(TR/S)2195I).

The factor here is C/Z; the factor C/(SZ) would lose S?"s». The bound C' < DZ
is applied after passing to the envelopes. The first term is at most Agﬁ" CDZ? times
the weighted norm. The second uses AgY Z. The fourth uses D?Y Z. Substitute
(H.S)?F < X°W+21QT3R*S6 /X2, This proves the other lines of (3.87).

The four packing inequalities (3.7) bound the exponents in (3.87) by
—150,—(15 — 1/20)0, —150,—230.  The cutoff contributes at most 31 to
J2/V. The product in (3.14) is eventually at most X0, This follows from
Ag < XM T < X034 R S < X06 and the sharper Y bound. The bounds on R
and S use only RS < X6, This comes from the full-modulus support ¢ < X% in
(H3), since the full modulus has scale QRS; dyadic constants are absorbed after
enlarging X. So the smoothness prefactor costs at most 0.19019¢ in the exponent.

Before the cutoff loss, the exponents relative to V1/2 (from the square-root row
on, relative to V1/4), in units of o, are

g —299/40 = —7.475

Theorem 2.8 prefactor +0.19019

Wio —7.28481

Wi—o -8

(3.89) square root in (3.64) —3.642405
Mellin integral +0.075

combined fixed subpolynomial factors +0.11

cutoff X" after both roots +0.00075.

The Mellin allowance follows from (3.57). Any fixed logarithmic power is even-
tually at most X-0749_ The remaining subpolynomial factors are the finitely many
(h, f, D, C, Z) localizations, the divisor representation counts in (3.65), (3.71), the
prime products (3.79), and powers of py < L. Their product is uniformly X°). So
it is at most X%!'7 after choosing Xy. The multiplier from the random partition
is a fixed o-dependent constant. By (3.58), (3.64), (3.65), (3.89),

X 022 —3.450
(3.90) B < 195X ,
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since —3.642405 + 0.075 + 0.11 + 0.00075 = —3.456655 < —3.45. For S =
1/2, E5 = 0 (see above). Inserting (3.90) in (3.51) gives a spectral contribution
M{TX V7250 € « X1=1T250 1C " since M;T < X. As ¢, < 0/2 < 1.7250, it is
absorbed in X17¢ LC.

For a target A’, use Awork = A’ + 4 on every shell triple, uniformly before
summing. The triangle inequality over O(L3) triples costs the logarithm of the
outer modulus and the two logarithms of the other factors. Finally restore the
factor Cglot, of (3.5). It is O,(1). Equations (3.51), (3.90) prove Theorem 3.2.

3.10. Global summation, prime powers, and normalization. At fixed o,
assume (HT7): the box family has the source and Heath-Brown coefficient bound

(3.91) > lejl € Cocpo e log NYS0, K < 24Ch0x + 26.
J

Source-wide error bounds. Assume the source’s aggregate logarithm-freezing
bound and the boundary bound (3.24). With the exponents ¢iog and cg of (H6), a
sufficient pair of raw bounds is

Elog <o N(log N)es=Cbox, Ehary <o N(log N)er=Crox/2,

They include all source labels and representation multiplicities. These bounds are
separate from the interior-box hypotheses (H1)-(H5). The source-wide estimates
enter through (B.29) for the prime source and through the auxiliary bound (3.95).
They are not hypotheses of Theorem 3.2.

The source labels and prefix cells are O, (1). There are at most 24 HB variables.
Hence there are O(L?*) dyadic tuples, and each dyadic tuple contains O(L?*Cvex)
short boxes. The product shells number O(loglog N) < O(L). The total count is
Oy (L?4Cvox+25) " Gince the coefficients are O, (1), (3.91) holds with Ky = 24C},0x +
26; the count exponent is smaller. The three factor localizations are inside (3.13).
The count includes every partition.

Choose parameters in the following order. Fix ¢ and the source combinatorics.
For Theorem 1.2, through (3.92) and (B.29), use the requested exponent A,ze = A
and choose Chox > [2A + 32]; then set A’ = A+ 24Chox + 31 and Aoy = A’ + 4.
This is the parameter convention used in Theorem 1.2 and Theorem 1.1.

For the stronger source-wide bookkeeping in (3.95), which is outside Theorem 3.2,
fix a separate final exponent A > 0 and put A,ze = A + 3. Choose the box width
Cbox = Cbox(Aagg) with

Chox(Aagg) > max{2(Aagg + cr), Aagg + Clog}

so that the boundary and logarithm-freezing errors are O(N(log N)~4ass). For
the Iwaniec source, cg = 16 by (B.19) and the logarithm-freezing exponent is
Clog = 18 by (B.18); since Augs + 18 < 24,4, + 32, the condition is the integer
choice Chox(Aagg) > [2Aage + 32] = [2A 4+ 38]. Set A’ = Auge + 24Chox + 31
and Awork = A’ + 4. The value of A" is Ko + Aage + 5 at the maximal count
Ko = 24Ch0x + 26 in (3.91). Let ¢, dominate ¢; and every preliminary logarithmic
loss denoted by ¢. This includes the fixed loss in (3.41) and the endpoint losses
before BFI. It is chosen before Ag, Cs;, Cps. Use the same ¢, for every source and
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every application below. Choose
Ag > 2Aw0rk + 2Chox + Cx,
Cs = Ap + 2¢. + 3,
Cy =5Cs + Ag + Chox + ¢s + 3.

Then choose Az and the required BFT/SW exponents. Later power-saving logarith-
mic losses may depend on C;, Cjs. The constant ¢, is defined before them. Choose
Ny last. It is ineffective, as are the implied constants, because the Siegel-Walfisz
theorem is ineffective.

The source may choose a larger width. Its fixed width is selected before the
analytic precisions, with the same displayed formulas.

By (3.13), (H7) in the form (3.91), and N/(log N)Hseale < X < N,

Er=Y |ejl|SYSPT] < N(log N)Ko=4" 4 N1=¢7 (log N) Ko t+C
(3.92) j
Lo A, Co Kaonte Core N (l0g N) ™4,

Every positive fixed power saving beats every fixed logarithm once Ny is chosen.
The spectral term X!~17259 L€ ig already absorbed in (3.13), since ¢, < /2.

Source prime powers. For the direct source the correction in (3.22) has
O(N'?(log N)©) integers before discrepancy weights. For the product source as-
sume at most four tested coordinates, each at least N, o = 100/1149, and product
e < N. A proper power coordinate has reciprocal mass

(3.93) > p P < N2 4 (log N)N—29/3 « N=2/2,
Ne<pk<N, k>2

For k = 2 compare with the tail of >.n"2. For k > 3 sum the integer k-power
tail. There are O(log N) possible exponents. Fix one coordinate at ¢t. For 1 <r <4,
the remaining positive coordinates have at most (N/t)(1 + log N)™*(r=2.0) pogsi-
bilities. For » = 1 no coordinate remains, and the single admissible completion is
bounded by N/t. For r = 2 the remaining coordinate is counted directly. For r > 3
the reciprocal-sum argument gives the displayed logarithmic power. Take a union
bound over the at most four possible power coordinates. For the product discrep-
ancy write e for the tested product. Theorem 1.2 supplies N < a < Nlog N/3. On
the product support, e < N <a < NlogN,so 1< |a —e|] < NlogN. Use (3.23)
and 7(Ja — e]) < N€ with € = a/4. Then the whole source-level correction obeys

(3.94) Ero < N'™/4(log N)© = N1=25/1149(1o0 N)© <« 4 N(log N)~4.

This bound precedes the Heath—Brown subdivision, so its box multiplicity is 1.
For a product, the bound uses the coordinate floor N¢ assumed immediately before
(3.93). Thus (3.94) applies to every such product source.

The bounds (H6), the logarithm-freezing estimate, (3.92) (which uses (H7)), and
(3.94), with the fixed choices above, give

En + Evary + Elog + ERo <o,4,Coon KueateCore N(10g N) ™73 = 0(Uc),

(3.95) ,
Uc=C(N)N/(logN)*, C(N)>c>0.
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The ratio is OO7A7Cbox7Kscaleycsrc((log N)iAil).

For each source family, its exact source identities give the finite sum to which
these bounds apply. The restoration, BFI, partition, Poisson and Theorem 2.8
errors enter once, inside Frj.

For any normalization Wyorm > N/(log N)?2, (3.92) reads explicitly

e || SPSDT ,
soy s oy

+ N (log N)KOJFC+2 =o(1).

Consider the original direct prime source, before HB. Its mass is not yet replaced
by a logarithmic-integral (Li) mass. Its exact prime mass X4 = > Ap(p) satisfies

(3.97) > Ap(p) =Xa

(p,g)=1

because p > N/(log N)? > ¢ for ¢ < N°@ and sufficiently large N. Thus the
formal and natural comparators coincide on that original source. This holds for the
source itself, before the split into signed HB terms. If a Li mass X7; is substituted,
the exact difference is (X4 — X1;)/¢(q). Its weighted sum enters once, in the
main-term mass contribution, outside the natural-comparator correction. For the
composite product source, (3.97) may fail.

3.11. The complete non-II cover. These results are separate from Theorem 3.2.
The source-to-box identity comes from the source itself. For a direct shell [X,2X),
assume the following source conditions (SH1)—(SH5).

(SH1) The coefficient v(q) is independent of tested variables, (¢,2N) = 1, |v(q)| <
Co, g < N°Q, eg < 153/256, and (a,q) = 1 on its support.

(SH2) All tested restrictions are constant on each nonboundary box. Smooth factor
weights have sup |w| + V(w) < 1.

(SH3) All HB factors are rough at the threshold z* = 2¢(X) or zo(N).

(SH4) The discrepancy is exactly (3.3).

(SH5) The assignment priority is proper prime powers, boundary boxes, Type II,
Type I-1, then Type I-2.

Put w = log(N/X)/log N and x = 30log2/log N. Increase Ny until w,x <
0/202. Let V; be the lower HB scales, and e; = log V;/log N. Then (3.21) implies

(3.98) l—w—-k< Z e; <1+k, e; <1/3+4+ K on Mobius variables.

There are at most six variables. Call a variable small below 600, and large above
1/3 4+ 140. Suppose no variable is in the IT window. Since 3600 < 1 — w — K, some
variable is large. Since 1+ 420 > 1 + &, at most two are large. Mobius variables
are never large. Thus there are exactly one or two large smooth variables. For a
window variable,

(3.99) logy(2V) < (1/3+ 140+ k)/(1 —w) < 1/3 4+ 150,

which proves the shell-local window transfer. For one large variable,
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(3.100) €. —eq — (1 —w)/10 > 0.9 — 153/256 — 0.9w — k — 3000 > 0.3023;

hence its scale V > ¢X/1°. With two large variables, Ny > Ny > X'/3. The
at most four other factors are small. Their product m is split dyadically, m =< M,
with

(3.101) M < X2‘401'10787 NN, M < 230X, g < X059,

These follow from (2400 + k) /(1 — w) < 2.401-10~%, which uses o < 1071°, and
eq/(1 —w) < 0.5977. Consider a product source with three or four coordinates
at least N'00/1149 " Tts smallest coordinate has exponent between 100/1149 and
(1 + k)/3. Tt has at most six HB factors. One of them has exponent exceeding
(100/1149—£)/6 > 600. Each is below 1/3+140. Thus, after proper prime powers
and boundary boxes are removed, all its boxes are of type II.

Elementary sieve sandwich. For a finite prime set P below z, let P = HpeP D,

E=3% cpl/p, and

(3.102) A = (@)l p, wiy<-
Let r = w((n,P)). For r > 1, Pascal’s identity gives ngJ(_l)j(;) =
(—I)J(T;l). The sum is 1 for r = 0. Hence

U~ (n):= Z)\gzkfl) < n,p)=1 < ¥F(n) = Z/\El%)’
(3.103) . ’

Tt >0 vt—uv-=(")>o.
) ()

The weights are 1-bounded and supported on d < z%*. Also 3 p (gy=; 1/d <
EJ/j!. Let s = log D/logz > (loglog X)3, and choose 2k = 2|s/2]. Mertens’
bound E < loglog z+ O(1), with s > (loglog X)3, gives 2k > s —2 > €2F for large
X. With Stirling,

(3.104) E%)(2k)! < (eE/(2k))** < e*7* <4 L™
It is the sieve approximation used in I-1 and I-2.

Lemma 3.3 (Type I, one large variable (I-1)). Assume (SH1)-(SH5). Consider
a box with one large variable. Let the complementary coefficient satisfy |am| <
7(m)Bo. Uniformly for every integer residue a coprime to each supported q,

(3.105) Z Iv(q)] Z O Z W(V)Smu(q; )| Ko 4,89 XL
q m

vel, P~ (v)>z*

Proof. It (m,q) > 1, the summand vanishes. Otherwise put b = am(q). The
progression and the reduced comparator contain only integers prime to q. Apply
(3.102)-(3.104) to the g-dependent set P, = {p < 2* : p{ ¢}, with D = X1/20 For
every d | Py, (d,q) =1, and
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v <t:v=0(q),d| v} =1/(dg) + O(1),

(3.106) #Ho<t:(v,9) =1,d[v} = (p(g)/q)(t/d) + O(7(q))-

After comparator normalization, the upper and lower sandwiches have
the same main term. Their gap gives discrepancy < (t/q)e?~* + 2D7(q),
where s > (loglog X)3/40. Endpoint subtraction and partial summation cost
O(sup |w| + V(w)). By (3.100), D7(q) < (V/q)X~1/20+°() " Thus the inner
discrepancy is Oa(V/(gL?)). Sum with > |am| < MLY, MV =< X, and
Zq 1/q < L. Then request a larger A. This proves (3.105). The sieve weights use
the prime set P,. O

Lemma 3.4 (Completed hyperbola). Let ¢ mod g be a unit. For integer intervals
J17 J27 pUt

HIHI
e(q)
The full-modulus Kloosterman-sum bound [17, Corollary 11.12],

(3.107) D = #{(u,v) € J1 x Jp : uv = ¢(q)}

(3.108) 1S(h, ks q)| < 7(q)g"/*(h, k,q)"/?,

implies, uniformly in interval lengths and positions,

(3.109) ID| < 7(q)q"/*1og® (2q) + 7(q)* log®(2q) /¢ (q)-
Proof. Put
Fih) = 3 e(hu/a).

ueJ;
Additive completion then gives

N P YA
S ST 0 (S0 kesg) - ),

The bracket vanishes if h = 0 or k£ = 0, so complete periods cancel. For 0 < h <
q, |F;(h)| < q/(2min(h,q — h)), and

(3.110) S IR < (g/d)log(2q).
0<h<gq,d|h
Use (h,k,q)'/? < D dl(hoknq) d'/? in (3.108) and sum >_d~3/2. For the princi-
pal part use [cq(h)| < (h,q) = X4 n,q ¢(d), so its one-variable weighted sum is
O(q7(q)log(2q)). This proves (3.109). Modulo 1 the discrepancy is zero. O

Lemma 3.5 (Type I, two large variables (I-2)). Assume (SHI)-(SH5) and (3.101).
Consider two large smooth variables with nonnegative weights wy,wy. Let |am,| <

7(m)Bo. Uniformly for every integer residue a coprime to each supported q,
S @Y em Y win)wsn)S (e 0)
(3111) =Q m ni€l;, P~ (n;)>z*

<A XL,
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The smooth factor weights in the prime-source application of Appendix B are
nonnegative. For a general real weight, write w = (w + ¢) — ¢, with ¢ = sup |w|,
and apply the lemma to the nonnegative pieces.

Proof of Lemma 3.5. Again restrict to (m,q) = 1. Let C(FG) and My(FQG) be the
positive congruence and comparator functionals with the positive weights wq, ws.
Put A = C — M,. Apply (3.103) to all primes below z*, with D; = X¢1/2,
er = §/4 = 7.50. Include the Brun-Bonferroni threshold for this smaller level in
Ny. For every fixed logarithmic exponent Ag,, put

log Dy 1
= E= - J=2 2
Sf log Z* Y p;* p? LSf/ J?

and require J > max{2, e?E, Ay, log L}. At fixed o > 0 this holds eventually, since
st =< o(loglog N)3 and E = O(loglog N). Hence (2*)/ < Dy, J —1>1, and

J J
2 S i S LiAsv.
J! J

Choose Ag, after the fixed logarithmic losses in (3.115). So the same final choice of
Ny covers the use of (3.103)—(3.104) in I-2. Write R; = 1p-(n,)5.+, Gi = ¥/ =0 >
0. Since 0 < R; < \I/:r7

(3.112) UIUd — GV — U Gy < RiRy < U7

Since C, M, are positive,

[A(R1R2)| < [A(TT O] + |A(G1ES)] + [A(T] Ga))|

3.113
( ) +Mq(G1\I’5r) +Mq(\111+G2)~

The lower weights ¥ may be negative. The bound (3.113) contains only the
nonnegative ¥}, G;. Expand the first three terms over d; < D ¢. Their coefficients
are bounded by 1. Terms with (mdyda,q) > 1 vanish. Otherwise put ¢ = amd;ds
(mod ¢). This is a unit, and u; = n;/d; lies on the modular hyperbola ujus = ¢
(mod ¢). Two-variable partial summation and (3.109) give a total <. Dj%ql/?Xe.

For the two main gaps, positivity lets us drop the restriction (nins,q) = 1.
Full-integer progression counts and (3.104) give

(3114) Z Gl(n)wl(n) <A, NiL_ASV + .Df7 Z \I/;F(TL)U)Z(TL) < N; + Df.

nel; nel;

The progression counts range over all integers. Summing over (m, ¢) now gives

(3.115) < MDJ%QWXELC + XL + MDyg(Ny + N2)LC + MDFLC.

By (3.101), the first exponent is less than 2.401-1078 +7.5-1071° +1.5(0.5977) +
€ < 0.897 for a sufficiently small fixed € > 0. Also M (N, +Ny) < 231X/N, < X?/3.
So the exponents of the last gap terms are less than 0.668. Choose Ag, after the
fixed log losses. This proves (3.111). Squareful moduli are covered by (3.108). O
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Finally there are O,(L%) non-II direct boxes and shell pieces for a fixed K.
Request (3.105), (3.111) with exponents larger than K + A + 5. Their sum is then
O(NL=4); in particular, divided by N/(log N)? it tends to zero. For the prime
source these are the exponents A; = K; + A + 5 of Appendix B. The I-1 and I-2
boxes are disjoint parts of the non-II contribution. Under its coordinate hypotheses,
the product source has none. Their contributions lie outside Fiy.

For the prime source, Section 4 supplies the packing construction and Proposi-
tion B.4 in Appendix B gives the prime-source estimate.

4. THREE-SLOT PACKING FOR IWANIEC’S REMAINDER COEFFICIENTS

This section proves a general packing theorem. It then verifies the hypothe-
ses for the remainder coefficients of Iwaniec’s linear sieve [10, Theorem 4]. The
packing and coefficient identities provide the modulus factorization used in the
prime-discrepancy estimates below. The functions below specialize Lichtman’s op-
timization [1, Proposition 6.1, (6.2), (6.4)] to spectral exponent 7/32 and moving-
residue exponent 1. We prove the labelled-atom statement here; its two-bin step is
related to the corrected argument in Pascadi’s Lemma 5.6 [8].

4.1. A combinatorial packing theorem. Put
— 153 25 7
e Mo VT
Here 1 is the fixed spectral exponent 20rp. Later in this section 6 denotes the sieve
level. For = > 0, define

. [1+z 32—-34x 57 3
v(x) :mln{ 5 ' 39 64 295}.
For real z and y > 0, put ¢¥(z,y) = £1;>,. Also put
. 132 — 68¢ 153 — 96¢ 1+a
w(a,b,c) =1 (mln{ 514 956 ,1— 2b} , ) .
For an ordered triple a > b > ¢ > 0, set
H(a,b,c) = max{v(a),v(b),v(a+b),v(a+ b+ ¢),w(a,b,c), w(a,c,b),
(a4 c)ya+2b+c),Y(v(b+c),2a+ b+ c)},

Define H(a,b,c) = H(a,b,c) if a < p. If a > p, put H(a,b,c) = v(a). For a finite
non-increasing list e; > --- > e, > 0, let ; = ¢; for i < m and e; = 0 for i > m.
Repeated values are distinct labelled atoms. The empty list is allowed.

Alist fy > -+ > fin > 0 satisfies WF(y) if

(4.1) fit+-+fisi+2f <y (1<j<m).
Write
2 —39h 2—19—2h
b_ =2h— 1, bA = %, bB = f’ b+ = mln(bA,bB)

Theorem 4.1 (three-slot packing). Let 0 < § <3-107%, 1/2 < h < H,
dy =h—26,and 6 < g <1/3 —4/2. Suppose the labelled list e; > -+ > e, >0
satisfies

(4.2) WF(d,) and h < H(éy,é,és).
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Then the deterministic rule R below partitions the labels into J; U Jo LI J3. If
Y, = Zz‘er e;, then
¥ <g,
29 + Yo + 2%3 < 1 — 44,
O+ g+ 31 + 55 + 255 < 2— 46,
(14+20)g+21+ (5—-20)E2+ (24 29)23 <2 —4(1+9)d.

(4.3)

The output depends only on the labelled list and on h, d, g.

Lemma 4.2. For z > 0, v(z) = min{(1+x)/2,57/64—3x/2}. Thus v is concave,
v < H, and H < H.

Proof. Consider the middle affine function in the definition of v. Its difference
with (14x)/2 is (25—107z)/78, which is nonnegative for = < 25/107. Its difference
with 57/64 — 3x/2 is (1568z — 175)/2496, nonnegative for = > 175/1568. As
175/1568 < 25/107, it is never the strict minimum of all three. The minimum
of the remaining two affine functions is concave and has maximum (1 + p)/2 = H.
Each w is zero or at most (153 — 96¢)/256 < H. Every 1 branch is zero or a value
of v. This proves both upper bounds. ([l

Lemma 4.3. For 1/2<h < Hand 0<§ <3 107

(1) h <w(d) for b > 0 exactly when b_ <b < b,.
()b+—b3,andbA>bB

(3) by —b_ = (153 — 256h)/96 > 0 and by — p = (153/128 — 2h) /3 > 0.
(4) dy — by —2b_ >3/256— 26 > 0 and dy — 3b_ > 3/256 — 25 > 0.
(5) ¥ +2(ds +26) 4+ 3bp =2 and (2 + 29)(d\ +20) + (3 — 49)by = 2.

Proof. The three affine branches of v give b > 2h —1, b < by, and b < bg. These
are closed inequalities. The difference by — bp = (567/16 — 49h)/102 decreases
with h and at h = H is 525/8704 > 0, proving (2). The formulas in (3) and
the first bound in (4) follow by expansion. Their minima occur at h = H. For
the second bound in (4), use d, —b_ = 1 —h — 2§ and 3 — 5H = 3/256. For
(5), use 2 + 29 = 39/16, 3 — 49 = 17/8, and (3 — 4¥)by = 2 — 39h/16. Finally
3/256 > 61072 > 24. O

Lemma 4.4. If h > 0 and w(z,y,2) > h, then z < by —b_.

Proof. Since h > 0, the activation in % is on. Hence (132 — 68z)/214 > h and
(153 — 962)/256 > h. These give z < by — b_ and z < b — b_, respectively. O

Lemma 4.5 (two bins). Let ¢1,¢3 > 0 and initial loads ug < ¢1, wo < c3.
Suppose a finite list f1,..., fr > 0 satisfies

(4.4) U0+w0+2fi+2fj§61+03 (1<j<k).

i<j
Process the atoms in order. Place each in bin 1 if it fits, and otherwise in bin 3 if
it fits. Every atom is placed, and the final loads are at most ¢y, c3.

Proof. Suppose f; is the first atom fitting neither bin. Then the current loads
U,W satisfy U+W = Ug + wo + Zi<j fi7 U + f]‘ > cq, and W + fj > C3. Addlng
the last two inequalities contradicts (4.4). O

The rule permits zero atoms and repeated values. Its three cases are:

(1) If g+ by > d., apply Lemma 4.5 to the whole list. Use bin caps g,ds — g
for slots 1 and 2, and leave slot 3 empty.
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(2) If g+ by < ds, test in order K = {1},{1,2},{1,2,3},{1,3},{2,3}. Put
K'=Kn{l,...,m}and b =}, e;. Call K legal if b_ < b < by and
the remaining atoms, in their original order, satisfy WF(d, — b). For the
first legal K, place K’ in slot 2. Apply Lemma 4.5 to the rest in slots 1
and 3, with caps ¢g,d. — g — .

(3) If no K is legal, use caps g,b_,d. — g — b_ for slots 1, 2, 3. Put atom 1 in
slot 2 if it exists. Process subsequent atoms in order, placing each in the
first slot in which it fits. Put the first atom fitting no slot in slot 2. Call
the resulting slot-2 load b. Apply Lemma 4.5 to the remaining atoms in
slots 1 and 3, with caps g,d, — g — b.

Proof of Theorem 4.1. Write R for the rule just defined. Since h > 1/2,
b_>0;alsod, =h—25>1/2—6-10"°2 > 1/3 > g. It is enough to prove one of
the following envelopes:

(Eglob): gzd*_b+7 El Sg) ZQSd*_ga 23:0’
(Ecrit(b)) :obo SbSbJra Z1 §g7 E2 Sbu ZSSd*_g_b'
The second, third, and fourth left sides in (4.3) have nonnegative load coefficients.
Under Egit(b), Lemma 4.3(5) gives
29+22+223 SQd*—bSQd*—b_ :1—4(5,
T+ g+ 31+ 5% + 283 <9+ 2dy + 3b < U+ 2d, + 3bp = 2 — 40.
For the fourth load, similarly,
(14+29)g+31+ (5—29)E2 + (2 +209)%25
< (2+29)d, + (3 — 49)b
< (24 20)dy + (3 —49)ba
=2—4(14 9)o.

Here 3—49 = 17/8 > 0. Under Egop, use g > d, — by in the two expressions whose
coefficient of g is negative. This gives

29+ Yo <g+di <2 -5+ H-20=10-55<1-45,

0+ 29+ 5% <0+ 5dy — 3g <0 + 2d,, + 3by =2 — 46,
(2+20)g + (5 — 20)%2 < (5 — 20)d. — (3 — 40)g
< (24 29)d, + (3 — 49)by < 2 — A(1 + 9)5.

The first line uses 1 —715/768 = 53/768 > 36/2. In both envelopes ¥; < g, proving
the first inequality of (4.3). Equality at the case boundary belongs to case 1; all
displayed endpoint inequalities are weak.

Consider case 1. The clause WF(d,.) of (4.2) is exactly the hypothesis (4.4) for
the whole list. Here ug = wg = 0 and the total cap is d.. Lemma 4.5 gives Fgiop.
Now suppose g + by < d.. If a tested set K is legal, the remaining list satisfies
(4.4) with total cap d, — b. Lemma 4.5 then gives E.it(b).

We verify the rule when no tested set is legal. Two deletion facts will be used.
First let K’ be a leading set {1,...,k}. Subtract b = >°._, e; from every later
inequality in WF(d,). This proves WF(d, — b) for the remaining list. Next let
K’ be {1,3}, {2,3}, or, when m = 2, the truncation {2} of K = {2,3}. Let
b_ < b < by. The only unselected atom among the first three has index iy = 2 or
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1. If it is below b_, it is first in the remaining list, and
2e;, +b < 2b_ + by < d,

by Lemma 4.3(4). When m = 2 this is the whole remaining list. Now take a re-
maining rank at least four. Its original prefix sum contains both selected atoms.
Subtracting b proves the reduced mask. Thus the nonconsecutive set is legal when-
ever these conditions hold.

Assume now that no tested set is legal. First, e; < u. Otherwise the definition
of H and (4.2) give h < v(ey). Then b_ < e; < by by Lemma 4.3(1), and {1} is
legal. The same lemma and by > u show e; < b_; otherwise {1} is legal. Hence
every padded coordinate is below b_. Since e; < pu, the branch condition gives
H = H. A branch in its maximum is at least h. Neither v(é;) nor v(é;) can be
that branch. Each would put the corresponding coordinate at least b_. A branch
v(é + €2) or v(e; + ez + €3) would make a leading set legal. If

w(U(él + 53), €1 + 2eo + ég) > h,

then v(é; +é3) > h, and b = e; + é5 € [b_,b;]. The only unselected atom among
the first three is e; < b_. So the deletion fact makes {1, 3} legal, a contradiction.
The other ¢ branch similarly makes {2, 3} legal. Therefore either w(ey, es, e3) > h
or w(ey, ez, e2) > h. Lemma 4.4 gives, respectively,

(45) 63 S b+ — b_, or 62 S b+ —b_.

In case 3, the slot-3 cap is

- 1 3 53 3
di—g—b_=1—h—g—20>1—H 3 26_768 25>O.

Thus all three caps are nonnegative. Atom 1 fits slot 2 because e; < b_. In the
first w case, atom 2 cannot be a stopping atom. Slots 1 and 3 are empty. If ey fit
neither, then 2e5 > d, —b_ > 2b_ by Lemma 4.3(4), contrary to es < b_. Thus
any stopping atom has index j > 3 and e; < ez < by —b_. In the second w case, a
stopping atom has j > 2 and e; < ey < by — b_. If there is no stop, the final loads
are bounded by (g,b_,d. — g — b_). This is E¢(b_), also when m = 0.

If the stop is at 7, let (up, vo, wo) be the loads before e;. After placing e; in slot
2, its load b = vy + e; satisfies

bo<b<b_+(by—b_)=b,.

The lower bound holds because e; did not fit slot 2. The upper bound follows from
(4.5). The j-th inequality in WF(d,) gives ug + wo + e; < dy — b. Since e; did not
fit slot 1, ug +e; > g, so wg < d. — g — b. For every later rank, the original mask
is exactly the two-bin condition with total cap d. — b. Lemma 4.5 completes the
assignment and gives Egi¢(b). The rule processes every atom once and has fixed
tie priorities, so it is well defined. All cases imply (4.3). O

4.2. A local ceiling and a small-atom criterion. In this subsection write frp
for the exponent in the unramified Ramanujan bound and Ygp = 20gp. The Kim—
Sarnak bound [13] gives Ogp = 7/64 and Yrp = 7/32 = .

Proposition 4.6 (local ceiling and small-atom packing). Suppose 0 <
Yrp < 7/32, that is 0 < Ogp < 7/64, and 0 <t < 1/3. Let z,y, 23 > 0 satisfy the
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zero-loss local slot constraints
x—1t<0, 2t4+y+223 <1,
9rp +t+x+5y+223 <2, (1+29gp)t+a+ (5—20rp)y+ (2+ 20rp)23 <2,
and z + y + 23 < 1 —t. Then their maximum total load is
5 — 19Rp 5— 2(9Rp
HﬁRP = 8 = 8 N
For fixed t, equality holds precisely at = ¢, y = (1 —Yrp)/4, 23 = (3+Yrp)/8—t.
Suppose instead that 0 < e; < u with v > 0. Let the non-increasing labelled
atoms obey WF(h — 24), with

1 5— 19RP —3u 1 1

= < h < Hypan(grp,u) i = ——| 0<d< —, 0<g<-—.

5 Shs< n(Jrp, ) 3 = 100 <9<y
Then they admit a three-slot partition with the four load inequalities (4.3). Here

Urp replaces 9. In particular, Hgman(7/32,1/500) = 19101/32000 and Hz7/30 =
153/256.

Proof. Seven times x — t < 0, three times 2t + y + 223 < 1, and once ¥gp + ¢ +
x4 5y + 223 < 2 give 8(x + y + z3) + Yrp < 5. Equality forces equality in these
three constraints, giving the stated point. Conversely, that point has y > 25/128,
zg > 1/24, and total load plus ¢ at most 23/24. Substitution in the fourth constraint
gives 2 — 3¥rp (1 — Irp)/4 < 2, proving the maximum and its equality cases.

For the small-atom assertion put

2 —YJrp — 2h
d:h_26, b_:2h—1, bB:%,
2 —(2+20gp)h .
bp=————"""—, by = ba,bg).
A 3*419RP ) -+ mln( A B)
The denominators are positive, and direct subtraction gives
5_19RP —8h 5—419RP — (8—6?9Rp)h
bp—b_ = —75-——— ba—b_ = )
o 3. A 3~ 4np

Hence u < by — b_ is equivalent to

<5—’L9Rp—3u’ h<5—4’L9RP—(3—419RP)’UJ.

- 8 - 8 — 6URp

The second upper bound exceeds the first by [69rp(1 — Urp) + 149rpu]/[8(8 —
69rp)] > 0. So the assumed bound on h gives u < by — b_. Start with capacities
(g,b—,d—g—b_). They are nonnegative, since the last is at least 1—5/8—1/3—2§ >
1/24 —1/50 > 0. Place atoms in order in the first slot in which they fit. If all fit,
take b = b_. Otherwise, put the first failed atom e; in slot 2. Let b be the new
slot-2 load. Its failure there and e¢; < u give b— < b <b_ +u < by. Let (U, V, W)
be the previous loads. Then WF(d) gives U + W + ¢; < d — b. Failure in slot 1
gives W < d — g — b. For each later atom, subtract the fixed slot-2 load b from its
original WF(d) inequality. Lemma 4.5 places the remaining atoms in slots 1 and 3
with capacities g,d — g — b. Both cases reach

Y1 <y, Yo <0, Y3 <d—g-b, b <b<by.
The last three left sides of (4.3), with dgp in place of ¥, are at most
2d —b_ =1—40, Irp + 2d + 3bp = 2 — 494,
(24 20rp)d + (3 — 49rp)ba = 2 — 4(1 + Jrp)0,

h
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respectively. This proves the partition claim. O

These are a relaxed local spectral ceiling and a sufficient uniform small-atom
packing criterion. The actual local inequalities have positive losses, so the relaxed
ceiling is a supremum. For example, take the losses 290, 80, and 150 in the first
three slot constraints. They give

2420 _ ?9RPO'
8 160

a:+y+z3§H19RP—

when the moving-frequency factor is X?rr(1+9/20) = The small-atom bound also
needs strict room in an actual source. If h = pf + 2§ < Hypan(JIrp,w) and 6 > 0,
then 0 < Hypan(9rp,u). The next subsection applies this criterion to the structured
coeflicient family of Iwaniec’s construction.

4.3. Endpoint geometry for Iwaniec’s coefficients. Fix the parameters in
Theorem 1.2 and put

T:0_97 p = 1""7—7 @(’LL) :Hsmall('l?au) = 5_19%3’&7
(4.6) ne = O(u) — 6,
§ =300, d.—pf,  h—d.+26

Proposition 4.6 gives the sufficient packing threshold ©(u). The relaxed local ceiling
is Hy = 153/256. The fixed support exponent for these coefficients is O(u), and
©(u) < Hy because u > 0. The margin ne = O(u) — 6 leaves room for the smooth
divisor and tail-prime ranges. Since the theorem also imposes D’ < z, every
nonempty tail has the required roughness floor. Lemma 4.7 verifies p§+600 < ©(u)
and the hypotheses of Theorem 4.1. Let D = N’ 2z = N* and Y = D", Write
Py = {pprime: p{2N} and Pn(Y) =[],y ,ep, p- Fix an Iwaniec sign. Write
D¥(D) for its finite family of nonempty label vectors D = (Dy,...,Dy). They
have Dy, < --- < Dy < D2, grid coordinates in {D"zpJ : j > 0}, and the cubic
conditions

(@7) v=+: D1-~-D2jD§’j+1<D (25 +1<k),

’ V=—": Dl"'D2j—1ng <D (ZJSk)

The prime labels in a vector range over D; < p; < min(D;-’, z), with p; { 2N. A

vector with an empty coordinate interval contributes zero and may be omitted.
Lemma 4.7 (Iwaniec coefficient packing). For every contributing vector

and every § € [600,1/3 + 140], let e; = logy min(D7, z), sorted in non-increasing

order. Then WF(d..) holds and

(4.8) h < H(ey,é,3).

Consequently Theorem 4.1 partitions the tail labels into three slots. Assign the
Iwaniec smooth divisor dgg < D7 to slot 1. Let @, S, R be the resulting lower
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dyadic slot scales. Then
7271
1 <E— (14 —=
OgNQ_€ <+256>U7
logy (T?SR?) < 1 — 600,

(4.9) 95221
logn(AY . TQS°R?) <2 — 15+ —r
OgN( max QS R ) = ( 5+ 1280 ) a,
224
logy ((TR/S)*’TQS°R?) <2 — (15 + 25(6)7> o,

where T'= N¢ and Apax = X1H9/20 for X < N.

Proof. Put s; = logy Dj. The grid lower bound gives s; > ¢20. The cubic
conditions in (4.7) imply ZKJ- s; + 2s; < 0 for every rank j. At a cubic rank this
follows by dropping one nonnegative copy of s;. At an intermediate rank,

ZSi+2$j = Z 8; + 551+ 25; < Z s+ 351 <0,
i<j i<j—1 i<j—1
using sj_1 > s; and the cubic condition at rank j — 1. For the first rank in the
minus case use 2s; < 6, which follows from D; < D'/2. Thus ZK]- e; + 2e; <
P(Ziq si+2s;) < pf =d,. Also e; < u,soe; <u < p. For this range, the branch
w(ey, éa, €3) is active. Its activation threshold is at most (1 + u)/2 < 0.501, while
. { 132 — 68u 153 — 96u } 153 — 96u
min , A1 —2up = —u——
214 256 256
Each branch in the minimum decreases with its argument, and es,e3 < u. Take
0 < wu < 1/500. Each other affine branch minus (153 — 96w)/256 is nonnegative at
both endpoints. Hence it is nonnegative on the whole interval. In particular, the
minimum defining w(ey, €2, €3) is at least ©(u) > 0.501, so its activation condition
holds. Thus H > O(u). Next, 70 + 600 < ne, because 600 < 0.3ng and 70 <
0.60° < 0.60 < 0.7ng. Therefore

= small(’ﬂv U) = @(U)

1 _
5<h:p9+600:®(u)777@+7’0+600<@(u)<H.

Also 0 < 6 <3-1079. The range for £ gives g = £ — 6 € [§,1/3 —§/2]. Theorem 4.1
applies. B
__The smooth-only term is the empty-list case. Here H(0,0,0) = H(0,0,0) =
H, since the w branch equals min{132/214,153/256,1} = H and its activation
threshold is 1/2. Thus Theorem 4.1 applies to the empty list as well. The smooth
divisor remains in slot 1, and slots 2 and 3 are units. o
For the scale bounds, the slot-1 smooth divisor contributes at most 06 < o H to

the logarithmic load. The other slot loads are bounded by X, 33. Thus

logy @ <31 +0H, logn S < 3o, logy R < X3,

logyT=&6=g+4+9, logy Amax <1+ 0/20.
The first line of (4.3) gives

— 7271
logNQ—§§ —(SO—H)O': — <1+256> g.

The second gives
logy (T?SR?) <1—25 =1 - 600.
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For the third scale, (4.3) gives

{— 95221
[V 5 2 < _ _ — _ 1 o :
logy (A?  TQS R?) < 2 35+(20+H>J 2 (5+ 128())0

For the fourth, it gives

logy ((TR/S)*’TQS°R?*) <2 — (3+29)6 + Ho =2 — (15 + 23??) 0.

The exact constants in (4.9) hold for the lower scales. We round each of the
three aggregate slot scales @, R, S once, to a dyadic representative within a factor
two. Each monomial below has total degree at most 8 in @, R, S. So rounding
multiplies it by at most 2. Individual prime labels are not rounded. This adds
at most 8log2/log N to its base-N exponent. Fix ¢ > 0. For sufficiently large N,
each positive margin absorbs this cost. The tightest margin, for Q < TX 297 is
1030 /256 — 8log2/log N > 0. O

For fixed B > 0 and N/(2(logN)?) < X < N, put w = logy(N/X). Then
w < (Bloglog N + log2)/log N, so eventually logy N = (1 —w)~! < 1+ 0.010.
The first exponent in (4.9), after dividing by 7', is negative. So conversion from
base N to base X improves that relative inequality. Each other exponent is at most
2; conversion costs at most 0.020. The displayed margins absorb this cost.

For every contributing vector, the last-rank mask gives ) JETIRS f. Since each

5; > 020, it also gives k < 0~2. Thus Hj D; < D, and p; < D; gives

dej < D°DP = pitotT — Ny(+o+1)0 - N@(u)’
J

where (0 + 7)0 < ne. All prime factors avoid 2N. Thus the full coefficient is
supported on ¢ < N®® with (¢,2N) = 1. Tts coefficients are O,(1). The Y-
smooth part of a supported modulus determines d. The remaining labelled prime
assignments number at most k!, and k < o~2. For each sign the Iwaniec family has
fewer than €37~ vectors. So the sum over vectors keeps a bound depending only
on 0. The smooth-only term satisfies the same support and coefficient bounds.

The cubic-to-quadratic implication just proved is uniform in the vector length.
We record the two bounds obtained above:

k
(4.10) k<o? ) s <0
j=1

These bounds also control the coefficient regrouping below.

4.4. Three-slot coefficient identity. Fix a sign v and a vector D. The set of
equal-label pairs in the Iwaniec grid is I(D) = {(i,j) : 1 < i < j <k, D; =
D;}. Distinct grid labels have disjoint half-open prime intervals [D;, min(D?, z)).
Adjacent grid values differ by the power p. Thus repeated primes can occur only
in I(D). Define

KD(D) = H (1- 1pi:py)'
(i,5)€1(D)
For the Iwaniec coefficients A} (D), define the unrestricted coefficient

(4.11) Cc8'e)= Y N(D) > Lma T o

d<D°? D;<pj<min(D?,z)
dIPy (Y) pifeN
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The masked coefficient C52%% is defined by inserting Kp(p) in the inner sum. The
coefficient of the smooth-only term, the sole empty-tail term in the Iwaniec formula,
is Cy(q) = Zd<D’:’,d|PN(Y) ¢4 14=q. Thus the full signed coefficient is

(4.12) wi(@) =Colg)+ Y. CB*q)
DeD¥ (D)

Lemma 4.8 (slot factorization and collision support). Fix £ in the range
of Lemma 4.7 and let J; UJy U J3 be its packing partition. All d and p; sums below
use the ranges in (4.11). Define

1 14
m(m) = (WAL Z )‘d(D)lm:deEJl P’

d,(pj)jes,

1

Pj)icds

, s=2,3.

jegs P

For s = 2,3 set 75 = 1,,—1 when J; is empty; 7, always retains the smooth-divisor
sum. Then

(4.13) CB™M(q) = Caot(m1 * 72 *73)(q), Calot = |1]!J2]!]J3]!,

and |ys(m)| < 1. Consider the full Iwaniec family. The difference between the
masked and unrestricted coefficients has pointwise size O,(1). It is supported on
moduli divisible by p? for some prime p > Y.

Proof. A labelled tuple (d, (p;);j<k) splits uniquely into its three slot tuples.
Multiplying the three normalized finite sum definitions by Cgo¢ therefore gives
(4.13). This regroups a finite sum and allows repeated primes. Fix a product m.
Its prime factors below Y determine d uniquely: d | Py (Y'), and every tail prime
is at least D; > Y. Once d is fixed, the labelled prime assignments within a slot
number at most |Js|!. The Iwaniec bounds |A}(D)| < 1 give |ys(m)| < 1; the same
argument applies to v;. The smooth-only term has the corresponding bound from
|p4] < 1. Since k < 072, the scalar Cqor = |J1]!|J2]!]J3]! is Oy (1).

Suppose the distinctness mask removes a tuple. Then some selected pair has
pi = pj > Y, and its modulus is divisible by p?. For fixed o, (4.10) bounds the
number of labels. The Iwaniec family has fewer than 87 vectors for each sign.
The number of labelled assignments to a fixed modulus is at most k!. Hence the
aggregate coefficient difference is O, (1).

The prime-source cost of this collision support is estimated in (B.5)-(B.6). O

The smooth-only term CY is already a one-slot coefficient. Take J; = Jo =
J3 =0, put v1(m) = Zd<Do,d‘PN(Y) ¢4 Llm=d, and 2 = 3 = 1,,—1. Its coeflicient
identity and pointwise bound follow directly. The full coefficient w¥; in (4.12) is
the sum of this term and the vector terms above. Every partition is fixed before
the prime realizations are summed.

This section proves the packing inequalities and the slot identity for the unre-
stricted coefficient. It also gives the collision support needed in Appendix B. The
prime-source estimate is proved there.
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5. APPLICATION TO IWANIEC’S REMAINDER WEIGHTS

The source is the prime interval Iy = (N/(log N)Z, (1—¢)N) from Theorem 1.2.
The residue satisfies N < a < Nlog N/3 and is coprime to every supported modu-
lus. The saving is (log N)~“ for each fixed A > 0.

5.1. Iwaniec’s remainder coefficients. All parameters are those in Theorem 1.2;
in particular s = log D/logz = 6/u. Let N > 2 be even. Let Py be the set of
primes not dividing 2N, and write

Pyt)= ][] »
p<t
PEPN
Use the grid G(D) in (2.28). The admissible vector sets D (D) are those in (2.29).
The parameter substitution is (2.33a)—(2.33b), with ¢, = ¢ and s = 7. The
distinctness set is I(D) = {(i,j) : 1 < i < j < k, D; = D;}, the equal-label

tail-position pairs. For a vector p = (p1,...,pr) define
Kp(p) = H (1- ]‘Pi:pj)'
(i,5)€1(D)

Let ¢4 and A4(D) be the coefficients of Iwaniec [10, Theorem 4]. Take R = 1 and
parameters (Py, D, z,0) at the cutoff z = N*. The proof uses only their bound
|- | <1 and their support. It never compares coeflicient values at different cutoffs.
The labelled-tail cutoff of C1 in Section 3, used in (H1), is u, =Y = D”. Since
0 > 1/2 > {y, this satisfies uy, = No? > Ntoo* = ug. The smooth divisor has
d < D? and d | Py(Y). Every tail interval starts at D; > Y. The exact structured
remainder coefficients are

wi(q) = Z Palg=d

P ()
N
(W) v
+ Z Z )\d(D) Z KD(p) 1q:dpl"']?k‘
DeDv(D) d<D? Pi€PN

d|Pn(Y) DiSpi<min(Dil+T,z)

In particular, v € {+, —} selects one of the two signed remainders. Each is the full
remainder, not an arbitrary well-factorable sequence. Formula (W) includes the
smooth-only term. Every prime-tuple term keeps its smooth divisor. The smooth-
only term retains its divisor when there is no tail. The estimate below applies
separately to either signed remainder. When the directed lower-sieve inequality of
Iwaniec [10, Theorem 4] is used, it takes v = —.

5.2. Proof of the interior signed mean value.

Proof of Theorem 1.2. The support and coefficient bounds in the theorem are
proved in (B.2), using Iwaniec’s cubic label conditions for every vector in (W). In
particular, with eg = (1 4+ 0 + 7)6,

q< Dito+T — Nea < ]\7®(u)7 (q,2N) =1,

including the smooth-only term. The choice o < (O(u) — 0)/200 gives the strict
second inequality. Take the source pup = 1ply, of (B.1). By (B.3), p > ¢ for
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every source prime p and every supported modulus ¢q. The coprimality (a,q) =1 is
assumed. So the natural comparator in (B.1) is exactly 77, /¢(q), and

ﬂ']N

ela)

Before applying the dispersion theorem, (B.5)—(B.6) replace wX, by @w%(¢) =
1(g,a)=1w5(q), where wy has the distinctness masks removed. By the hypothesis
on the support of w¥;, the difference wk, — @Y is a collision contribution. By (B.5),
its complete signed discrepancy is O,(Nlog N/Y). The coprimality projection
1(4,0)=1 factors across the three slots in (4.13), as shown after (B.6); this includes
the smooth-only term. Thus the retained coefficient has the exact slot form
(3.5). All its moduli are coprime to a. Appendix B extends the support envelope
g < Ne¢@ of (B.2) to w% and @Y. For each source scale X > N/(2(log N)B),
(B.3) then places this entire retained support below X°6. The residue bound
gives a/X < (2/3)(log N)B+1. Hence C4 holds with Ky..c = B + 1. This includes
a < X'9/20 for large N. On the doubled complementary support, (B.28) gives
a—mn > eN/2. It uses a > N and the upper source cut. Since a < Nlog N
and mn < N there, also |mn — a| < X3 for large N. These are both parts of the
nonresonance condition (3.10).

After the collision projection, the prime-power contribution is (B.8). The
logarithm-freezing error is (B.18). The source-boundary error is (B.19). Lemma B.3
proves the selected-interval lengths and integer endpoint convention in (B.22)-
(B.27). Lemma 4.7 supplies the slot inequalities, while (B.20)—(B.21) classify
every retained box. The internal Type-I and Type-II bounds, including the box
and arithmetic costs, give (B.31). The integer choice Cpox > [2A + 32] makes
the logarithm-freezing and boundary errors in (B.18)-(B.19) O(N(log N)~4).
The aggregate exponent A, = A here is the theorem convention; the separate
Aage = A + 3 bookkeeping used for (3.95) requires Cpox > [2A + 38] and is
outside Theorem 3.2. A" = A 4 24Chox + 31 and Ayork = A’ + 4 absorb the
box count. Appendix B verifies the box-family bound (H7), that is (3.91) with
Ko = 24Ch0x + 26. The aggregate form of Theorem 3.2, namely (3.92), bounds the
Type-II boxes. For each fixed admissible ¢ > 0, the mask and proper-power terms
have fixed power savings. Proposition B.4 combines these terms over the complete
support of (W). This gives the assertion for each fixed A, B, ¢, u, 6,0 in the stated
ranges. ]

Ap(g;a) =1y (q,a) —

5.3. Proof of the logarithmic-integral comparator.

Proof of Corollary 1.3. Put L = log N. The coefficient bound in Theorem 1.2
and 3 . 1/p(q) < log(2z) give > |w}(9)/¢(q) <ou,e L. The prime number
theorem at the two endpoints of Iy gives

Ty = Li((1 = €)N) = Li(N/LB) + O4(NL=471)

for every fixed A > 0. Strict endpoint conventions contribute at most two primes.
Multiply this error by the reciprocal-totient sum and apply (1.2). O

APPENDIX A. SOURCE CHECKS

The source input used for the coefficients in formula (W) is [10, Theorem 4].
Its hypotheses are [10, (1)—(2)]. Its upper inequality permits 2 < z < Dj its lower
inequality permits 2 < z < D2, Fix 0 < u < 1/500 and 1/2 < § < O(u) as in
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Theorem 1.2. Then D = NY and z = N* satisfy 2u < 6. Thus both ranges apply for
all sufficiently large N. The choice o < \/u/(26) also gives Y = D" < Nv/2 < .
The mesh is ¢, = o and 6; = 0” = 7. The smooth-prime cutoff is Y, as in (2.28)—
(2.33D).

Theorem 4’s printed argument list of A\ contains the mesh parameter and box
tuple. It contains neither the sequence nor the cutoff. The construction in [10, (23)—
(26)] collects universal Rosser and fundamental-lemma coefficients. The sequence
enters through r(A4,q). At each cutoff z, we use the coefficients and prime-tuple
support supplied by that construction. The coefficient family is independent of
the sequence. It may depend on z. The signed prime-source estimate is proved
separately in Appendix B.

The O-constant in the main-term error of [10, Theorem 4] is not given numeri-
cally.

The proof of Theorem 1.2 uses no finite computation.

APPENDIX B. PRIME-SOURCE ESTIMATE FOR IWANIEC’S REMAINDER WEIGHTS

This section proves the source estimate used in Section 5. Equations (B.2)—(B.6)
control the coefficients and distinctness masks. Equations (B.7)—(B.19) treat prime
detection, logarithm freezing and boundary boxes. Equations (B.20)—(B.32) bound
the retained boxes.

Fix the parameters in Theorem 1.2 and put
153
9

=0, =(1 0<0O(u) <—,
T=o0 eg=1+0c+7) (u)_256
D=N’ Y=D".

Put s = logD/logz = 0/u, z = N* L = log N, H = N/L?, and use the width
Chox in Theorem 1.2. Write S,(¢;a) = 1,24 () — L(n,q)=1/¢(q). All thresholds
below may depend on the fixed parameters. For a product shell [X,2X), set Lx =
log X. The source measure is

pp(n) =1p(n)1g<n<(i—o)N,

. 1 n,q)=1
(B.1) Bolgie) = 3 poin (1@ - 20@’)) .

Lemma B.1 (Modulus support and coefficient size). For either sign in (W),
(B.2) suppwyy C{g < N°?:(¢,2N) =1}, sup lwy(q)] < Coup-
q

If [X,2X) meets (H,(1 —€)N), then, for all sufficiently large N,
(B.3) q < N°¢@ < X3/5 (¢ € suppwy ), H > N°¢@.

Proof. By the definition of D¥(D) in (2.29), every label vector in (W) satisfies
the cubic label conditions of Iwaniec’s sieve remainder [10, Theorem 4]. Write
s; = logy D; for a label vector D = (Dy,..., D). The cubic conditions in Iwaniec
imply . s; < 6. For the plus sign and odd k, use the last odd-rank condition. For
even k, use the condition at rank k — 1 and s; < s;_1. For the minus sign, if k =1
then s; < 6/2. If k is even, use the last even-rank condition. If k¥ > 3 is odd, use
rank k — 1 and s < sg—1. Thus every term of (W) satisfies

g < NOHOAD Yoo o No(+o+7) _ Neo,
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All prime factors in d and in the tail avoid 2N.

Each grid coordinate has the form D’ (+0" and is less than D/2. Thus there
are at most 1 + 27 ! log(c~2) choices per position, since log(1 + 7) > 7/2. Also
k < 072 by the last-rank cubic condition and s; > 020. With 7 = ¢ and 0 < 0 <
10719, the total number of vectors of all lengths is at most

Z (142077 log(a_z))k < exp(8c73).
0<k<o—2

The logarithm of the left side is at most log(1+0~2) + 02 log(1 + 40~ %1og(1/0)).
With ¢t = 1/ > 10%°, this is at most (3 + 11t%)logt < 8t%, using logt < /2. For
fixed ¢, the primes below Y determine the smooth divisor d uniquely. The remaining
prime factors can be assigned to the k labelled positions in at most k! ways. The
Iwaniec coefficients have absolute value at most 1. Summing over the displayed
finite vector family proves the multiplicity bound, including the empty-tail term.

If the shell meets the source interval, then X > H/2 and log X > L — Blog L —
log 2. Impose

(B.4) (3/5—eq)L > (3/5)(Blog L +log 2).
It gives egL < (3/5)log X, proving the first claim of (B.3). The second follows
from N'=¢@ /LB — co. O

Here p > H > N°€2, and the theorem assumes (a,q) = 1 on the coefficient
support. So the natural comparator in (B.1) is 77, /¢(g). Thus (B.1) is the exact
prime-source discrepancy for this source.

Removing the distinctness masks. Let w¥, be obtained from (W) by replac-
ing each Kp by 1, and put w5 (q) = 1(g,q)=1wWx(¢). The counting argument in
Lemma B.1 also gives sup, [w} (q)| + sup, |05 (q)] <oue 1. Its termwise product
bound applies to every unmasked term. So w¥, and wY¥, are also supported on
{g < N¢@ : (¢,2N) = 1}, and (B.3) applies to them. Their support need not lie
in suppwy;. The theorem assumes w¥ (¢) = 0 when (g,a) > 1. Hence w¥, — %
is supported on the terms removed by a distinctness mask. This holds even when
an unrestricted collision modulus is not coprime to a. Every such modulus is di-
visible by p? for some tail prime p > Y. The coefficient difference is O,(1). Put
qupp = N°.

(B.5) > (N 1y ) < N108(2Quupp)
q<Qsupp q SD(Q) y-1
p2|q for some prime p>Y
For the proof, write ¢ = kp?, use ¢(kp?) > o(k)¢(p?), and sum 1/k and 1/¢(k)
up to Qsupp- Then use 3° -y 1/(p(p — 1)) < 1/(Y —1). The left side bounds
the discrepancy of each removed term. Its progression count is at most N/q + 1.
Consequently

(B.6) Y wk(@Ap(ga) =) @k (a)Ap(g;a) + On (NL/Y).

AsY = N 9"2, this error has a fixed power saving for each fixed ¢ > 0. For a
fixed Iwaniec vector, the exact factorization (4.13) survives the projection. Replace
each slot factor v;(m) by vi(m)1(y, q)=1. Here (mi1moms,a) = 1 if and only if each
(m;i,a) = 1. The bounds |v;| < 1 are unchanged. Equivalently, the smooth divisor
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and each tail prime are restricted to avoid a within their existing summation ranges.
Thus the projected coefficient still has the labelled form (3.4). Every modulus to
which the dispersion theorem is applied is coprime to 2a.

Prime detection and the rough Heath—Brown identity. The shells meeting
the source satisfy H/2 < X < N. Set

20 = 20(X) = X/ eglog X)° 7 — 9x1/3,

For sufficiently large N, every n € [H,(1 —¢)N] has n > zo. Write A, (n) =
A(n)1p-(n)>=,. For every integer n > 2o, and so on the whole source range,
- A, (n)

1
B.7 1 = - -1,k .
(B.7) P(n) = Jorn kZ R

The identity follows by checking primes, prime powers, and all other integers n > zj.
It fails for primes below zy, which lie outside the source range. The proper powers
contribute to the weighted discrepancy

(B.8) O, (N1/2He()),

in total. There are O(Nl/2 log N) such integers in the source range H < n <
(1—&)N. The theorem’s range N < a < NL/3 gives a # n there. Each contributes
at most O, (d(a —n) + L), where d(m) is the divisor function.

For n < 8X, the order-three rough Heath-Brown identity is

3 .
B9 A=D1

j=1

NS ) ) ogn,

j mi--mini - N;=n

m; <U, m;,n; €ER 2
Here R, consists of 1 and the zp-rough integers, and p,(m) = M(m)lP*(m)ZZ' To
verify (B.9), put

C(s) = Z 7, My(s) = Z fx(m)ym=2.

rER. m<U

The coeflicients of (, My vanish except at 1 through degree U. Thus all coeflicients
of (1 — (.My)?® at n < U? vanish. Multiply the expansion of 1 — (1 — (, My)?
by —(./¢. to obtain (B.9). Every variable is rough; this includes the logarithmic
variable n;.

The tested indices for shell X and pattern j are

vV = (ml,...,mj,nl,...,nj) ER?Z:
(B.10) Ty, ={ X<[[u<2x, H<]Jo.<-2)N,

There are at most six variables. Their coefficient is
(3
Cj(V) = (_1)] 1<j>ﬂzo(m1)"'MZO(mj)lognl.

The shell, pattern, and tuple are part of the index. The identity’s range n < 8X is
automatic on Tx ;.
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For every nonnegative G and each j € {1,2,3},

(B.11) SN G(]‘h) <> mi(n)Gn) < Y w(n)G(n).

X veTx ; n<N n<N

The product determines its shell. Roughness restrictions can be dropped in
this upper bound. Consequently the sum over all three patterns is at most
3 nen T6(n)G(n). The factor 3 is absorbed in later implied constants.

For n < N, (B.2) and its extension to wY, after (B.5) give the pointwise majorant

< CyFy(n), F,(n)=d(a—n)+2(1+L).

S % (a)Sa(q: 0)

The congruence term counts ¢ | a — n. The natural-comparator term uses
> g<nea 1/¢(q) < L. On the prime source, (B.1) equals }, 1p(n)Sn(g;a). Apply
(B.7) to this identity while keeping S, (q;a) attached to the tested integer. Each
HB tuple then contributes the natural PSDT discrepancy SH i (¢;a). This holds
also when its product shares factors with q. The proper—powerl terms use the same
discrepancy and obey (B.8).

Equal-ratio boxes and faces. For each product shell put

_ log 2
ox = Ly, Jx=|—2—
X X X {log(1+5x)

For sufficiently large N, dx < 1/3. The equal-ratio partition divides every dyadic
coordinate interval [2,2971) into the Jx cells

W’ Ax =27x _ 1.

29(14+ Ax)", 2°(1+Ax)"™),  0<h < Jx.
It covers the full interval, including its last cell. Also

(B.12) %X < 0x(1—20x) < Ax < dy.

For the lower bound, set £ =log(1 + dx). Since Jx < log2/¢+ 1,

¢ >0(1—1¢/log?2).

log(1+ A _
og(l + X)>1+€/log2_

Use §x — 0% /2 < ¢ < dx and 1/2 +1/log?2 < 2. This proves (B.12).

The mesh is imposed on the ambient integer axes before roughness is tested.
Keep {1} as an atom. A product box is a Cartesian product of at most six cells.
Let V; be its lower endpoints and put e; = logy V;; the atom has V; = 1. Define
Ag =), logV;. Its tested-side faces are

(B.13) n=H, n=(1-¢)N, n=X, n=2X, m;=2X"3

where n = Hl v; and m; ranges over the Mobius variables. The first two are the
source cuts. The next two are product-shell edges, and the last are the HB caps.
Roughness is part of the coefficient, not a face. A box is called boundary if one
predicate in (B.13) is not constant on it. Every other box is either empty or a full
Cartesian sum.
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Lemma B.2 (Lattice thin-shell count). Let s > 2, a € Z° \ {0} with |a;| < 2, and
J={i:a; #0}. Let 1 <Yy < N, 0 < naist < 1/4, and let L be vy-separated. Put
K, =(1—-e/2)7L. Then

#{velZi,: Hvi <N, dist(z a;logv;, L) < Tldist; TAX V; > Yo}

K2

(B.14)

4L N
<s |:4ndisthyN(1 + L)S*1 + (7 + 2) ?(1 + L)52:| .
0

For a single face, take K, =1 and replace 4L/~ +2 by 1.

Proof. Assign a tuple to the least active coordinate ¢ with v; > Y;. Fix the
other coordinates, with product P, and put Z = N/P. The nonempty fibre has
P < N/Yp. Let ¢ = |a;] € {1,2}. The admissible values of v; lie in intervals of
relative length at most e?Mist/9 — 1 < 4pg;s.. Their logarithmic left endpoints have
spacing at least v/q. After clipping to [Yp, Z] and merging overlaps, there are at
most 2L /v + 2 components. The separated left endpoints give total length at most
4ngiss Xy Z. Counting integer endpoints adds at most 2L/ + 2. For a singleton
face there is one component. Since 2L/y + 2 < 4L/~ + 2, this gives the coefficient
4L /v + 2 in (B.14). Sum over the fixed coordinates using

Ts—1(P) -1 N -2
Y <+ Y raP)< —(1+L)2
P<N P P<N/Yo Yo
This proves (B.14). O

Boundary and logarithm-freezing estimates. For every shell meeting the
source,

(B.15) L—BlogL —log2 <logX < L.

Thus, since Choy is fixed, for every € > 0, (log X)~Cvex < (1 + €)L~Cx once N is
large. Also logn and each nonempty box lower-corner logarithm are (14 o(1))L on
the source.

A boundary box lies within 6dx in logarithmic distance of a face in (B.13). The
source and product-shell faces give two singleton families and the lattice (log2)Z.
The cap faces give log 2+ (log 2/3)Z. In each boundary tuple, an active coordinate
is at least N'/7 for large N. For a product face, the largest of at most six factors
is at least (H/2)'/6. On a cap face the capped factor is at least (H/4)'/3. Apply
Lemma B.2 with s < 6, Y; = N'/7, and Naist < L~Cvex. The number of face
families is finite and independent of the number of boxes. Let U be the set of
boundary indices (X, j,v) across shells and patterns for which v € Tx ; lies in a
boundary box. It excludes ambient Cartesian points outside the source-restricted
set (B.10). The number of boundary indices is therefore

(B.16) #U < NLP~Cvox  NO/TLS « NLP™Crox,
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The elementary divisor estimates

> 76(n) < N(1+L)°,
n<N
(B.17) Z 76(n)Fy(n)? < N(1+ L)%,
n<N
Z TG(n)Fa(n) < N(]_ + L)lg
n<N

follow from 72 < 736, d?> < 74, d* < 746, the divisor-sum bound Yones Th(n) <

2(1 + logx)*~!, and Cauchy-Schwarz. For the last bound, apply Shiu’s short-
interval estimate [4] to d(m)* < 74(m): >, N cm<q d(m)? < N(1+ L)? uniformly
for N < a < NL/3. For a < 2N the global divisor-sum bound suffices. For a > 2N
the interval length N exceeds a®/3 for all sufficiently large N. Combining this with
> en T6(n)? < N(1 + L) gives the exponent 19. The bound for F follows by
summing d(m)* up to a < NL/3. In particular, the LOG part from replacing
1/logn by the lower-corner value 1/Ag on a box satisfies

(B18) |ELOG| <y NL187Cbox'

Here 0 < logn — Ag < 60y, |c;(v)| < 3L, and |1/logn — 1/Ag| < L=C=2 Sum
the resulting O(L~x~1)F,(n) over the tuples using (B.17). A tuple belongs to
exactly one box, so there is no box-count factor.

For the boundary part, |¢;(v)|/Ag < 3+ 0(1). Cauchy-Schwarz, (B.16), and the
second estimate in (B.17) give

(B]-g) |Eb0undary| <L NLlG?CbUX/?

Classification and interval lengths. The thresholds in (B.4), together with
(B.20) oL > 202(Blog L + log?2), oL > 202(log2 + 6),

ensure wx = logy (N/X) < 0/202 and kx := (log2 4 6log(1 + Ax))/L < ¢/202.
In this appendix kx plays the role of the  in (3.98). For a box meeting Tx ;,

l—wyxy —kx Szei <1-wx +kx,

(B.21) ‘

1-— wx
- 3
Here [[, Vi > ([T, vi)/(1 + Ax)® and [, Vi < [],v < 2X. The Mébius bound
follows from V; < m; < 2XY3. The corner error is independent of the lower-cut
exponent B.

Use the window

e; + kx on each Mobius variable.

W = [600, 1/3 4 140].

A box is Type II if some e; € W. Select the largest such e;, with ties broken by
the fixed variable order. Suppose no exponent lies in WW. A box is Type I-1 when
it has exactly one large variable and that variable is not a Mobius variable. It is
Type I-2 when it has exactly two large variables and neither is a Mdbius variable.
There are no other nonboundary boxes. In fact, a large M&bius variable would
imply 140 < kx —wx/3 < 0/202. If all variables were small, (B.21) would give
1—0/101 < 3600. If three were large, it would give 1 + 420 < 1+ ¢/202. Each is
impossible.



70 RUIYI ZHANG

Lemma B.3 (Lengths on retained Type-II boxes). Let B be a nonboundary Type-11
box. Its selected cell is

[T,TxT), ’I“X:1+Ax,
Let M be the product of the other lower endpoints. At least one complementary cell
is nonunit, since the source product exceeds H > NY/3T19 cyentually. There are
1 <r <5 such cells. Set

(BQQ) IT = (T, TxT], N] = LTxTJ — LTJ, M[ = M(’I’g{ — 1)
Then, for sufficiently large N,
(B.23) Ny = TLY%, M= (X/T)Ly,

The PSDT interval It is contained in (T,2T]. It has exactly the same selected
integer coefficients as the half-open cell [T, rxT).

Proof. The real length of the selected cell is hy = TAx. Both
[rxT] —[T] and N;
differ from Ay by less than 1. The only integer endpoints at which the half-open
cell and I7 can differ are powers of two. Every internal mesh endpoint is 292"/7/x
with 0 < h < Jx, and is irrational. Write h/Jx = u/v in lowest terms with v > 1.
If 24/% were rational, its 2-adic valuation would give u = v v5(2%/?), contradicting
(u,v) = 1. At powers of two the selected rough coefficient vanishes, since zg > 2.

Thus the two integer conventions agree after multiplication by the coefficient.
Put

(B.24) oL > 2" (Chox + 1)(log L + 1).

Then hy > T/(3L) > 2, so Ny > T/(6L5>>) and T/N; < 6L5 < 6LCbox.
Also T[, Vi < X, hence M =< X/T and M; =< Ly“**M, proving (B.23). Write
r=logy X =1—-wx, £ =logyT, and Xy = logy S, X3 = logy R for the slot
scales in Lemma 4.7. The scale Qqlot is the first-slot scale in that lemma; Qgupp is
the modulus cutoff in (B.5). The inequalities in (4.9) and M; < XT~ 'Ly give

7271
log v (Qs10t/T) < — <1 + ) o< 290z,

256
254‘224‘223 S ].—600'7
(B.25) M X 89 7271
1 ——— > —26 35— 14+ —— —89cx — o1
og N QRS >x—2 9 3+ 1+ 556 o ox —o(1)

7271
> ( —28>J—wx+§]3+890wX—0(1) > 0.

Here z =1 — wyx, wyxy < 0/202, and log Lx /L = o(1) as N — oo for fixed o, Chox.
The terms o(1) in (B.25) are taken in this sense. For fixed o they are eventually
smaller than ¢/1000. Thus Qgot < TX 29 and QqotRS < M; X8, It follows
that

(B.26) Ni > Qaot X772, My > X1'/?

for all sufficiently large N. For the first inequality, the ratio is at least
(6L§box)_1X(29_1/3)0;

for the second, use the bound T < X1/3+157 of (B.30) in (B.23).
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Let mo = M(1+1%)/2, and let ¢y be the fixed smooth cutoft in (3.9). Then
- m — Mmo
wr(m) = o ("0 )

equals 1 on [M, Mr%] and is supported on [M — M;/2, Mr% + M;/2]. It majorizes
the full complementary interval without changing its length parameter.
Since T > N%% and Lx < L, (B.24) gives

T2 > 1205,
Together with N; > T/(6L$*>) this proves the integer-length condition
(B.27) Ny > (21)2 .

This is the selected interval length hypothesis (LEN) in Section 3.2. d

The source cuts are constant on each retained box by the definition of a non-
boundary box. Let ng be a tested product in a retained Type-II box, and let T', M, r
be as in Lemma B.3. Every selected integer is at most rx7. The complementary
cutoff 7 is supported below M[1 4 3(r% —1)]. As TM < ng and 1 < r < 5, their
product is at most

norx[1+ 3(r —1)] < no(1+110x) < (1 —¢/2)N

for sufficiently large N, using Ax < dx — 0. Thus on this enlarged support the
upper cut leaves

(B.28) a—mn>eN/2> X(log X )~ Crex,

The final inequality follows from X < N and §x = (log X)~“x < /2. Thus the
resonant class is absent. Also a < X'19/20 for all sufficiently large N.

For each fixed Iwaniec vector, Lemma 4.7 and the exact slot identity (4.13) give
the three-factor coefficient required by (3.5). The smooth-only term has all three
prime slots empty. Every tail factor is at least Y = N 6% 5 Ntoo® — ug. This is
the roughness threshold ug of (3.2), which bounds the tail cutoff uy, in C1. The
smooth divisor is attached to the first slot. The Section 4 packing lemma verifies the
spectral inequality (3.7) directly, as displayed in (4.9). Separately, (B.25)—(B.26)
verify the modulus and interval inequalities in (3.6); (B.27) gives the integer-length
condition (LEN), and (B.30) gives the selected-window bounds used below. Also

1+

1—wx — 20’

and logx T < 1/3+150 by the first inequality in (B.30) below. The selected window
also gives X600 <,

logy N =

The interior estimate. Let Ej,; be the sum of the HB contributions on retained
Type-I-1, Type-I-2, and Type-II boxes. It is taken after the finite Iwaniec vector
sum. The arguments above prove

(B.29)

> wi(@)An(ga)

S CU(NL/Y+N1/2+O(1) +NL18—Cbox
+ NLY6Coox/2) 4 | By
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The first two errors in (B.29) have fixed power savings. The choice Cpox > [2A4432]
in Theorem 1.2 makes the last two O(NL~4). Both estimates are over the union
of tuples.

The tested measure up is the prime indicator on the interval of (B.1). It does not
depend on the Iwaniec vector. The sieve factors belong to the modulus coefficient
in (W). The prime-detection and rough Heath-Brown identities are (B.7)—(B.10).
Every variable, including the logarithmic one, is zg-rough. The prime-power terms
are estimated before the box partition.

The exponent constraints (B.20)—(B.21) imply that the residual cells are empty
by the three contradictions above. The Type-II selected exponent obeys

1 14
logy T < #
(B.30) —Wx
1—wx 1
—logy T > 6—(15+1/202)0>0.

< 1/3+ 150,

The second line records T < X'/2, the Type-II upper-length condition; the first
line supplies the sharper bound used in (B.23). By (B.2), its extension to w%, and
w¥, after (B.5), and the parameter choice in Theorem 1.2, ¢ < N with eg <
O(u) < ©(0) = 153/256 < 0.6. For a Type-I-1 box, (3.100) with eg < 153/256
gives e, —eg — (1 —wx)/10 > 0.3023. Take a Type-I-2 box. At most four of its
at most six variables are small, each with e; < 60c. Their product m has upper
endpoint at most N2197(1 + Ax)* < N2409+rx 50 logy M < 2400 + rx. Since
logy X =1—wx, < N9, kx,wx < /202 by (B.20), and 0 < o < 10710,

2400 + kx _ (240 +1/202)0 s
logy M < < 2.401 - 1
oex M < T S T a0 A0
153/256
logy q < —2 /256 5077,

<
1l—wx 1-0/202

Also Ny, N, > X'/3 by the large-variable definition, and Ny NoM < 230X by the
Heath-Brown product support and its dyadic scale convention. Hence (3.101) holds,
and with (B.30) and (3.100) the hypotheses (3.99)—(3.101) of the Type-I lemmas
hold.

The packing lemmas give, for each Iwaniec vector, the exact three-slot coeffi-
cient and the packing inequalities (3.6)—(3.7). They include the empty-tail term
and retain repeated-prime multiplicity before the mask error (B.6). The selected
rough unit, Mobius and normalized-log coefficients are the three classes in (3.8).
The proof of (3.25) in Section 3 applies to each class, with every auxiliary copri-
mality parameter d and every subinterval. Its bound is T7(d)L~4sW for every
fixed Agw > 0. Its application to a(” and the small-norm case in (3.47)(3.48)
give the norm-normalized BFI passage. The complementary short-interval second
moment and the remaining dispersion steps are those of Theorem 3.2. On these
boxes, (B.22)—(B.28) verify their interval, smoothing and nonresonance data. In
the local theorem take Kgcale = B + 1. In particular X > N/(2LF) and a < NL/3
imply a < (2/3)XLB+! < X'+9/20 for large N. The comparator is the natural
PSDT comparator on every HB product. No coprimality of a composite product is
asserted.

For the chosen width, the global box count in (3.91) has Ky = 24Cpox +26. The
source labels, Iwaniec vectors and prefix cells number O, (1), and the HB coefficients
are O(1). There are at most six variables. So there are O(L°) dyadic tuples, within
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the O(L?*) of §3.10, and each dyadic tuple contains O(L5Cvox) short boxes, within
the O(L?*Cvox) there. This verifies (H7) for the prime source. Choose the local
Type-II precision A’ = Ko+ A+ 5= A+ 24Chox + 31 and Ay = A’ + 4, as in
(3.92). Then Theorem 3.2 with (H7), that is (3.92), bounds the sum over all Type-11
boxes. The bound is O(NL~47?) plus a fixed power-saving term. Lemmas 3.3 and
3.5 give O(NL~4) for Type-I-1 and Type-I-2 when requested with A; = K;+ A+5
and K; = G(Cbox + 1) + 2. Thus

(B.31) |Bin| € NL™4 4 Ni=eo LEo+C ¢ — fy0?/4 > 0.

Here C' = C(0, Chox, A’, Kscale, Csre) 18 the logarithmic exponent from (3.13). Here
the local spectral, restoration, endpoint and slot-localization costs are included once
in Theorem 3.2.

Proposition B.4 (Iwaniec prime-source estimate). Take the parameters of The-
orem 1.2, either Iwaniec sign v, and a sufficiently large even N. Let wy, be the
exact coefficient (W). Let a satisfy the residue conditions of Theorem 1.2, and let
Ap be (B.1). First split off the LOG correction algebraically. Then every remain-
ing source summand is assigned exactly once to one class. The classes are mask,
proper-power, boundary, Type-II, Type-I-1 and Type-I-2. Every retained box has
the scale and coefficient properties stated above, and

(B.32) Lo Au0.B,e.Coe NI

S wh(@)Ap(g;a)

Proof. The Iwaniec mask partition and support are (B.2)—(B.6). The explicit
identities (B.7)—(B.11) partition the remaining tested measure into proper pow-
ers and HB tuples. The equal-ratio mesh puts each tuple in exactly one box.
A face-straddling box belongs to the boundary class. On every other box both
source predicates are constant. The exponent-polytope argument above puts every
nonempty such box in exactly one of II, I-1 and I-2. The displayed tie rule selects
one II factor. LOG is split off algebraically before that assignment. The errors are
(B.6), (B.8), (B.18), (B.19) and (B.31). Their sum is Oy 4 4.0 B.c.cpo (NL™4). O
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