IRRATIONALITY OF THE DILOGARITHM AT 1/4

RUIYI ZHANG

ABSTRACT. We prove that Liz(1/4) is irrational. Irrationality of Liz(1/s) was
known for integers s < —5 and s > 6 by work of Hata and of Rhin and Viola,
and Prellberg recently proved it for s = —4,5, —3. The linear forms in 1 and
Liz(1/4) come from one double integral of Viola and Zudilin at z = 4. We
expand it into Rhin—Viola integrals in three ways and apply their factorial
transformations to each term. This gives a common factor of the coefficients
of the Nth form. The third expansion adds the primes between 265N and
322N to this factor, which is too small without them. We bound the integral
by the weighted arithmetic-geometric mean inequality and by concavity on
circular arcs.

1. INTRODUCTION

For |w| < 1let Lis(w) = Y, ~, w"/n?. Hata [3] proved that Lis(1/s) is irrational
for every integer s < —5 and every s > 7. Rhin and Viola adapted their permutation
group method [5] to the dilogarithm and settled s = 6 [6]. They later treated
negative arguments [7]. Viola and Zudilin [8] introduced a six-parameter family
of double integrals. In 2024 Calegari, Dimitrov and Tang [1, Remark 2.8.2 and
Section 15.2] listed the integers still open: s € {—4,—3,—2,2,3,4,5}. Prellberg’s
2026 preprint [4] treats s = —4,5, —3. We prove the case s = 4.

Theorem 1. The number Lia(1/4) is irrational.

By Landen’s identity [2, (25.12.3)], Liz(1/4) + Lia(—1/3) = —%log2(3/4), SO
Theorem 1 does not follow directly from the case s = —3.
Put 0 = Lix(1/4), d,, = lem(1,...,m), dp =1, and for N > 1
Gy = J4(240N,240N, 190N, 157N, 215N, 165N),

(1.1)
Dy = dsasn daoan 432N 3107N

with Jy as in Section 2. By [8, Lemma 2.1], DyGy € Z + Z6. Sections 3 and 4

log Ay log Dy

g e = 0 > 4.7670, A}gnoo 0N < 23.63856,
and Sections 5 and 6 give
log Gn

Gy > 0 for large IV, lim sup < —18.87333.

N—o0 0
Since 23.63856 — 4.7670 — 18.87333 < 0, Theorem 1 follows.
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The arithmetic follows [4, Section 3.2]. Identity (2.1) for G and for its image
under (F2) gives the analogues of [4, (3.11)—(3.12)]. The factorial transformations
of [6] act on each term. For 265N < p < 322N these expansions give only M = 0
in Lemma 3.2. These primes account for 57/40 of §, and the rest of § is below
3.35 < 23.63856 — 18.87333. Expansion (2.2) gives one power of each such p. The
bounds of Lemma 3.2 depend only on N/p, so we need not exclude the exceptional
primes of [4, (3.6)—(3.7)]. One linear form suffices, since Gy > 0 for large N.

Two Python scripts recheck only part of the proof (Appendix C). The proof is
complete without them. The use of Al tools is described at the end of the paper.

2. INTEGRALS AND KNOWN RESULTS

Let z > 1. For integers h,j,k,l,m,q >0 withj+k—m, j+q¢—m, h+m —
k, h+q—k >0 put

(1 —a)"yF (1 —y) (1 —y+zy)ita™
i+k—m+1 )
(z(1 —y) + zy)’

and, with small positively oriented circles,

1 p1 1 1
Jio’:// R. dydz, J§1>:/ *f{ R. dy dz,
0J0 0 271'2 |y_£‘:5

1 1
211

Ri(z,y) = 2" 717

JZ(Q) = — R, dy dJS, Jy= JZ(O) - (log Z)Jél)
|z—2z|=¢’ 2mi ly— 2 |=¢

For t = (h, j,k,l,m) € Z%, define 0 (1), Iz(l)(t)7 Iéz)(t) and I,(t) in the same way
from _‘
tem (L= 2)" (1 —y)
(21 —y) +2y)
For J = J, or J = L, (t), with components 7 71 73 put
() = (c1(T),e2(T)) = (T + Lia(1/2) TP, TP).
For t = (h,j,k,l,m) let
u(t)=(+m—j, h+m—k, h+j—1, j+k—m),  T(t)=h!jklllml,

H(t) = maxu,, K(t) = max{uy, min(ug, usz), uq },
3

[6, (2.1)(2.4)].

and call t admissible if u(t) € Z4,. Put
pt) = (h,m,l,k,j), ot)=(h+m—k, j+k—m, m, [, k),

and let O(t) be the orbit of ¢ under the group generated by p and . Both maps
permute the multiset {h, j, k, [, m, u1, us, uz, us} [6, (3.2), (3.15)], so every s € O(t)
is admissible when ¢ is.
(F1) [8, Lemma 2.1] Let H; = max{l+q, h+m—k, h+j—1, j+k—m}, Hy =
max{l+¢q, min(h+m—*k, h+j—1), j+k—m}, a = max{0,l+q—k,l+g—m}
and § = max{0,k + 1 — h}. There are P,Q € Z[z] with

dH1dH2 Za(l - Z)B C(‘]Z) = (P(Z)v Q(Z))
(F2) [8, Lemma 3.1] ¢(J.(h, 4, k,l,m,q)) = c(J. (4, h,m, 1, k,q)).
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(F3) [6, Theorem 2.1 and (2.9)] Let «(t) = max{j + k,k + 1,1+ m} and B(¢t) =
max{0,k + [ — h}. There are P;, Q; € Z[z] with
di@ydic) 20 (2 = 1P e(L(1) = (Pu(2), Qu(2)).
(F4) [6, (3.10)—(3.16)] If ¢ is admissible and s € O(t), then c(I.(¢t))/T(t) =
c(I:(s))/T(s).
In the sources, (F1) and (F3) read ¢J = P — Q Liz(1/2) and pJ? = Q, with
¢ the displayed multiplier; (F2) and (F4) are stated there for each component.
Numbering in [8] refers to the preprint version.

Lemma 2.1. Leta=j+q—m. Then

(2.1) c(J.(h, 4, k,1,m,q)) = Z (i)zj+k+>‘ c(I(h,j, k+ X 1l+a—)\ m+N),
A=0

a

(2.2) ¢(J.(h, 4, k,1,m,q)) = Z (i)zj+k(1 — 2 e(I.(h, 4, k, L+ X, m)).

A=0
Proof. Expand (1 —y+ zy)® as ((1 —y) + zy)* and as (z+ (1 — 2)(1 — y))*. Each
term has the denominator and the pole y = x/(x — 2) of the corresponding I,-
integrand. The powers of z are zF—1=atA.z(IHa=)+(m+A) — Hi+k+A gpd Lh—l—gta=A.
ZHN+m — 234k The identities hold for each component, hence for c. O

Identity (2.1) is used in the proof of [8, Lemma 2.1] and in [4, (3.11)—(3.12)].

3. THE DIVISOR
3.1. Local bounds. For the tuple in (1.1), (F1) gives H; = 323N, Hy = 322N,
a = 132N, 8 =107N. Since (1 — 2)? = £3107N at 2 =4,
(3.1) Dy C(GN) EZz, Gn =Cl(GN)—902(GN).

Fix N > 1 and a prime p > 3 with p? > 430N. Put z = N/p and F, = |az],
and let [-] be the Iverson bracket. For 0 < n < 430N, v,(n!) = |n/p] and
vp(dn) = [ > p].

Lemma 3.1. Let t be admissible with all entries of t and u(t) in [0,430N], and let
s € O(t). Then, fori=1,2,
5

w(eam) = 3121 = 120) = [H(s) = p) = [K(5) = ).

v=1
Proof. By (F4), c(I4(t)) = T(t)T(s) " tc(I4(s)). The entries of s and u(s) are those
of t and u(t) in some order. Apply (F3) to s, where z = 4 and z — 1 = 3 are units
at p. O

Lemma 3.2. Suppose p < 322N. For b € {190,215} put e, = 2b — 165 and
C = 2F340 — Fag5 — Fhus,
Up = 2F540 + 2F, — Fo, — F393 — F309,
Vo = 2Fy + Fisy — Fe, — Faoa.

Then, fori=1,2,

(3.2) vp(DN ci(GN)) > M := max{0, C, Uygo, Ua1s, Vigo, V215}-

If moreover p > 265N, then v,(Dy ¢;(Gn)) > 1.
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Proof. Here v,(Dy) = 2. By (F2), ¢(Gn) is unchanged if (1.1) is replaced by
(240N, 240N, 215N, 157N, 190N, 165N). So (2.1), applied to (1.1) for b = 190 and
to this tuple for b = 215, gives

bN
oG = 3 (1) ) et

A=0
where ¢ = (240, 240, b, 157 +b, 405 — )N + (0,0, 1, —1, 1)\. Here u(t) = (322, 645 —
2b, 323 — b, ep) N + (0,0,1,0); all entries of ¢ and wu(t) lie in [0,430N]. The tuples
s1 = ot = (645 — 2b, ey, 405 — b, 157+ b, b)N + (0,0,1, —1, 1)),
323 — b, 322, ey, 405 — b, 157+ b)N + (1,0,0,1, —1)A,
240, 240, 322, ey, 405 — b)N + (0,0,0,0,1)A

S9 = opot =

—~~

$3 = opopot =

lie in O(t). Put 7 = A\/p. Then v,("Y) = F, — |7| — [bz — 7|. Also [H(s) >
pl+[K(s) > p] <2 =v,(Dy) for each s € O(t), so Lemma 3.1 shows that the
A-th term of Dyc;(G ) has valuation at least

g(s) = Z(Ltu/pJ - Lsu/pj) +Fb - \_TJ - be _TJ'

v

Direct subtraction gives
g(s1) = C+ (B, — 7] — [bx — 7]),
g(s2) = 2Fy0 + Fp — F,, — F302 + (Lb:l: +7|— [Tj)
— (lbz — 7] + [(323 = b)z + TJ),
9(83):Fb—Feb—F322+(be+T — )
+ (L(157 + b)z — 7] — bz — 7]).
By ly] + [w] < [y +w],
Fy— 7] — |[bx— 7] >0, bz + 7] — |7] > Fy,
[(157 + b)x — 7] — |bx — 7| > Fisr, bz — 7] + (323 — b)x + 7| < F3a3.
Hence g(s1) > C, g(s2) > Up and g(s3) > V}, for every A. The ultrametric inequality

and (3.1) give (3.2).
Now let p > 265N. By (2.2),

190N
6wy = 3 (M) o etna),

A=0
where

240,240,190, 157, 215)N + (0,0,0,1,0),

= (
u(t ) (132,265, 323,215)N + (1,0, —1,0)\,
s’ = opot’ = (323,132,215,215, 157)N + (=1,1,0,0, 1),
u(s') = (240,265,240, 190) N.

So[H(s") >p|=[K(s')>p
By Lemma 3.1 and v,(Dy)
2— 1323z — 7] — [132z + 7]

| = 0 Also v, (")) = 0 and Fayg = Fa15 = Figo = 0.

= 2, each term of Dyc¢;(Gy) has valuation at least
> 2 — |455z] > 1, as 455z < 2. O
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3.2. Periodic intervals. Since 5 divides 240, 265 and 215, and 2-240 = 265+ 215,
we get C(z 4+ 1/5) = C(z). For 1 < k < 47 put j, = |5k/48], or = 5k — 487,
a = k/240 and

by — (k — jx)/215, or <21,
T (kg +1)/265, o, > 22.

Lemma 3.3. For1 < k <47 one has ar, < by < (k+1)/240 and C =1 on (ay, by).

Proof. Here 0 < g, < 48, (k — jir)/215 — a, = 01/10320, (k + jr +1)/265 — a, =
(48 — 01) /12720 and 265(k — ji) — 215(k + ji, + 1) = 100 — 215. So by, = min{(k —
k) /215, (k + ji + 1)/265} > ap, and 48j, < 5k gives b, < (k + jx + 1)/265 <
(k +1)/240. For ay, < = < by,

k—jx—1<k—3E <2150 <k — jp, k+ji <k+ 3% <2650 <k+ji+1,
and Fogo = k. Hence C =2k — (k—jp — 1) — (k+jx) = 1. O

Put C = U?«:O f:l (r/5+ ag, r/54 b) C (1/240,2); by Lemma 3.3 these 470
intervals are pairwise disjoint. Let &1,..., &8 be the open intervals

(1/322,1/265)  (1/215, 2/323)
(4/190, 7/323)  (7/265, 9/322)
(9/215, 14/323)  (11/215, 17/322)
(11/157, 23/323)  (14/190, 24/322)
(21/190, 36/322) (22/190, 38/323).

2/215,3/322)  (3/215, 4/265),
5/157,11/323)  (7/190, 12/322),
11/190, 19/323)  (17/265, 21/322),
15/190, 26/323) (19/215, 29/322),

A~ N S

They are pairwise disjoint and lie in (1/322,1/5). Define

18
n(@) = 1e(@) + Y 1, a).
=1

Proposition 3.4. Let N > 1 and let p > 3 be a prime with p*> > 430N. Then
w(N/p) <wvp(Dn) and vy(Dy ¢;(Gn)) > p(N/p) fori=1,2.

Proof. Let x = N/p with p(z) > 0. Then 1/322 < z < 2,s0p < 322N, v,(Dn) =2
and p(x) < 2. If o ¢ (U, &, then p(x) = 1e(xz) < [C = 1] < M by Lemmas 3.3
and 3.2. If z € &£, then = ¢ C and p > 265N, so Lemma 3.2 gives v,(Dn ¢;(Gn)) >
1=p(z). faxe&&U---U&g, then M >14[C =1] > p(z) by Table A.1, which
lists the floors F, for a € {157,190, 215, 240, 265, 322, 323} on pieces with no jump
inside. ]

4. DENSITY
Lemma 4.1. Let Ay = [[p*N/P) over primes p > 3 with p*> > 430N. Then
Ay | Dy, (Dn/AN)e(Gn) € 22, and

. log An 5 1
Noso 40N

2
dx
= — — > 4.7670
mlmmﬁ> ,

log Dy _ 645+ 132log4 + 1071og 3

—ep 93.63856.
N TN P 40 <
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Proof. The first two claims follow from Proposition 3.4 and (3.1). If u(N/p) > 0,
then p > N/2, so p > 3 and p? > 430N for N > 1720. For each of the 488 intervals

I of C and &4, ..., &8, the prime number theorem gives
Z logp = N/x*2d:c+0(N).
N/pel 1
Summing over I gives J. Likewise logd,, = n + o(n) gives c¢p, and cp < 23.63856
by Table B.1.
The intervals of C with » = 0 contribute
47 a7
1 1 1 1 240 215 265
=352 (o o) "W T T X D) OIS
k=1 % Ok k=1 e B TR S Rk T

with the two cases listed in Table A.2. Let £ = ), (by — ax) = 1139/22790 and
g=01>, f:: ydy = 164041/1640160. For r > 1, Jensen’s inequality for y —
(r/5+y)~2 gives

1 1 B b dy l
Z(r/f)—i—ak B r/5—|—bk) _zk:/ak (r/5+y)? 2 (r/5+14)%

3
So the intervals with 1 < r < 9 contribute at least 5 3" (r/5 + )~2 > 0.0260

(Table B.1). The intervals & contribute 222007398913 ~ 3 1223, Thus § > 1.6187 +

0.0260 + 3.1223 = 4.7670. (]

5. ANALYTIC ESTIMATES
5.1. The double integral. Write Jj(\?), ](Vl) for Jio), Jil) at the tuple (1.1).
Lemma 5.1. Let y =n/(n—4). Then Ry(x,y)dy = —fn(x,n)dn, where

U N 2401 _ )240 n190 (] _ ;7)190
fN(l”ﬂ?):ﬂv z I)21577 ( 32211) )
(x—n)4—n) (x—n)?(4 —n)
In particular, with

\I/(I’n) =

x240(1 _ x)240 7_190(1 + 7_)190
(x + T)215(4 + 7_)322 ’

1 poo N
(0) ‘1)(33,7')
JN = —  _drdzx.
N // @t+n@+n T

O(x,7) =V(x,—7) =

we have

Proof. We have

-1 4 4(1—n)
V=g V= T3y ==
4(z —n) —4dn
z(l—y)+4y= ——, dy = .
) 4—n (4 —mn)?

The exponents are j = h = 240N, k = 190N, | = 157N, 5+ qg —m = 190N,
j+k—m+1=215N+1and k—1—qg= —132N. The powers of 4 cancel, since
—132+157+190 — 215 =0 and 4! - 4 = 1. Those of 4 — n add to —(322N + 1),
and (—n)t0N = pl9%N = For JJ(\(,)) put 7 = —n. Then 7 runs over [0,00) as y runs
over [0,1), and —fny dn = fn(z,—7) dT. O

Lemma 5.2. For N > 1, 1079 40(8:88)N J](\?) < e~ 40(18.8T333) N
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Proof. Weighted AM-GM, z 4 7 > 215 (/25)%%/215 (7 /190)199/215  gives
b < ( o )25 (@)19%215(1 )40 (147)

13) \13 (44 7)%
190
<o (5)7 () () ()

with maxima at © = 43/91 and 7 = 73/22. By Table B.1, —log ®; > 40(18.87333).

Also
1
// drdz :/ log(4/x) dr < 1—|—log4<1’
(x+7)4+7) g 44—z 3

so JO < ®N. For the lower bound let B = [0.4711,0.4713] x [3.3999, 3.4001].
Boundmg each factor of ® by its least value on B gives

0 4711240 0.5287240 3.3999190 4.3999190
D>D_: on B,
3.87142157.4001322
and (x + 7)(4 + 7) < 29 there. By Table B.1, —log®_ < 40(18.88). Hence

IO > area(B) &Y /29 = 4. 108 $V /29 > 10~ %¢ 4001888 N O

5.2. The residue integral. Put A = (34 44)/5, B = (5 — 12i)/13 and, for 0 <
t,u <1,
t U
®) t+ Al —1t)’ () u+ B(l—wu)’
Lemma 5.3. For 0 <t,u <1 and z € [0,1]:
(1) | X' <5/4, [Y'] <13/9, [X(1 - X)| < $t(1-1) < Jw, Y1 -Y)| <
193u(1 u) < 1—93(,(), Y|<1land|4-Y|>3;
(2) | X Y| > Tw/V65, and |z — Y| > 2w, /13 with w, = 2(1 —u) +u(l —z);
(3) ImX(t) <0< ImY(u) for 0 < t,u<1.
Proof One has [t+A(1—-1)[* = 1-3t(1—t) > 3, [u+B(1—u)[* = 1-Lu(l-u) > %,
=A/t+A1—t)?and 1 — X = A(1 —t)/(t + A(1 —t)); similarly for Y. Also
\u—i—B(l —u)|?—u? = (1-u)(13-3u)/13 >0, s0 [Y| < 1. Next t(1 —t) < w, since
w —t(1 —t) equals u(l —2t) +¢* > 0 for t < § and is at least (1 — ¢)? for ¢t > 1;
likewise u(1 —u) < w. For (2), X =Y = 530 50s 2y and the denominator
has modulus at most 1. With £ =#(1—u), ( = u(1—t) and v = Re(BA) = —33/65,
B —u) = uA(l = )] = € +(* = 296 = 1w + 1P - O > G
For real  take A = 1, ¢t = z and v = ReB = 5/13. Part (3) follows from
ImX = —3t(1—t)/[t + A(l —1)|? and its analogue. O

w=t(1-u)+u(l—1t).

Lemma 5.4. For N > 1, J](\P =7 Im Zy, where

ZN:/O/O (X (1), Y (u)) X' () Y (u) dt du.

Proof. Residues are invariant under the change of variables of Lemma 5.1, and
y = z/(x — 4) corresponds to n = x. Hence JI(VI) = - fol Resy= fn(z,n) dz. Fix

€ (0,1). By Lemma 5.3, Y runs from 0 to 1 in the upper half-plane and Y in the
lower one, both in the closed unit disc. So Y followed by Y reversed is a positively
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oriented Jordan curve around x, and the other pole = 4 lies outside. As fy has
real coefficients, the residue theorem gives

n=a 0

211 T

By Lemma 5.3, also with ¢ replaced by x,
Ifn (2, Y)Y <y w2tV =1 Ifn(X,Y) XY <y w?BN-1,

so both are bounded on [0, 1]?. For fixed u € (0,1) the function w — fy(w,Y (u)) is
holomorphic off w = Y (u), and ImY (u) > 0 > Im X (). Cauchy’s theorem moves

x to the arc X, and Fubini’s theorem gives r)dr = Zn-.
"' dx to the arc X, and Fubini’s th ives [} W(z)dx = Z 0
Lemma 5.5. For N > 1, |J\{)| < ¢~40(18.8995)N

Proof, Put r = t/(1 —t) = e and s = u/(1 —u) = €%, so X = r/(r + A) and
Y = s/(s+ B). With

QL =r2+¢ r—i—l ngSQ—l—%s—i—l, Qs =12 +65rs+s Q4 = 95> +1205+16

one has |X(1 — X)| = r/Q1, [Y(1 - Y)| = 5/Q2, | X —Y|* = Q3/(Q:1Q2) and
|4 —Y]? =Q4/Q2. Solog|¥(X,Y)| = L, where

L =240logr + 190log s — ﬁlogQ + ﬁlogQQ — %logQg — 1611log Q4.

Let £,(v) = lo g(coshv +7) and k = log(4/3). Since Q1 = 2r(cosh R + 2), Q2 =
2s(cosh S + ), Q3 = 2rs(cosh(R — S) + 22) and Q4 = 245(cosh(S — k) + 13),

13
L= —3221log2—161log24 — 25505 5(R) + 13705 ,15(5)
— 2P 033/65(R — S) — 161 L513(S — k).
Here £/ = (1 + v coshwv)/(coshv ++)? > 0 and, for 0 < <1,

. 2+ ycoshv — 2 2| sinh v|
1 ZI/ I — _ h 1 E// ! < 7l 2
(log £5) S U(1+7coshv)(coshv+7)’ [(log £5)'] < coshv + 7 <%
so l(v— k) > 196&;( ). Therefore
~d’L = 2805,5(R) dR® + 22 €55 65 (R — S)(dR — dS)?
(161%/13(5 k) — 43t 5/13(5))d52
is positive definite, since 161- 5 > @ So L is strictly concave and Lrg > 0. The
partial derivatives are
r(r+3/5) r(r + 33s/65)
Lr =240 — 265 — — 215 —=,
@1 Qs
1 1
Ls =190+ 157 s(s+5/13) 915 s(s+33r/65) 399 s(9s 4+ 60/ 3)
Q2 OF Q4
Table B.2 gives Lg,Ls > 0 at (r,s) = (22,132) and Lg,Ls < 0 at (23, ).
Consider the box 29 <r<?s 50, 188 <s< 71 . Since Lrg > 0, we get Ly > 0 on its
facer_g—s,LR<Oonr— 5O,LS>Oons—%andLS<Oons—— So the

maximum of L on the box is an interior critical point, hence the global maximum.
At (r,s) = (155, 1), Table B.2 gives —3 < Lg <0 < Lg < 5 and L < —755.99.
Concavity gives

sup L < —755.99 + § log 11 + 25 log Tt < —755.99 + ;& + =35 < —755.98.
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By Lemma 5.3, |[X'Y’| <2, [X = Y| > 2w and |4 — Y| > 3. With w =1 — 2u,

/1/1 dt du
0Jo w

By Lemma 5.4,

1
1
|J1(v)|§;-2'

5
4

J

Wl =

™

Hlog 15
1—2u

6. PROOF OF THEOREM 1

./

1+w dw

o) =
gl—w w

n>0

Z(2n+1)2 T4

7T2

_ LY _
e—40(18.8995)N _ OT  —40(18.8995)N _ ,—40(18.8995)N

By Lemmas 5.2 and 5.5, JJ(\?) > 1079 40088)N ~ (Jog 4) |J1(\71)| for large N.
Hence Gy = J](\?) — (log 4)J](\,1) >0 and Gy < 3¢ 10U88TI3)N - py

AN

_ Dn
v

D
GN:T]IXCl

(Gn) —

Dy

Ay

CQ(GN) 0.

By (3.1) and Lemma 4.1, Ay € Z + Z6. Also Ay > 0 for large N, and

log Ay

lim sup
N—o00

<c¢p — 6 —18.87333 < 23.63856 — 4.7670 — 18.87333 = —0.00177.

If gof € Z for an integer qo > 1, then gyA N is a positive integer for large N and

goAn — 0, which is impossible.

APPENDIX A. FLOOR DATA

(]

Table A.1 cuts each &; at the jumps of the Fj,. On each piece, F, = |ax| with
xg the left end. The columns C, Uy, V}, follow from Lemma 3.2, and the last column
is 14+ [C = 1]. The first row uses (2.2) instead of C, Uy, V4.

TABLE A.1. Floors on the pieces of &1,..., 5.
piece Fis7 Figo F15 Foao Faes F322 F323| C Uigo Usis Vigo Veis|14+[C=1]
(1/322,1/265) 0 0 0 o0 o0 1 1 by (2.2) 1
(1/215,1/190) o o 1 1 1 1 1] 0 -1 1 -2 o 1
[1/190,2/323) o 1 1 1 1 1 1o 1 1 0 o 1
(2/215, 3/322) 1 1 2 2 2 =2 30 -1 1 -1 1] 1
(3/215,4,/265) 2 2 3 3 3 4 4 0 -1 1 -1 1 1
(4/190,7/323) 3 4 4 5 5 6 6 1 2 1 1 0 2
(7/265,9/323) 1 5 5 6 7 8 8 0 1 -1 1 1 1
[9/323,6/215) 4 5 5 6 7 8 9/ 0 0 -2 1 -1 1
[6/215,9/322) 4 5 6 6 7 8 9/-1 -1 0o o 1| 1
(5/157,7/215) 5 6 6 7 8 10 10 O 0o -2 1 -1 1
[7/215,8/240) 5 6 7 7 8 10 10/-1 -1 0 0 1 1
[8/240, 9/265) 5 6 7 8 8 10 101 1 2 o 1 2
[9/265, 11/323) 5 6 7 8 9 10 100 1 1 0 o 1
(77190, 12/323) 5 7 7 & 9 11 11| 0 1 -1 1 -1 1
[12/323,8/215) 5 7 7 8 9 11 1210 0 -2 1 -1 1
[8/215,12/322) 5 7 8 & 9 11 12/]-1 -1 0 0 1 1
(9/215,8/190) 6 7 9 10 11 13 13 0 -1 1 —2 0| 1
[8/190, 14/323) 6 8 9 10 11 13 130 1 1 0 o 1
(11/215, 10/190) 8 9 11 12 13 16 16| 0 -1 1 -1 1 1
[10/1907 17/322) 8 10 11 12 13 16 171 O 0 0 1 1 1
(11/190,14/240y] 9 11 12 13 15 18 18|-1 0 -1 1 0| 1
[14/2407 19/323) 9 11 12 14 15 18 18] 1 2 1 1 0 2
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piece Fis7 Figo Fb15 Foao Faes F322 F323| C Uigo Us1s Vigo Veis|14+[C=1]
(17/265,21/323)] 10 12 13 15 17 20 20| 0 1 -1 1 -1 1
[21/3237 14/215) 10 12 13 15 17 20 211 O 0o -2 1 -1 1
[14/215, 21/322) 10 12 14 15 17 20 21(—-1 -1 0 0 1 1
(11/157, 17/240) 11 13 15 16 18 22 22(—-1 -1 0 0 1 1
[17/240,23/323) 11 13 15 17 18 22 22| 1 1 2 0 1 2
(14/190,24/323) 11 14 15 17 19 23 231 0 1 -1 1 -1 1
[24/3237 16/215) 11 14 15 17 19 23 241 0 0o -2 1 -1 1
[16/215, 24/322) 11 14 16 17 19 23 24|—-1 -1 0 0 1 1
(15/100,17/215)] 12 15 16 18 20 25 25| 0 0 -2 1 -1 1
[17/2157 19/240) 12 15 17 18 20 25 25(—-1 -1 0 0 1 1
[19/240,21/265) 12 15 17 19 20 25 25| 1 1 2 0 1 2
[21/265,26/323) 12 15 17 19 21 25 251 0 1 1 0 0 1
(19/215,14/157)| 13 16 19 21 23 28 28 0 -1 1 —2 0| 1
[14/1577 17/190) 14 16 19 21 23 28 28 0 -1 1 -1 1 1
[17/190,29/323)| 14 17 19 21 23 28 28 o 1 1 1 1| 1
[29/3237 29/322) 14 17 19 21 23 28 291 0 0 0 1 1 1
(21/190,36/323)| 17 21 23 26 29 35 35 0 1 -1 1 —1| 1
[36/323, 24/215) 17 21 23 26 29 35 36 0 0o -2 1 -1 1
[24/215,36/322) 17 21 24 26 29 35 36(—-1 -1 0 0 1 1
(22/190, 25/215) 18 22 24 27 30 37 371 0 0o -2 1 -1 1
[25/215,28/240)| 18 22 25 27 30 37 37[-1 -1 0 o0 1 1
[28/240, 31/265) 18 22 25 28 30 37 37| 1 1 2 0 1 2
[31/265,38/323) 18 22 25 28 31 37 371 0 1 1 0 0 1

TABLE A.2. The two cases in the definition of by.

or <21 k — jr

| ok>22  k4je+l

A ow - ol

1<k<4 1,.. .4
10<k<13 9,...,12
20< k<23 18,...,21
20< k<33 26,...,30
39<k<42 35,...,38

5<k<9 6,...
14<k<19 16,...
24<k<28 27,...
34<k<38 38,...
43< k<47 48,...

APPENDIX B. NUMERICAL VALUES

Values are truncated to the digits shown.

TABLE B.1. Constants.

quantity value

—log ®/40 18.8733376741 ...
—log ®_ /40 18.8775167011. ..
cp 23.6385592638 . . .
do 1.6187800851 . ...
L350 (r/5+9)"2 | 0.0260767666 ...
02 Je, @ P da 3.1223644109. . .

.10

,21
.31
.42
,52
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TABLE B.2. Values of Lg, Lg and L.

(r,s) \ Lgr Ls L
(29/25, 139/100) | 0.57635...  0.62026...
(59/50, 71/50) | —0.52544 ... —1.02457...
(117/100, 7/5) | —0.22659... 0.26833... —755.99795...

APPENDIX C. COMPUTER CHECKS

The two scripts in Table C.1 recheck only the statements listed there, in exact
rational arithmetic. They are included as ancillary files. The proof does not use
them. For logv the analytic script writes v = 2°q with e € Z, 1 < ¢ < 2, and uses
30 terms of logg = 2> oo w?" ™ /(2n+1), w = (¢ — 1)/(¢ + 1), with tail at most
205t /(61(1 — w?)).

TABLE C.1. Scripts.

script statements checked time
check_arith.py the intervals & and Tables A.1, A.2 as printed; 10s

Lemma 3.3; the tuples s1, s2, 53, 5" and the

floor sums in Lemma 3.2; Proposition 3.4 for

1/265 < x < 2 at each jump of the Fj, and

between consecutive jumps, and M =0, u =1

on &1; the numbers in Lemma 4.1; 57/40 and

3.35 in Section 1; rows 4-6 of Table B.1

check_arith.py for N < 8 and all primes p with 3 < p < 323N  3min
--brute and p? > 430N (for larger p, u(N/p) = 0), the
1,2,3,4,5,6,7,8 best bound from Lemma 3.1 over (2.1) with

b= 190,215 and (2.2), all A and all s € O(¢), is
at least u(N/p)
check_analytic.py the exponents in Lemma 5.1; the constants in 1s
Lemma 5.2; the identities in Lemmas 5.3
and 5.5 at rational points; rows 1-3 of
Table B.1 and Table B.2 as printed;
23.63856 — 4.7670 — 18.87333 = —0.00177

Usk ofF Al TOOLS

Codex (OpenAl, GPT-5.6 Sol) searched for the parameters in (1.1) and wrote
the Python code and the interval lists. Claude Code (Anthropic, Claude Fable 5)
checked the code, the parameters and the tables. The author checked every step
of the proof, every table and every reference, and takes full responsibility for the
content of the paper.
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