THEOREM (1 4+ 1.8) ON THE GOLDBACH CONJECTURE

RUIYI ZHANG

ABSTRACT. Every sufficiently large even integer N has a representation N =
p + rq. Here p,q are primes and r is 1 or a prime, with r < ¢%~1 =
q*/5 = ¢%8. This is Proposition (1 4 a) of Li-Liu with a = 1.8 = 9/5.
We use a weighted sieve on shifted primes. Its level of distribution exceeds
one half. The proof combines thirteen row estimates with a switched upper
bound. For a fixed source cutoff, the certified D-unit endpoint is Digwer =
1.83399665352036682372. Since the source mass is 4(1 — €4)Uc, division by
four gives (1—&4) Diower = 1.833813253855014787037628—0(1). The balanced-
semiprime cost is at most 1.788209644611262112809348242339 + o(1) in those
units. The remaining coefficient is 0.04560360924375267422827 — o(1).

1. INTRODUCTION

Chen announced his theorem in 1966 [1]. His proof appeared in 1973 [2]. By
this theorem, every sufficiently large even integer is a prime plus an integer with at
most two prime factors. Li and Liu [6] formulate Proposition (1 + a):

N =p+rq, pgeP, re{lluP, r<qg* .
Li and Liu take a = 1.9. Here a = 1.8 =9/5,s07 < ¢! = q*/® = ¢*8. Theorem 1
follows from the strict comparison
Diower > 1.83399665352036682372,
50009

39991
It holds at the fixed source cutoff below. We use the Chen-constant normalization
1 /-1 C(N)N
C N == 1 — U = ——
() H( <€—1>2> (=2 797 (logN)2’
0>2 N
£>2

T = 8log < 1.78838848345960807362 < Diower-

There is no leading factor of two. With €4 = 10™%, our selected endpoint and the
pointwise division by four give

Py, (N) > [1.833813253855014787037628 — o(1)]C(N)N/(log N )2,

where Py ,(N) = #{p < (1 —€4a)N : p € P, Q(N — p) < 2}. Our normaliza-
tion uses C'(N) without a leading factor 2, as do Wu’s lower bounds D; o(N) >
0.836C(N)N/(log N)? [3, Theorem 2] and Dj2(N) > 0.899C(N)N/(log N)? [4].
Here Diower is in D units. The source mass is 4(1 — € 4)U¢, so pointwise division by
four contributes the factor 1—e4 to Djower- This calculation uses the specified direct
and switched distribution inputs, with domain-dependent levels up to 153/256. The
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separate balanced-semiprime subtraction costs 8(1 — 10~*) log(50009/39991), leav-
ing coefficient 0.0456036092437526742 . ..—o(1) for the restricted (14 1.8) represen-
tations. Li-Liu’s (141.9) argument uses the same singular-series convention and the
corresponding limiting exclusion threshold 81og(10/9) = 0.8428841252626104. .. ~
0.84288 [6, (5.42)—(5.43)].

Lichtman [5] develops distribution estimates beyond one half. We use the signed
estimates of [Z1, Theorems 1.1-1.2] and the local estimate [Z1, Theorem 3.2, (3.13)].
In outline, the proof runs

thirteen signed rows = switching = Digwer > T = N =p+1rq.

Input from [Z1]. We apply [Z1, Theorem 1.2] to the complete coefficient family
below. Fix A,B>0,0<¢e <107%, and
0<u<1/500, 1/2<6<O(u)=(5—7/32—3u)/s,
ne =0(u) — 0, 0<o<min{107° ng/200, /u/(20)},
7=0° D=N’ z=N" Y=D", Keue=B+1,
Chox € Z,  Chox > [24 +32].

Thus Chox > 2(A+16) and Chex > A+18, as required in [Z1, (3.24), (B.18)—(B.19)].
For large even N and v € {+, —}, put

O R S

P (y)
N
(W) )
+ Z Z Aa(D) Z Kp(P)1g=dp,--pr-
DeDv (D) d<D° pi €PN

d|Pn(Y) Di§p1<min(D3+T,z)

Here Py = {p prime : p{ 2N} and Pn(t) = [[,-; ,ep, p- We use Iwaniec’s grid,
vectors and coefficients [11, Theorem 4], with depth R = 1, mesh o, 7, and D; > Y.
All smooth divisors and the smooth-only term are kept. The coefficient bounds and
distinctness mask are

o5, D) <1, Kpp)= ] (1-1p=,).

An integer shift a is admissible if
N <a < NlogN/3, (a,q) =1 (q € suppwy).

The shift a is distinct from the Li-Liu parameter a = 1.8 = 9/5 below. Put
Iy = (N/(logN)B (1 — ¢)N). Let w7, count the primes in this interval. Let
71y (g, a) count those in the residue class a. For fixed admissible o,

suppw C {g < D'*7V7 1 (¢,2N) =1}, D' < NOW),
lwi (9)] €o,u0 1, Y < NY2 <z logD/logz=0/u,

S k(o) {mns(0.0) - 25

The sum runs over the full support, uniformly in admissible shifts. The implied
constant and the threshold depend on the displayed fixed parameters. Through

<<0,A,u,9,B,€,CbOX N(log N)_A-
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Siegel-Walfisz they may be ineffective. For u = 1/500, this is [Z1, Theorem 1.1],
with

©(1/500) = 19101/32000, Vu/(20) = /1/(10000).

By [Z1, Corollary 1.3], the same estimate holds with the comparator Li((1—&)N) —
Li(N/(log N)B).
For the row S1-0 we take

u=1/500, 6=19101/32000—10"* B =30, e=10"" Kyl = 31,
a=N, 7ne=10"% 6/u=298.403125.

Since (¢,2N) = 1, this shift is admissible. The choice 0 < o < 107!° made later
meets the remaining restrictions. We keep Chox > [24 + 32]. Each prefixed or
product row is checked separately below. The Heath-Brown decomposition [12]
and packing produce the boxes. BFI and Siegel-Walfisz give the first dispersion.
The spectral estimate gives the second square. Type-I estimates and the full-family
sum finish the bound. Details are in the local proof below and [Z1, §§3-5 and

Appendix B].

1.1. Statement and sources.

Theorem 1 (Goldbach representation (1 + 1.8)). In the Proposition (1 + a) con-
vention, a = 1.8 =9/5, so a — 1 = 0.8 = 4/5. Every sufficiently large even integer
N has a representation

(1.1) N =p+rq, p,q € P, re {1} UP, r<q®? :q4/5:q0'8.

1.2. Normalization and fixed source. Put L = log N. The singular series has
no leading factor of two:

(1.2)
C(N):CQH%, e =] (1(5_11)2) >0, UC(N):C(iV#.
IN 0>2
£>2

Here ¢, p, g denote primes. Uniformly over even N, C(N) > Cy and Ug(N) — oc.
Fix

1 9 a—1 39991 1

1.3 =L = ——, =18= -, b= —EA=— >

(L3) ea=m =155 @ 5 a 4790000 " 3
The cutoff b separates the balanced semiprimes, and 7, is the row buffer. Here T is
the fixed exclusion threshold and 7 is the mesh width. In Sections 24, D denotes a
sieve level; Digwer is the normalized endpoint. The local cutoff H, switched integral
Hyp, source majorant g(e), and Li-Liu threshold g5 are distinct quantities. The
source is

(1.4) A, ={N—-p:peP, p<(1—e4)N}.

Thus e4N < n < N on the source. Exponents are measured against N, and a local
shell has scale X.

The weight O1 uses the rational parameters
(1.5)

100 50 25 93 o7 1 11

““Tag PTae M MTao STam "Tae T 5
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For r € [, \), put
(1.6)

B, B<r<u, 57 1

B(r) = = _ -
(r) min{g, max{a,Co —5r/2}}, p<r <A, 7 64 500

— So10.
Since 2(Cy — «)/5 > A, the lower truncation is inactive. The S10 proof writes By
for this same clipped function on [u, A). The other breakpoint is

vs = 2(Cy — B)/5 = 506848823 /2366940000 € (11, \).

Hence B is continuous, non-increasing, and piecewise affine.

1.3. The weight and its elementary counting inequality. For squarefree d
with (d, N) = 1, define the cofactor count

(1.7) S(d;z)=#{n=dm e A., : P~(m) > z, (m,Nd) =1}.

Set P~(1) = 400 and t; = logp;/L. Each row S; of the table is a sum of (1.7),
with each admissible divisor counted separately. For Si, S5, take d = 1.

Row Coefficient ¢; Divisor and domain Cofactor cutoff
S1 3 d=1 N¢

S 1 d=1 NP

S3 —2 d=p1, a<ti<p N¢

S4 -1 d:p17u§t1<1/4 N

Ss -1 d=p1, 1/4<t1 <71s N¢

Se —1 d:pl7 T5§t1<1/3 N«

S7 -1 d=p1, p<t1 <A N¢

Sg 1 d:plpz,a§t2<t1<ﬂ N©

So 1 d=pip2, a<te <B<t1 < p N&

S10 1 d:plpz, ,U,Stl <)\7 a§t2<B(t1) N«

S11 -2 d=pip2, A<t1<1/3, ti<ta<(1—11)/2 p2

S12 —1 d:plpz, a§t1<1/3§t2<(1—t1)/2 P2

S -1 d=pip2, B<ti <A<ts < (1—11)/2 (N/(p1p2))'"?

Let R;(n) count the contributions of n to row i. Set
13
(1.8) W13(TL) = ZCiRi(n)7 W(n) = ng(n) — 1Q(n)23 maX{ng(n), 0}
i=1
All these weights vanish unless P~ (n) > N*. The switched excess is

13
(1.9)  Sew(N) = > max{Wi3(n),0},  Zw =) &S — Sen-
neA: , i=1
P~ (m)2N®, 0(n)>3

The row dictionary consists of Si,...,S13; S14, 515 are absent. The next lemma
turns the weighted sum into a lower bound for the prime count.
Lemma 1.1 (Pointwise count). For all sufficiently large N,

(1.10) #{p<(l—cA)N:peP, QN —p)<2}> ETW _O(N*eL),
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Proof. First take squarefree n with (n, N) = 1. If Q(n) > 3, then W(n) < 0 by
(1.8). For Q(n) < 2, the bound n > 4 N excludes n = 1. A prime n exceeds N'/3
for large N, so only Si, Sa contribute and W (n) = 4.

Let n = rq with primes 7 < ¢. Then ¢ > (64N)Y/? > N'/3. Put t = logr/L.
The first ten rows give

t |lap) [N [N1/3) [1/3,1/2)

(L11) weight | 1 2 3 1.

The positive pair rows cannot use g, and the single-prime rows supply the sub-
tractions in this display. The last three rows contribute zero when n = rq, hence
W(n) < 4.

Since 12 > 1, every retained n < N has Q(n) < 11. So there are at most 11
single primes and (%) = 55 pairs, and

Wiz(n)] <3+1+2-114+4-114+3-55+2-55+55+55 =455,  |W(n)| < 455,

The terms group as S17 SQ; Sg; S4*S7; 587510; and 5117 512, Slg, respectively. The
non—squarefree exceptions number at most

> N/j?=O(N'"").

J=N«

Integers with a prime factor in common with N number at most w(N)N'=* =
O(N'~“L), and their weighted sum has the same order. On the remaining integers,
W(n) < 41g(,)<2. Summing and dividing by four proves the lemma. O

The switched main term is 8(1 — €4) Iy, Uc, where

11
- maX{ng(t),O}
(1.12) I =) /oc§t1<-~~<tk Wdtl'”dtk—l-
E=5"t1 4 +tr=1

Heret, =1-3", <k ti, and the integral uses the coordinate measure shown. For the
prime factors of an actual source integer n, Y t; = logn/L, and this radial coor-
dinate need not equal 1. Section 5.5 proves the cell decomposition, the restriction
k > 5 and the prime-product estimate. For k = 3,4, it uses a one-sided comparison
at > t; = logn/L < 1, where the slice dictionary need not be an identity. After
normalization, (1.12) contributes —2Iyy, to D.

1.4. Balanced semiprimes. This subsection removes the semiprimes whose
smaller factor is too large. Let P, .,(IN) denote the count in (1.10). Let G4(N)
count primes p < (1 —e4)N admitting a representation as in (1.1), with r < g%~ 1.
For a prime remainder, take » = 1. For n = rq, r < ¢, the bound r < N? gives

(1.13) qg>eaN0, q* > g4 INPTeEA S NP s
provided
(1.14) N > g7/ @ea)

Here (1-b)(a—1)—b = aec4. For (1.3), log N > 44445 suffices, since (a—1)/(ac4) =
40000/9 and log 10000 < 10.
For the remaining semiprimes put

(1.15) g(e):#{(r,q)G]P’Q:NbgrgNl/z, eaN <rq< N, rq=e}.
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The majorant allows ¢ < r and counts both choices of . Thus 0 < g(e) < 2, and
every remaining bad semiprime is counted. Consequently

(1.16) Ga(N) > Poc,(N) =) g(e)1p(N —e).

Prime squares remain in (1.15); discarding them would cost O(N'/2). For a < 2,
they fail r = ¢ < ¢® 1.

Section 5.6 proves the following untruncated estimate for the majorant. For each
fixed A > 0 there is a fixed B such that, with Q = N'/2L~5,

—A
(1.17) (g3§14§: 9 = i > gle)| €aen NL7A
a<Q e=h (d) (e,d)=1

Lemma 5.1 gives (5.24). Section 5.6 applies it at the scales and precisions specified
after (5.47). The partition (5.45)—(5.46) and the error (5.47) then give (5.48). Take
baa = b =39991/90000 > 1/3 and € = 4. The multiplicity in (5.44) includes the
endpoint e = 4N, where |g — gn| < 2. So each discrepancy changes by at most
2 +2/p(d), and the total change is O(Q) = O(N'/2).

Put X, = )" g(e). Section 5.6 also proves

X,= 3 {n(N/r) - w(eaN/r)}

Nb<p<N1/2
reP

(1.18)

(L—ea)N [Y2 at )
- /b g O/

1—e )N . 1—b
_ ;A) log — + 0., (N/L?).

Uniform PNT gives the inner count with relative error O, (L~!), and partial sum-
mation in r gives the integral. Strict prime endpoints are absorbed in the error
term. Let Py(2) = [[ocpe, gy ¢ and z = Q'/?. The sequence takes each N — e
with multiplicity g(e); call it B. For squarefree d | Py (%),

X, _ 1
(1.19) |Ba| = oD +7q, rg = Ag(d,N) — @ (e%;lg(e).

Eventually every prime factor of e is at least min(N?, €AN1/2) > NY4 > 2, so the
correction vanishes. Section 5.6 applies the upper sieve with

VN(Z)=2€1:)gCZ(N)(1+o(1)), s=2, F2) =
Va(2)F@) = YD o)),

The bound includes the small-prime term 2z and the sieve error O((log Q)~1/3).
Hence

(1.20) > g(e)1p(N —e) < [8(1 —c4)log

—|—’I”3(N) Uc, T‘3(N)—>O

This is the constant-eight estimate. The same upper-sieve normalization bounds the
switched excess in Section 5.5. With singular series 2C'(NN) the multiplier becomes
four, and the absolute bound is unchanged.
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1.5. The coeflicient criterion. An auxiliary choice is admissible if it is indepen-
dent of N, satisfies (1.27)—(1.29), and meets the row hypotheses in Sections 2-
5. The rational parameters are (1.3)—(1.6), and the separate S2 argument is
so = 19037/64. The next criterion reduces the theorem to one numerical inequality.

Theorem 2 (Coeflicient reduction criterion). Fiz an admissible choice. Suppose

(121) EW > [4(1 — 5A)-Dccrt — TE(N)]Uc, T’E(N) — 0,
where Deeyy @s fized, and suppose (1.20). If

1-b 50009
1.22 Dot >T, T =8l — 8log 2
(1.22) 0 Slog == = 8log 35501

then (1.1) holds for every sufficiently large even N.
Proof. By Lemma 1.1, (1.16), and (1.20)—(1.21),
(1.23) Go/5(N) > [(1 —ea)(Deert —T) — R(N)]Ug, R(N) — 0,

where R is a sum of absolute remainders. These include |rs|/4, |r3], and the rough
non-coprime error O(N~“L?) from (5.40). Exceptional direct factors and switched
source tags contribute separately O, (L?/N + N—/2t°(1) after normalization, as
in the error account. The square exceptions also contribute o(1). Put M = (1 —
€4)(Deers —T) > 0. Choose Ny so that R(N) < M/2 for all even N > Ny. Enlarge
Ny so that (1.14) holds and

(M/2)CoN/L? > 1.

Then Gg/5(N) > 1, and this is an integer count of primes p. A prime remainder
gives r = 1; otherwise (1.13) bounds the smaller prime factor. Thus the positive
normalized weight yields an actual representation. O

The threshold has the directed enclosure

1.78838848345960807361670991332947582426562068913553428811089076453 < T
T < 1.78838848345960807361670991332947582426562068913553428811089076454.

For z = 5009/45000 = (50009 — 39991) /(50009 -+ 39991),

2j+1

(1.24)

T=16 7

= 27+1

Truncating at j = 39, bounding the tail by 1625 /[81(1 —2?)] and comparing ratio-
nals gives (1.24). The raw coefficient (1 —e4)T = 1.7882096446112621128. ..
is compared with (1 — €4)Dgers-  The limiting threshold is 8log(5/4) =
1.7851484105136780461 .... A value such as D = 1.786 exceeds that limit
but fails (1.22). Thus the rounded 1.785148 cannot replace the exact threshold.
The threshold algebra extends to 3/2 < a < 2 and b = (a — 1)/a —ea4 > 1/3.

Writing ¢ = exp(—Deert /8), it gives
1+1¢
1.25 -
(1.25) It i)

when the denominator is positive. Smaller fixed cutoffs would require a uniform
coefficient bound. The construction here fixes €4 = 10~* and proves a = 9/5 only.
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1.6. Fixed parameters. This subsection fixes the auxiliary parameters in the
order the error terms require. The constants and the final threshold may be inef-
fective. Theorem 6 in Appendix B.2 proves

4000 - 585 - 10240090 14
<10 =
1 —1/10000
The bound is uniform in the fixed mesh parameter and uses [Z1, § 2.4, (2.28)—
(2.30)]. The row applications are in Section 6.2. First fix (1.3)—(1.6), all row
domains and the classical input constants, including the finite AA37 constant Cg.

Put gaa = 0.00002853328. Choose a fixed o > 0 within the source, depth, HB and
packing limits, with

(1.26) Wan < W..

4gan
EVVx

The bounds o < 77,/2500 and o < 37 are automatic: 7,/2500 = 4 - 1078 and the
AA37 depth is R =1 [Z1, Theorem 2.6]. If Cx = 0, only o < 107! is needed. Set
T = Tmesh = 02, p=1+7, and § = 300. The cost Cro enters gaa once; the AA37
term o, (1) vanishes separately.

Next fix the HB degrees and moment exponents. Take

(1.27) c<107 o<

if Cg > 0.

Cbdry = 163, cLoc = 164; Araw =3,
Cy = 334 > max(Agaw + cLoG + 2,6) = 169.

With Cpox = Cp = 334, the generic aggregate input introduced above is restricted
to 0 < A <151 by Chox > [2A + 32]. The external count and local savings are
(1.28)

Ko = 24C) + 26 = 8042, A" = Araw + 24Cy, + 28 = 8047, Awore = A’ + 4 = 8051.

Each local theorem includes all three slot-modulus dyadic splits. The O((log X)?)
slot-shell triples use Ayork, and their sum gives A’ with one spare logarithm. The
count K includes two redundant slot-shell factors. An external slot-1 convention
would give Ky; = 24C} + 27 = 8043 instead. Only the K convention is used, and
Ko+2— A" = —3. Here A,aw = 3 specifies the normalized target saving. Summing
the arbitrary-precision local estimate of [Z1, Theorem 3.2, (3.13)], as in the first
inequality of [Z1, (3.92)], gives a raw logarithmic error bounded by

NLK()*A' — NL804278047 — NL*S.

Division by Wyorm = 4(1 —e4)Uc > N/L? gives L=3 in (1.30). The local precision
A’ = 8047 gives this bound. The aggregate theorem in [Z1] has its own calibration
A’ = A+ 24Chox + 31. Fix the actual Type-I count K7, then take Ay, Ay > Ky +4.
Let cpre be the coeflicient loss preceding the exceptional cutoff. Choose, in order,

AE > 2A’4work + 2Cb + Cpre + 2a Ol > AE +c + 37
(1.29) Cy > max{5C; + Ap + Cp + 3,3C1 + Cp + AE + Cdiag + 1},
A3 Z AE + Cb + 2,
Here ¢; is the moment exponent in [Z1, (3.20)]. The symbol cgiag denotes a fixed
exponent that dominates the preliminary logarithmic loss in [Z1, (3.41)]. Tt is
chosen before Ap,Cy,Chy, as in [Z1, §3.10]. One may use ¢; = 2125 4 2126 4 2,
Then fix the BFI savings, the logarithmic powers of the moduli, the SW exponents

and the derivative bounds. The later GR loss Cgr may depend on C7; it differs
from cpyre in (1.29).
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At these fixed parameters, Section 6 proves the Class-II estimate below, where

Chow is the fixed logarithmic exponent after the conversion X > N/ L3,
EIII)(N) < LK0+2*A' + N*coLKo+Cpow+2’
(1.30)  lyo? 264897
=75 "7 5060000 ~

The first term is L=3. The second allows X > N/L3!. The resulting fixed factor
L3¢ ig absorbed in Cpow- Both terms tend to zero. Section 6.5 gives the fixed-
parameter closure and all eventual thresholds. The endpoint enclosures of Appen-
dix A and the persistent losses of Section 6.4 hold uniformly for 0 < ¢ < 10710,
0 < 7 < 10799, The effect of 7 on the residual profile after (A.10a) is at most
5-1078. The selected residual slack absorbs it. The separate G1-3 PR peel is
counted in (4.57) and (6.6). Thus the numerical Dceyt is fixed before o, and the
choice (1.27) uses only Cg < oo.

Every fixed cost is normalized by 4(1 — e4)Uc. A raw error (1 — e4)eUc con-
tributes e/4 to D, and each normalized error enters once. The separate balanced-
semiprime bound gives (1.22).

0.

1.7. Distribution inputs. This subsection states the distribution estimates used
by the rows. Row S1-0 uses the complete coefficient (W) with
u=1/500, ©O(u)=19101/32000, 6 = 19101/32000 — 10~*,
B=30, ¢=10"% a=N, Ko =23l
Here 0 < 0 < 10710 satisfies both restrictions, and 7 = 0%, Y = Nbo* < Nw/2_ We
take Chox > [2A + 32] and keep the grid, distinctness masks and smooth-divisor
term. Since (q,2N) = 1, the shift « = N is admissible. Then [Z1, Theorems 1.1-

1.2, Corollary 1.3] applies to the complete sum, and the corollary gives the same Li
comparator. The remaining rows use the following local input.

Theorem A (Local dispersion estimate). Let 0 < o < 1071 and let N be large
and even. Put
r=0" §=300, Uy ="7/32, nL=10""%
Eozﬁ_@:264897 CZM
412 2 2060000 7 4’
N/(logN)*' < X <N, L=logX, a=N, z =X0slsX)® " nloo?
For an interior Class-1I Heath—Brown box B, define

Lir.o)—
Si(q;a) = Liza () — %, Ap(ga) = w(v)ST1., (43 0),
veB

SEIPT =" Cy(q)AB(g; N).
q

Assume the local conditions below. Then [Z1, Theorem 3.2, (3.13)] gives, for fized
A >0,

(1.31) |SEPT o1, G, 7 Core XL 4 X170 LC,

Here C = C(0,Chox,A’,31,Csc) s fixed, and the constants in Cgc include

Cetr, Cslot-  The bound is uniform in boxes, even N and the shift a = N. The
constant and threshold may be ineffective. First o > 0 is fixed, and then N — oo.
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Application checklist. Each application uses literal prime sets and the row’s own
source. The correspondence with [Z1, §3] is

Condition Data checked below

H1 C1: exact unrestricted coefficient, repeats, (g,2a) =1

H2 C2: labelled factors, last two ug-rough

H3 C2-C3: packing, HB coefficients, majorant, doubled support, LEN
H4 C4: positive shift and its uniform size

H5 Cb: selected window

H6 Full-source logarithmic and boundary estimates

H7 Full-family outer coefficient sum

C1. For fixed row, prefix cell, AA37 sign and tail vector b we require

Cb(Q) = ZAdlq:dH_ejpjy |>\d| S 17 Py 2 ur, 2 Uo,
d,p 7

ur, :Lgezlv quo.Gv (Q72N) =1

Here L, = L., Ly, D, for DIRECT, S2, G1. The labelled primes vary indepen-
dently over fixed literal sets. The divisor d | P(ur; N) is squarefree, with the
AA37 cap, where P(y; N) = HP<H7M2N p. Selectors are constant on blocks. The
equal-tail, prefix-diagonal, NC, cut and selector-transfer corrections are separated
exactly, and each is estimated separately.
C2. Let J = Jy U Jy U J3 be a partition, with d attached to slot 1. We require,

including repeated-prime multiplicities,

3

Cb:Cslot(Vl*’YQ*’}B)v Cslot:H|Ji“:OU(1)» |71| <1
i=1

Slots 2 and 3 are ug-rough. An empty rough slot is 1,,—1. If J; = &, put y1(m) =
Y g Adlm=d. The dyadic scales (Q, R, S) belong to slots (1, 3,2). For the test scale
T =T we require

Q<TX 2 QRS<MX % N/ >QX° M;>X"?
Q<TX 7, T°RS<X'™%, Ay=X"7/%
AYPTQR?S® < X717 (TR/S)*'»TQR*S® < X*7157
The labelled-tuple map proves the convolution identity.
C3. The source is either
1p(p)1n/(log N)20<p<(1—ca)N> Ea = 1077,

or the plain product measure

4
Ag(e) = Z Z wT(p)lfi:Pl"'prr-16AN<E§N{1—(10gN)l_cbox}-
r=3 peD,

The ordered D, and bounded w, are fixed. Each coordinate is at least N100/1149
All representation multiplicities are retained. The plain measure is used with its
full source predicates. We apply Heath-Brown’s finite identity [12] with disjoint
boxes of relative width L~ and bound boundary boxes separately. The selected
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n is the eligible variable with largest lower-endpoint exponent. Ties are broken by
variable index, and m is the complement. For { > z; we require

logn
an € {1 1 st anl S [l < )

Iy C (T,2T], Nj= TL Cvex,
$r(m) = ¢o((m —mo)/Mp), M= (X/T)L™ e,
|mo| < Cetn X/ T, 1<|mn—N|< X3

Fixed HB coefficients and tags may be exterior scalars. The function ¢y €
C([-1,1]) is fixed independently of all parameters, so its derivative seminorms
are fixed and finite. We require 0 < ¢9 < 1 and ¢9 = 1 on [—1/2,1/2]. The
complementary interval is majorized by ¥; on its doubled support. The shift gap
holds throughout the doubled support. The same integer interval is used, with

LEN: N, > (27)"2 ™,

Tagged comparisons and removed faces have separate estimates.
C4—C5. Every original modulus is coprime to a = N, and

0<a< X(lOgN)31 < A07 N600 < T < ]\71/34-14(77 X60<7 < T < X1/3+15o'.

For G1, C1-C5 and LEN are checked on the plain AZ*. This is G1-LOCAL.
Source faces are removed before interior boxes are selected. The check covers exact
HB coefficients, ambient intervals and the fixed majorant. Lemma 2.2 gives the
direct-source verification, and Section 4 gives the product-source verification.
Local mechanism. The argument is [Z1, (3.26)—(3.90)]. A first dispersion separates
the diagonal and off-diagonal terms. A second square and Poisson summation give
moving-frequency Kloosterman sums. The spectral estimate and C2 give (1.31).
The Kloosterman and spectral inputs follow the Deshouillers—Iwaniec framework
and Drappeau’s dispersion estimate [7, 9]; the spectral-gap input is Kim—Sarnak
[13]. The BFI and Siegel-Walfisz inputs in [Z1] are cited at their sources [8, 18, 19,
14]. For S2 the local Mellin data are kept:

g=<Q, m <R, s5x5 ny,nexT,
f=(1—n2)/q#0, n=0/1000, H,=40QR*S*X"/M;.
On Hy < |h| < min(2Hy, H.), put s, = sgn(h) and v = |h|S/(Hps1). Let w be
smooth, supported in (1/4,4) and equal to 1 on [1/2,2]. Then
spHo(a/ny — mg) spnHoM7

Y, =

Wy (v) = o (Yav)e(Y, Y, =
v (v) = w(v)go(Yav)e(Yiv), Y3 Sariress Sqriresy’

(1.32)
V| + |Ya| < L T3LXM = Lo, / sup | Wy (it)| dt < Lose-
R Y

Both nonmodular phases remain in Wy. Put m(t) = supy \Wy (it)]. We normalize
by m(t) > 0 and restore it before integration; for m(t) = 0 the integrand vanishes.
The details are in [Z1, (3.56)—(3.65)] and §3.2.

Type I uses [Z1, Lemmas 3.3-3.5, §3.11] only after preparation. Lemma 2.2
verifies its source and scale hypotheses. The product source has only Class-II
interior boxes (Section 4). The respective choices are

Dy =X V>qx'10  Dp= X"/



12 RUIYI ZHANG

At these prepared scales [Z1, (3.102)—(3.115)] applies.
Global conditions. The two global conditions bound the outer coefficients and the
logarithmic and boundary errors. For H7 we sum every outer coefficient:

g lej] Ko.Cpoy.Core (log N)FO,
J
Ko < 24Chox + 26, A" = A+ 24Cpox + 31.

Then [Z1, (3.92)] gives
EH < NLKO—AI +N1_CULKO+C.

Since Ky — A’ < —A — 5, the first term is < NL~4~%. For fixed ¢ > 0, the second
is also O(NNL=475). The numerical application uses the per-box precision in (1.28).
For H6 we sum all labels, shells, boxes and representation multiplicities. We require
fixed ciog, cr With

Elog < N(log N)s= o, Epapy < N(log N)“ = Tox/2,
Chox > max{A + Clog, 2(A + CR)}.
For the prime source, (ciog,cr) = (18,16) [Z1, §3 and Appendix B]. Section 4
verifies the product-source values separately. Together these give the aggregate
O(N (log N)~=4) error.
The next lemma checks packing on these rows.

Lemma 1.2 (Packing on the actual row domains). Consider a row in the table

below, including the three empty prefizes. Let ¢ be its retained cell, at ©. = inf, ﬁ,
with its literal source domain and block selector. For a nonempty prefix, let t; >
<o >t 1 <1 < 3. For either AA37 sign v, let D € D¥(L,) be any finite tail of
length k > 0. Put

be=0O,—np — Zti >/{y, L.=N%, 2<L, (upper), 22 < L, (lower),
i<r
p=1+0" §=300, Uy =7/32, nc600,1/3+ 140],
T:NII:Nna h:P(@c*UL)+257 g:n757 Alnax:X1+J/2O-
Sort the endpoint exponents as ey > --- > ey, m = r + k. Repeats are kept as

distinct labelled atoms, and the list is padded with zeros. Assume the DIRECT or
plain G1 intervals satisfy

(P6) N; > T(log X)~ex, log M7 > 2/3 — 14.020, M; > X2,

These bounds are uniform in row labels and boxes. Then a deterministic labelled
partition satisfies C2 at the same O.. It attaches daa to slot 1 and allows unit
slots. After dyadic and base transfer, the four spectral surpluses are at least
7271 1 95221 1 22407 1
256 100" 1280 50" 256 50
All four lower-scale conditions hold, with ADpack = 0. For GI1-3 the cutoff is
z = N after the PR peel.

Proof. Put
u=1/500, «=100/1149, [ =50/309, p=25/128, X =93/400,

t, = 7109/28000, taq = 25/[32(1+3p)], H = 153/256, T, = 509/1000 — 7.

> o > (28,51,74,87)0.
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Here v,w, H, H are as in (2.17d). Each interval [N, N°%) is clipped to its row
domain and keeps its label. Missing coordinates lie in [0, w,], where z = N*=. For
fi>--> fm >0, write
(P1) WF(y): Y fi+2fi<y (1<j<m)
i<j
The proof follows [Z1, Theorem 4.1, (4.1)—(4.5)], with auxiliary identities [Z1, Lem-
mas 4.2-4.4] and two-bin step [Z1, Lemma 4.5]. The two-bin rule retains labels,
repeats and zero padding. Put d, = h — 26 and X, = Zier e;. We verify the
hypotheses of that theorem on these actual rows.
By [Z1, Lemma 4.2], v is concave and H < H. For z; € [1/10, pt.],
v(z1) > min{v(1/10),v(127/500)} > 509/1000.
For z; < 1/10, the active w branch gives
min{(132—68z3)/214, (153 —9623)/256,1— 222} > 717/1280 > 11/20 > (1421)/2.
Hence
(P5) 509/1000 < ©. < H, O, > m(ty) :== min{(1 + t1)/2,57/64 — 3pt1/2}.
The first branch is smaller for ¢; < tqq. At rank 1, 2t; < 2t, = 7109/14000 < Tp.
The remaining prefix checks are
(P4) D ti+2t;<Oc—mp (1<j<r)
i<j
For S1, S2, G1 the cutoff is z = N% at r < 2. At r = 3 it is 2 = N, after PR for
G1. The other rows use z = N<.

Rows and literal do- Prefix checks and selectors

mains

S1-1, S1-2, S1-3; [, @) (j + 1)t < 4o = 400/1149 < Tp.

S2-1, S2-2, S2-3; [u, 8)  Rank 2: ¢ + 2t; < 38 = 150/309 < Tp. Rank 3:
t1 < B < tqq and the whole-K selector ¢y + 2to + (4 +
27)ts < 249/250 + 275. Thus t1 + 2to + 4tz < 1 —2ny;
1 — 257 — 249/250 = 19/5000 > 2785.

G1-1, G1-2, G1-3; [u, ) Rank 2: ¢1 + 2t5 < 3t1, u < (1 —2n.)/5, and 3/256 —
nr — (3/2)7p > 0. Rank 3 requires ©, —np, —t1 — to —
(3+2T)t3 > 0. Then t1 +to+2t3 < @C—UL—(1+2T)t3,

S3-A: [, p); S4:  One prefix each; 2t; < 2t, < Ty.

[, 1/4); S5-low:

[1/4,t.); STt [, A)

SA:a<ty<t; < 15} ty + 2ty <38 = 150/309 < Ty.

SO-A: <t <p,a< t1 < 1 — 48 — 2y, for the first branch;

to < 3886931,/49440000 — (3/2)7 > 0 for the second.
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Rows and literal do- Prefix checks and selectors
mains

S10-Ret (the retained to <sel(ty), Co = 57/64—u—(11/5)c, sel(t) < B,(t) <

S10 row): p < t; < A, max{a,Co — (5/2 + 37/2)t}. For O, —u —t; —t2 >

a<ty<f (11/5)cr, the second branch in (P5) is active, since
tp > p > tqq. Its affine alternative gives equality;
the « alternative gives 265391,/9192000 — (3/2)7A > 0.
Thus t1 4+ 2t9 < O, —u — (11/5)0& + ity < O, — L,
with binding prefix-mask gap u + (11/5)a —np, — 5 =
12449531/394490000 > 0.03155.

S1-0, S2-0, G1-0; empty © = H(u,u,u) = 19101/32000; tail endpoints < wu.

prefix The active w branch gives f](él7 €2, e3) > min{(132 —
68u) /214, (153 — 96u)/256, 1 — 2u} = 19101/32000.

A prefix endpoint lies in [t;, pt;]. A tail endpoint satisfies € < min{ps;,w.},
from [N, min{N*% z}). Every prefix prime is at least z. The AA37 masks give

Z s+ 35941 < le (v =1+4), Z sj+3sy <l (v=-), 25 </l
j<ai j<2i-1

We drop one copy at cubic ranks and use s;_; > s; between them. Then Zi<j si+
2s; < L. at every tail rank. The prefix sum is then added at these ranks. If
S1,...,8¢ precede t;, then t; < s, and

Dtat Y s +26< Y tat [ D s6+25 | <Oc—ne.

a<i b<gq a<i b<q

Endpoint inflation by p gives WF(d,). The first r sorted endpoints lie in [t;, pt;].
The rest are tails or zero pads in [0,w,]. Their first three entries therefore lie in
the closed parent box. Hence

0. < Er(él,éz,ég,), @c_h:nL —T(@c—nL) — 600 > 0.97n,
1/2<h<H, 0<46<3-107°, g=n-6€15,1/3-4/2].

These verify [Z1, Theorem 4.1, (4.2)] for every finite tail. The mixed-prefix checks
above verify [Z1, Theorem 4.1] directly. The pure-tail result [Z1, Lemma 4.7] is not
used. For the empty prefixes, the table gives the same hypotheses.

We attach das < L? = N to slot 1. Then

logy Q < %1 +0H, logyS <%y logyR<3s,
n=g+9d, logny Amax <1+ 0/20.
By [Z1, (4.3)], the four excess exponents are
—(30 — H)o = —(1 + 7271/256)0,  —26 = —600,
—36 + (0sp/20 + H)o = —(15 + 95221,/1280)0,
—(3+205p)0 + Ho = —(15 + 22407/256)0.

Dyadic representatives within a factor two cost 24log 2/log N < ¢/1000. For kx =
logy N =1/(1 —w), w = logy(N/X), 0 < kx —1 < 0.0lo. The first exponent
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improves. The second costs at most 0.01c, and the last two cost at most 0.020.
These give the stated spectral margins.

The factorization follows [Z1, Lemma 4.8, (4.12)—(4.13)]. The small-prime divisor
is unique in slot 1. Each labelled slot has at most |J;|! multiset orderings. Thus
its finite-sum identity holds for these literal sets, including repeats. Normalization
gives |vs] < 1; C2 covers empty slots. Lemma 4.8 bounds tail-collision support
only; source corrections remain separate. Also,

LT > o, ppreix = N 55> 0%, Y s;<le, k<02 Cuor = Og(1).
J

Hence slots 2 and 3 are ug-rough.
Condition (P6) is verified separately for DIRECT and plain G1. The first margin
gives Q < TX 297 so

QT(II/S > (log X)_CbOXX@g_l/S)U — OQ.

The last WF mask gives > ¥, < d, < H. Thus
logy (QRS) < 153/256 + o,
logy My — logn(QRS) > 2/3 — 153/256 — 15.020 = 53/768 — 15.020 > 890.

Since o < 10719, QRS < M;X %% . Condition (P6) also gives M; > X/2. The
same rule covers zero pads and unit slots. For G1-3, the comparison N*% — Nt
is proved separately. Packing uses the latter cutoff at the original ©., so its level
loss is zero. ([l

Sections 2-3 verify direct-row source conditions; Section 4 verifies plain G1. Each
source comparison and removed boundary term has its separate estimate.

2. THE SIEVE ROWS S1-S10 ON THE ACTUAL SOURCE

This section treats the direct sieve rows on the actual source. Put p =14 7,
i = 25/128. The rows are grouped as

DIRECT | S1-0-S1-3,S3-A, S4, S5-low, S7, S8-A, S9-A, S10-Ret
52 52-0-S2-3 (whole-K at depth three)
BV S5-top, S6.

Sections 3 and 5 treat S2 and BV. Conditions C1-C5 are those of Theorem A. The

internal Lemma 1.2 gives the slots.

2.1. Source replacement and the exact signed coefficient. This subsection
replaces the literal source by the plain one.

Lemma 2.1 (Source replacement and coefficients). Let Py ={p >2:pt N} and
Ap(v) = 1p(V) 1N/ 105 N<v<(1—ca)N-
For a squarefree prefiz b from Py, set
Ay ={veP:v<(1—es)N, v{N, b|N—wv, p{ N —v (p|b)},
A ={v: Ap(v) =1, b| N —v}.
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For A C A, U .Agl, the notation S(A, Py, z) means

#loen (M2 ) 1),

Thus this sieve tests the cofactor, not the prime v or the integer N — v. If every
prefiz prime is > z, the literal sieve is S(Ap, PN, 2). Its source comparison is
(2.17a) S(Ap, Py, 2) — S(A', Py, 2) = S(Ap \ AP, P, 2) — S(AP'\ Ay, Py, 2).
The normalized unsifted bounds, in Section 6 units, are

v < N/log*® N Ou(L®)

v| N Ou(Liy/N)
p? | N — o for a prefiz prime | O, (N~ 0+ L3,

Fixz an AA37 sign v, a row cell and tail labels. All literal clipped sets and the smooth
divisor are kept. Put

CC(Q) = Z )‘dlq:dH’_ p;? |)‘d‘ < 1.
d,(p5) !

Let K7 be the equal-label tail mask, and let Kp impose complete equal-label prefix
distinctness. For a complete permutation-invariant block, let M, be its prefiz orbit
factorial. Then

Celq) — _ 1

(2.17b)  O.(q) = N Zve(q),  Zue= 0 ; Aa(1 — KTKp)lq:de b
With v. = C../Cslot, the full remainder is

CS (o) —_—
(217¢)  Rare= /" _1e(0)Ar(0) - ij:U,c<q>Ap<q>, Ye = Ce/Cstor-

The external multiplier cv acts on both terms. This includes the four S2 children
and the whole-K last child. The same identity holds for nonnegative occurrence
weights. On the common occurrence space, a.,b, are the original and plain weights.
The prefiz and sifting data are fized, and the weights are extended by zero. Put

h, = min(ay, b,), e = (a, —b.) 4, e, = (br —ap)+.

Then a, = h, +ef, b, = h. + e, and efe, = 0. Linearity gives S,(a,) =
S.(by) + S.(ef) — S.(e, ), including the G1 representation multiplicities.

Proof. For m = (N — v)/b, reduction modulo a common prime gives
(m,N)=1 < vtN, (m,b) =1 <= p*tN—v (p|b).

Here v 1 b, since otherwise v | N. These conditions concern the ambient source;
cofactor sieving is separate. Additivity proves (2.17a). The two differences have
the three stated exceptional conditions. Each point is assigned to the first true
condition, and the resulting unsifted masses are bounded. These source terms are
removed before HB. A common source point removed by sieving creates no source
error. All later Buchstab and distribution calculations use Ap.

For (2.17b) weuse 1 = Kr Kp+ Kr(1— Kp)+(1— K7). Overlapping repetitions
are assigned to the first forbidden-tail condition. Each modulus of = . repeats a
prime > ng. Theorem 5 bounds the complete nineteen-row union, including prefix
multiplicities, once. The smooth divisor lies wholly in slot 1. Then the finite slot
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convolution is C./Cyet on every modulus, repeats included. Empty rough slots are
unit atoms, and each realization and factorial occurs once.
Put CA((]) = ZDEN (q) AD(U)7 XA = Zv AD(U)’ YA((]) = Z(v,q):l AD(U) and

Ao =Cs—Xa/e(a), Ap=Ca—Ya/p(q)

Prefixes are > z and tails are < z. Totient multiplicativity converts the relative
AA37 comparator into Ag. Theorem 5 gives ¢ < N3/5 on the full labelled support.
Eventually v > N/L3 > N3/°. Thus Y4 = Xa, so Ag = Ap before HB. This
proves (2.17c¢). O

For the actual levels put

v(t) = min{(1 + ¢)/2, (32 — 34t)/39,57/64 — 3t/2},
1/1(x,y) = 'T]-nya
w(a, b, ¢) = (min{(132 — 68¢)/214, (153 — 96¢) /256, 1 — 2b}, (1 + a)/2),
(2.17d) H(a,b,c) = max{v(a),v(b),v(a+0b),v(a+b+c),

a,b,c),w(a,c,b),
(a+c¢),a+2b+¢),

w(
U(
Y(wb+c),2a+b+c)}.

v
v
Let H = H when the largest coordinate is < y, and above y let H(a, b, ¢) = v(a).
A parent label ¢; retains [N, N*%) clipped by its row. At depth r < 3, complete
the ordered triple in [0, w,], where z = N*=. Let O, be the infimum on this closed
ordered parent domain. At depth three the infimum is taken on the three parent

intervals. This infimum is taken before any branch is selected, including crossings
at p. At depth zero, with z = N*, ©, = H(u,u,u) = 19101/32000. Then

(2176) LC:NZC; gc:@cfn[ziztia Dc:NecinL.

i<r

For nonempty DIRECT rows, t; < t, = 7109/28000 and 509/1000 < 6. < 153/256.
Also

(2.17f) ©, > m(t1) := min{(1 + ¢1)/2,57/64 — 3pt1/2}.

The first branch is active through tqq = 25/[32(1 + 3p)]. The required prefix masks
are

(2.17g) t1+"'+tj71+2tj < @C—nL (1 <j ST‘)
Their row checks are
rank one 2t1 < 2t, = 7109/14000 < 509/1000 — 7y,
S1-2,S1-3 t; <a, 4a<509/1000 — 7y,
$2-2,92-3 (j = 2), S8-A | 38 < 509/1000 — 7y,
S2-3 (j =3) t1 < B < taq
ty 4+ 2 + (44 27ty < 249/250 + 278 < 1 — 211
S9-A t1 < p, ta < B t14+2ty < m(tl) — L
S10-Ret O, —u—t; —ty > (11/5)a
to < B <u+ (11/5)a —ny.
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S2 at rank three uses the first branch of (2.17f). S9 substitutes in both branches.
For S10 we use §2.5; its binding prefix-mask gap is

12449531
11/5)a — np, — B = —————— > 0.03155.

et (W/B)a=ne = B = 556000
These checks include clipped cells and weak selection endpoints. AA37 tail labels
D; = N*i satisfy ZKJ- s; +2s; < {.. Together with (2.17g), prefix/tail separation
gives > . ;i +2X; < ©c —ny, for merged sorted labels. Sorted upper endpoints
are at most p times their labels, and their mask is strictly below p(0. — nr).
This proves packing geometry, including empty prefixes. The tested-source and

boundary hypotheses are proved below.

For the Section 4.1 representation domains let R; count ordered representations.

In R;ag the coordinates are prime to N and e/(p1p2) is prime to p1ps. Put

Ag = (2R11 + Riz + R13)1c ,N<e<n,

Weag = (2R11* + Ry5 + RS Le,n<ean,
wy = AGY = Agle<n.y, New = N(1— (logN)'=%), Oy =334,
Ug = WiaglesNow, Ea = (Ag — Wiag) Le< Ny, -

Thus UG) Eg > 0 and Wtag — Wpl = Ug — Eg. For Xb,z(e) = 1b|N—e]-(N—e,PN(z))=17
D WiagXpe = Y WX,z + Ac(b, 2), |Ac(b,2)| < (Us + Eg).

Here Ug is the upper cut; Eg counts coordinate divisibility and repetitions. Sec-
tion 4 bounds their unsifted masses and local hypotheses. The source is replaced
before Buchstab, and the signed parent correction is retained. C1-C5 test the un-
tagged discrepancy A[AZM] on interior boxes. Fixing two coordinates at a prime
p leaves at most two positive coordinates. The elementary divisor bound, over all
pairs and four source forms, gives

N
O Y. Z(1+1logN)*| =O(N'""*(1+logN)?).
p>N<

Division by W > N/(log N)? gives O(N~%(log N)*). This is within the Section 6
source-restoration allowance.

We use the classical BFI hypothesis (A2), [8]. We fix 4 and B, > 0. For every
A > 0 it asks for a uniform C4 such that

1 -
> o 2 | < Call e T () (o (21)
n=¢ (k) 14 (n,dk)=1

(n,d)=1

Here vy € 4, suppy C [1,T), T > 2,d,k > 1, £ #0, (¢,k) = 1. The constant is uni-
form in the sequence, subinterval and auxiliary coprimality divisor. For Class IT we
use the selected elementary factor and exchange factor names as in the classical the-
orem. Theorem A requires this £2 normalization. The complementary convolution
has its separate norm bound.
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2.2. Common direct preparation. This subsection verifies the local and global
hypotheses for the direct families.

Lemma 2.2 (Common preparation). Let 0 < o <1071 7 =% C, = 334. Then
Cy > [2A+32] for 0 < A < (334 —32)/2. The per-box precision A’ is arbitrary; it
is distinct from the prime-source target A in the condition Cy, > [2A + 32]. Fach
DIRECT and S2 family satisfies HI-H5 and LEN of [Z1, Theorem 3.2] on retained
Class-1I boxes. For each family %, separately, H6 and H7 hold with

Brog.7 <o NL¥™C Bogw.s <o NLY "2 Ly =logN,

> el <oy LT, Ko =6(Cy+1) + 2 = 2012 < 24C, + 26 = 8042.
JE€ETZ

Every other nonboundary box is Class I-1 or I-2. For fized A; > 0, its signed dis-
crepancy before external coefficients is O, a,(X (log X)~A1). The entire S2 Class-I
error is o(Wy), with (3.1) defining Wy . Section 3 treats the strict BV complement
separately. DIRECT and S2 are each counted once.

Proof. Put L =1log N, H= N/L3°, Ty, = C}, /My, P = Zigrtia {=0,—n,—P>
lo. The source is Ap(v) = 1p(v)1gcy<(i—e )n- Source exceptions have been

removed. All prefix, sieve and whole-cell conditions are modulus-side. The row
masks and AA37 bound )" s; < ¢ give

q< NpP+(p+U)l < N(1+T+0)(153/2567?7L) < ]\/'eD7
ep = 153/256 — 1. /2 < 153/256.

For the dyadic X-shell covering v > H, one has X > H/2; eventually ¢ < X3/5 and
q < H. All factors avoid 2N. The tested prime exceeds ¢, so its comparators agree
before HB. Let u, = Lf >N o”  Primes below u. determine the smooth divisor
uniquely. Labelled primes are > u., since u, < N*. Thus u' < g < N 3/5 gives

T(g)) < ml/My < Cpy  m < [5{5’02] .
This includes repeated primes and each numerical realization once. Three prefixes,
k < 072 tails and two signs give O, (1) blocks. Whole-cell conditions remove blocks,
and smooth divisors remain inside coefficients.
We apply [Z1, (B.7)—(B.13)] with B =30, ¢ = €4, a = N # v. For j < 3 we take
5s=2j<6,n € [X,2X), m; <2X'/3. Factors are zo(X)-rough, including the unit
atom. Put

6X:(logX)_Cb, Jx = [log2/log(1+ dx)], ry =2Y0% 0 Ax=ry—1,
O0x/3<d0x(1—-20x) <Ax <dx.

The complete tested-side faces are
n=H, n=(1-e)N, n=X,2X; m=2XY% (1<i<j).

Crossing boxes are removed. Roughness stays in the coefficients, and whole-K
stays modulus-side. The bound 2X (14 6x)% < 3X makes n < 8X redundant. The
cited construction uses these data and the proved coefficient bound, so it permits
prefixed moduli. Proper powers contribute O, (N/2+t°(M): O(N/21og N) terms,
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each N°M). The signed HB coefficient is

—

cj(v) =

W () T tmdtogn. eyl <32,

1/ <5

For H6 put F'(n) = d(N —n)+2(1+L). Divisor counting and 3 ys/s 1/¢(q) <
1+Lgive |3, I'k(q)Sn(g; N)| <o F(n). Each product fixes its shell by [Z1, (B.11)].
We use 35, . 7h(n) < y(1 +logy)"~!, 7§ < 136 and d* < 1. Cauchy-Schwarz
gives (35 + 15)/2 =25, (5+ 25)/2 = 15, and

Z 76(n) < NL?, Z 76(n)F(n)* < NL*, Z 76(n)F(n) < NL*.
n<N n<N n<N

For A\gp = ZilogVi, we have logn,Ag < L, 0 < logn — A < 60x, logX =
L + O(log L). Hence

|Blog, 7| <o L™ " 75(n)F(n) <, NL'~.
n<N

This is stronger than stated. Each tuple has one shell and one box. For faces we use
[Z1, Lemma B.2, (B.14)~(B.16)], with 2 < s <6, Yy = N7, ngiss < L. Source
faces are singletons, and the lattices are (log2)Z and log2 + (log2/3)Z. Active
product coordinates exceed (H/2)Y/6. At caps, m; =< X'/3 and X > H/2. Both
exceed Yy eventually. Thus

#U < NL>~© 4 NO/TL[> « NL>=Cv,
| Evdry.7| <o L(#U)YA(NL?)Y? <, NLWO-C0/2,

Here |¢j|/Ap < L. Finite faces and unique shells introduce no box count. Three
patterns and O, (1) blocks alter only constants. This proves H6 separately for both
families.

The classification uses [Z1, (B.20)-(B.24), (B.27)-(B.28), (B.30)]. We choose
No(o) so that

w=1logn(N/X), k= (log2+6logrx)/L,
w,k <0/202, oL >2"(Cy+1)(logL +1).

The product and Mdbius caps are exactly (B.21). The selected variable has the
largest eligible lower exponent in [600,1/3 4+ 140], with ties broken by index. The
exclusions are 140 > k, 3600 < 1 —w — Kk, 1 +420 > 1 — w + k. Every other box
has one or two large smooth variables. For the selected Class-1II cell [T, rxT) put

IT:(T,TxT], N[: \_TxTJ—\_TL M[:M(Ts(—].), mO:M(l-i-?";()/Z.

Here M is the complementary lower product, TM = X. Its nonunit-cell count
satisfies 1 < r < 5, since eventually n > H > N3+ By [Z1, Lemma B.3,
(B.22)—(B.24)], internal endpoints are irrational. Rough coefficients vanish at pow-
ers of two. Both integer counts differ from T'Ax by less than one. The threshold
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gives TAx >2and T2 ™ > 12(log X)“*. Consequently

T
6(log X )Cv
Ny > (2T)1_271267 X600 < 7 < X1/3+150’
logy Mp >2/3 — (14 +1/202)0 — o(1) > 2/3 — 14.020,
M; > X2/3715U(10gX)7Cb > X1/2.

< Ny <2T(log X)~%,  M; = (X/T)(log X)~,

The majorant in [Z1, Appendix B, immediately before (B.27)] equals one on
[M, Mr%], with support [M — M;/2, Mr% + M;/2]. For a source point no,
enlarged products satisfy

norx[1+ 2(rk —1)] < no(1+116x) < (1 —€a/2)N.

Thus N —mn > e4N/2, [mn — N| < X3, |mo| < X/T. Eventually N < XL3! <
X11+9/20  The row masks and Lemma 1.2 give exact repeated-prime slots, including
S1-0 and S2-0, and all spectral inequalities. In particular,

Ny - X(29—1/3)o
QX7/3 = 6(log X)Cv

For rough Mobius, unit and normalized-log factors we use [Z1, (3.25), (3.47)—(3.48)].
The complement is bounded by 75. This proves HI-H5 and LEN separately from
H6,/H7.

For Class I we apply [Z1, Lemmas 3.3 and 3.5, §3.11, (B.30)]. Here k < 072,
ITx| < Cy, complement < 75. The nonnegative weights 1,logv/L have bounded
variation and supremum. Predicates are constant and factors are zo(X)-rough. The
discrepancy remains SH . (¢; N). Assign proper powers, LOG, boundary, II, I-1,

Q<TX 2 QRS < M;X 8%, — o0.

I-2 in order. The classification gives
ex —ep—(1—w)/10 > 0.9 —ep — 0.9w — k — 3000 > 0.3023,
so V > ¢X'/19. For I-2 we order N; > N,. Then

M < x(2400+r)/(1-w) ~ X2.401-10*S

)

Ny > XY3 NiN,M < 230X, ¢ < X09977,

Larger Ny absorbs fixed dyadic factors into x. Thus [Z1, (3.100)—(3.101)] hold,
and (3.105) and (3.111) apply. For H7, at most six coordinates and three patterns
have O(loglog N) < O(L) shells. Each coordinate has O(L) dyadic intervals and
Jx = O(L®) cells. Labels, signs, binomial factors and slot factorials cost O,(1).
The sole logarithmic scalar is L/Ap = O(1). Hence

> lejl o0, LI < Oy, L
Jj€EIT#

The extra unit covers the I-2 small-product split. Realizations and smooth divisors
remain inside coefficients. PF and the selected boundary region form one fam-
ily. With A; = K. + 6, the Class-I total is O,(NL™%). Since Wy > NL™2
its normalized bound is O,(L~*). Normalized LOG and boundary errors are
Oy (L?0=Cv 4 [18-Co/2) = 5(1). O
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2.3. Four-term Buchstab and the S1 comparison. This subsection proves the
Buchstab chains and bounds the cutoff comparison.

Lemma 2.3 (Four-term chains). Set Spi(b, z) = S(AEI,PNJ). The plain-source
identity is

(2.19)
391 (1,N®) = 3Sp(L,N*) =3 > Splp1, N*)
u<lri <o
+3 > Sulpipa, N") -3 > Sp1(p1p2p3, P3)-
u<ro<ri <o ulrzg<ro<ri<ao

Here r; =logp;/log N and all p; € Pn. The S2 identity (3.2) replaces o by 8 and
divides by 3. Both use L, = N®=—m.—P P — Zigr ti;, Agr = ¢/2. Their parameters
are

Row c¢; direction  Cutoff Floor for ¢, M,
S1-0  3; lower f NY 19101/32000 — n;, 1
S1-1 —3; upper F N* 5243851/11490000 1
S1-2  3; lower f N“ 1414617/3830000 1,2
S1-8 —3; upper F E3 = N's  3743851/11490000 1,2,6
S52-0 1; lower f N 95489/160000 1
S52-1 —1; upper F N* 1294691/3090000 1
S52-2 1; lower f NY 264897/1030000 1,2

S$2-3 —1; upper I E3z = N whole-K: §3.2 1,2,6

The S1 functional has signs +, —,+,— and densities f/u,—F/u,+f/u,—®. Ap-
pendiz A.2 gives

12.9020516 < &1 < 12.9023390, %Sl > 9.6765387.

Its cutoff allowance is 625007 D. The directed prefiz comparison costs zero and has
multiplicity one. The true one-prefiz conversion error is zero. The alternative — f
repair costs less than 1073%°D.

Proof. For S1, (2.17a) gives 351 = 35(AY, Py, N®) + 3A5. For S2 we use Sec-
tion 3.1: 52 raw = S(A2.1, Py, N?). Both parents have prefix 1, v < (1 — e4)N,
v {1 N. The corrections are low-prime mass minus exceptional v | N mass. Prefix-
square restoration is empty, and its nonnegative allowance O, (N —u/ (1+T)L}°’V) is
retained. These unsifted bounds are included once. Descendants use only Ap(v),
b| N — v and cofactor sieving. Buchstab’s identity holds for every sequence, with-
out squarefree or coprime restrictions [21]. Three iterations give (2.19). The co-
efficients are (3,—3,3,—3) and (1,—1,1,—1). In subsequent sieve calculations we
write S = Sp1. We apply [11, Theorem 4] in the order lower, upper, lower, upper.
For S1-0, £ — 2u = 94849/160000 > 0. For S1-1 and S1-2, respectively, s > 228.19
and s > 184.67. Equal-label pairs retain [N% N¢) or [N* N#). The full sum-
mand, including L., depends on unordered products and labels. Thus (2.17b) gives
M. = 2 there, and 1 otherwise. Its diagonal is assigned to prefix squares.
We fix E3 before the structured sieve. Since p3 > Es,

(2.20) —3S(p1p2p3,p3) > —3S(p1p2ps, Es3).

For S1-3, £ —t3 > 2743851/11490000 > 0; the upper sieve is legal. Fixing E3 makes
the complete tail domain permutation-invariant. The factorials are 1,2, 6. Formula
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(2.17¢) has scalar —3vCqot/M.. Using actual ps before this comparison would lose
invariance. All four terms have fixed modulus-side labels. Lemma 2.2 supplies their
boxes. The equal-prefix terms have disjoint prefix diagonals. Theorem 5 bounds
their union; Theorem 6 bounds the AA37 main error.

For the S1-3 comparison put

05vd(q, b, ¢) = max{v(a) — u,v(b) — u,v(a +b) — u,v(a +b+c) —u,
Ywla+c)—u,a+2b+c),v(wb+c)—u,2a+b+c)}.
Here both w branches are deleted. Every retained v is reduced by u, including

the guarded first inputs. Let ©5V°d[r-bin(r)] be its infimum on the full ordered
comparison box [r, pr]. This box differs from the inherited source cell. Put

Gi(w) =F(l/w)/w, £L,(r)= o5ved(p) —pyp — 1y — 13,
saved [ hin(r)] — S
@(7‘) — F(®3 [ b ( )] Z Z) /7‘3

P73
On the full parent, v < a,b, ¢ < pa and 2pa < 25/128. Thus v(a+c),v(b+c) > 1/2.
Both thresholds are < 4pa < 1/2 — u. The original and saved guards are active
throughout. Adding u restores six corresponding H branches, each with slopes of
absolute value < 3/2. Their maximum is 3/2-Lipschitz in coordinate ¢! distance.
For z € [r,pr], >, |x;i — ri| < 7>, < 3ar. Therefore

@fof“’ed +u < H, 0, > ®§aved(r) +u—(9/2)ar > @gaved(r) + 7.

Branchwise, (v—u)(D_,c 4 7i)—>_; i is coordinatewise nonincreasing. The inherited
lower labels give the same residual comparison ¢,(r) < ¢.. The comparison-bin
infimum is at most its point value. Decreasing F' gives F(¢,(r)/(pr3))/rs < ®(r).
For Hp(s) = sF(s), the delay equations give Hi, =0 on [1,3] and Hp = f(s—1) €
[0,1] above 3. Hence

(2.21) G, (t3) < Gy (r3) +7/r3 < (1 +7)Ge (r3) < (14 7)D(r).

For S1-3, t; < a. On the full parent, a + ¢ < 2pa < tqq < 25/128, so v(a + ¢) =
(I14+a-+c¢)/2. Also a+ 2b+ ¢ < 4pa < 1/2, so its ¢ branch is active. Since a > t;
and ¢ > tg,

9021+t1—2”3, ECZ%—tz—tl—;tg—ULZ%—QCY—UL
Since nr, < w and 73 < pa, differentiation is legal: £./rs > (1/2 — u — 2a)/(pa) =
186101/(50000p) > 1. The comparison-box guards also remain active. Its numera-
tor loses at most (9/2)ar, and the argument stays > 3.7. Thus both monotonicities
apply, using the actual bin infimum. Integration over the same literal clipped par-

tition gives
(2.22) Eoy < %(2/67)71* < 1821.27 D < 625007 D.

Here Appendix A.2 proves I* < Iy + By < 2161.074150710003, uniformly for 0 <
7 < 10799, Reproduction requires the interval-arithmetic source, dependencies
and directed output; see Appendix A’s data-availability statement. The allowance
625007 D includes (2.22), and Section 6.3.5(c) includes the prefix comparison once.

The one-prefix profile is —F', already used by the comparison functional. For the
alternative —f we write —F = —f — (F' — f). The delay equations give s(F — f) =
2e7o(s — 1), where g is Dickman’s function. Here s > s, = 64441/309, v, = s, — 1.




24 RUIYI ZHANG

We iterate o(v) < o(v — 1)/v exactly 207 times; the factor is 4/u = 2000. Since
log(av/u) < 4, log(B/u) <5,

2000(3 -4+ 1 -5)
S H?OZ%('U* —J)

The S2 part belongs to its atomic endpoint. Section 6 subtracts the residual
107399 D once. These are the true functions f, F. Equations (2.19)—(2.23) prove
the source/profile comparison. Section 6.3.5(b) uses the single joint S1 bound.
The S2 last child retains the invariant condition (3.3), h < K. This includes
PF and all remaining selected blocks. Here Fj is fixed before C1, and the scalar
is —vCqot/M.. The actual-ps comparison is kept separate. The strict complement
uses actual p3 and BV. A PF-only coefficient would omit selected source blocks.
Since 1 — 27, — 249/250 = 19/5000, K < 1 — 2n;. Lemma 1.2 uses the literal
whole-K infimum. Section 3 checks the local source hypotheses and Class I. The
X'=¢ term of Theorem A is kept. The strict BV complement has no prepared
Class-II family. Sections 3.2-3.5 prove dpg. They retain whole-K norms, spectral
parameters, BV coefficients and the eight-branch functional. Retain 2750096807 D,
one structured-sieve error share and tail allowance D/20000. Its true one-prefix
profile is —F. Section 6.3.5(b) subtracts these errors once. O

(2.23) Efp < < 10739077 < 10739,

2.4. Signed fixed-cutoff profiles. This subsection treats the fixed-cutoff rows.

Lemma 2.4 (Fixed-cutoff rows). The siz fizxed-cutoff rows and S10-Ret have the
following data. In all tables P =% . t;, L. = NOe=nm.=P " The source is Ap,
with shift N. Write € for the common errors listed below. Let U;, L; be the selected
raw-profile upper and lower endpoints of Appendixz A.3, respectively. Their directed
D contributions appear in the last table. The relative AA37 parameter is Ap = ¢/2.
Each full remainder is (2.17¢), with scalar cvCygot/M,.

Row Ezact exponent domain Parent/anatomy/selection; depth
S3-A a<ri<p Inherited A/B at taq; 1
S/ n<ri<1/4 Inherited A/B at taq; 1
So-low  1/4 <11 <t B, clipped at N™; 1
S7 n<ri <A Inherited A/B at taq; 1
S8-A a<re<ry<p Small-coordinate anatomy; 2
S9-A B<ri<p a<lrya<p Inherited A/B; 2
S10-Ret p<ri <A, Whole parent cells, t2 < sel(t1); 2
a<ry<p,
o < Bo(’l“l)
Row ¢; D multiplier  Direction Cutoff Relative level
S53-A —-2;-1/2 upper I N¢ L.
S/ —-1; -1/4 upper ' N¢ L.
S5-low —-1;-1/4 upper N L.
S7 —1; -1/4 upper F N¢ L.
S8-A 1;1/4 lower f N L.
S59-A 1;1/4 lower f N©¢ L.
S10-Ret 1;1/4 lower f N¢ L.
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TABLE 2.1. Direct floors, cutoff gaps and prefix orbits.

Row Lower floor for L. Cutoff gap; ratio s M.

S3-A 64359/160000 (A), > 0.402243 (B) € —a > 0.315211; s > 4.6217 1

S4 64359/160000 (A), > 0.265524 (B) € — o > 0.178492; s > 3.0508 1

S5-low > 0.255792 {—a > 0.168760; s > 2.9390 1

S7 64359/160000 (A), > 0.309274 (B) £ —a > 0.222242; s > 3.5535 1

S8-A 264897/1030000 {—2a > 98366653/1183470000; s > 1,2

2.9550

S9-A 11886931,/49440000 (A), €—2a>0.066366; s > 2.7625 1
> 0.240430 (B)

S10-Ret 11886931/49440000 (A), £ —2a > 221831/11490000; s > 1
2221831/11490000 (B) 2.2218

Row Saved profile; directed comparison Selected output; estimates outside
cost that endpoint

S53-A —T3.4/2; zero —Us 4/2; €

S4 —74/4; zero —Uu/4; €

S5-low =I5 10w /4; zero —Us jow/4; €

S7 —T7/4; zero -U;/4; &

S58-A s a/4; zero Lg 4/4; &, prefiz and tail squares

S59-A Ty a/4; zero Lo a/4; &, tail squares only

S10-Ret Ty0/4; 7.1607 Lyo/4; g, tail squares

only. Selected raw interval:

0.858847455777940,
0.867486588163666

S8-A and S9-A have zero cell-selection cost. S10 has zero profile and S2-tail error.

Proof. The proof applies [11, Theorem 4] and [Z1, Theorem 2.6, (2.30)—(2.33b)].
Table 2.1 gives £, > {y, z < L, for negative rows and z? < L, for positive rows.
Prefixes are > z and tails are < z. Every predicate is modulus-label dependent.
Lemma 1.2 and Lemma 2.2 give the slots and local/complementary bounds. Sec-
tion 6 includes each of the following errors once:

source restoration, low cut, repeated primes, logarithm freezing, boundary,
Class I, Class II, roughness, structured sieve, prime mass.

These form &; its squareful terms have the stated row restrictions.
For one uniform comparison put
g93(r) =v(r) —u, gs(ri,r2) = max{v(ri),v(r2), v(r1 +r2)}, go(r) =v(r1),
g(r) =57/64 —u— (5/2)r, u = 1/500.
We call the absolute S3-A/S8-A/S9-A profiles Option-A. Every missing completion
contains the corresponding unthresholded branches. Lipschitz control gives
le > g3(r) —r+19/10000 — 3, Lo —[gs(r) —u—ry —rg] > 19/10000 — 37 > 0.

The S4/S7 A/B levels give the same buffer. For S5-low we use O, > 57/64 — 3pt1/2
in B. On S9-A, 46 + 3« > 25/32 gives gs = g9. Decreasing F' and increasing f give
all six signed lower comparisons. Inherited labels are kept through clipping and
before branch selection. For S3, S4, S7 we split at tqq. For S9 we split the inherited
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anatomy. Retain both literal two-prefix infima. S4’s clipping at u retains both A/B
bounds. Section 6.3 sums its two remainder children once. S4 and S7 overlap in
the initial signed inequality; their HB partitions remain separate and disjoint for
each term.

Put W = 4(1—¢e4)Uc. In the displays below, D; is the signed source contribution
divided by W, and &; is that row’s allocated share of the common error £. Section 6
charges these shares once. The signed sources and their normalized bounds are

(224) WD37A = —92 Z S(pl, Na)
ari<pu
1 2 [ _So(r)—u—r\dr
(225) Dsa2—5Ts4—Ea—-0,(1),  Isa= —/ F(“) —.
ea Jo « r
(2.26) WD, = — Z S(pl,Na)-
p<r1<1/4
2 [ 4—u—(5/2)r\ d
(2.27) Dy > -7, - & —0,(1), Ty=— F<57/6 u—(5/ )T) dr
el J, a r

For S5 set t, = 7109/28000, 7¢ = 57/224. Before the structured sieve or HB we
split

(228)  — > S, N*)=— > SE,N“)— > SN

1/4<ri<ts 1/4<r; <t. t <r1<ts

The first term is S5-low and the second is S5-top. The endpoint ¢, belongs to BV.
Clipping at N** retains parent labels. S5-low uses B and

WD5,10W = Z S(plvNa)v
1/4<r1 <t.

1
D5,low > 7115,10\7&/ - 55,low - 00(1)7

te o

(2.29) I5,1ow=l F(57/64 U (5/2)7”) @
eva Ji4 « T

For S7,

(2.30) WD7:=— Y S(p1,N°).

p<ry<A

(231) D7 > —%1-7 - 57 - Og(l), I7 =

2 ’\F<57/64—u— (5/2)r> dr

eTx a r

Its profile loss is zero. Appendix A.3 proves its outward upper endpoint, which
Section 6.4 uses at the fixed positive parameter. Equation (6.5b) uses the S3 com-
parison.

For the two-prefix rows,

(2.32) WDg 4 :=+ Z S(p1p2, N%).

a<lra<ri<f
Dg g > 5Ts 4 — Es,4 — 05(1),



THEOREM (1 + 1.8) ON THE GOLDBACH CONJECTURE 27

2 — o — _
fa 2 f[(nmsmnmn)
ela a<lry<ri<p o

(2.33)
d?’ld’l’g
X —.
172
(2.34) WDg:=+ > S(pip2, N%).
B<ri<p
a<ro<p
(2.35)
2 [r [P —u—r — dryd
Dy > 1T9 .4 — &y — 05(1), IQ,A:T/ / f(v(rl) Lon 7“2) r2dr
era Jg Ja (e} rir2

Only S8-A has equal-set prefix orbits. Its equal-label sets are identically clipped
to [N®,N?). The full summand and level are symmetric before slotting. Thus
M, = 2 there and 1 elsewhere. Formula (2.17b) removes strict triangular ordering.
Its prefix-square part is disjoint from the forbidden-tail union. The range lies in
the small-coordinate anatomy, and both squareful errors are included. Its outward
lower endpoint enters (6.4) once, with coefficient +1/4. S9’s literal prefix sets are
disjoint, including N®. Hence M, = 1, the prefix diagonal is empty, and both
normalization differences vanish by (2.17¢). Only its tail-squareful error occurs. Its
lower endpoint has coefficient +1/4 and multiplicity one; see Sections 6.3.3 and 6.4.

S5-top and S6 use BV separately. For S5-top the total level is N/ 2LR,B , with
relative level obtained by dividing by the actual prefix. Here k = kgy = 0, cutoff
N, profile —F. Section 5 proves its full coefficient and error estimate. Its pre-
pared Class-1I1, packing and Class-I contributions are zero, and its main term enters

separately. Section 6.3 includes S5-low errors once.
|

The separate BV row S6. This subsection bounds the separate BV row. Its
exact source is

(2.36)
WDg =~ > S(p,N%), 19=57/224, c=-1, Ap=-1/2.
Ts<ri<1/3
Section 5.3 takes kpy = 107% < 61/766 = 1/6 — . The margin (1/6 — 1075 — )/«
absorbs the logarithmic loss uniformly. Put Qpy = NY/27%svL B D, = Qpv/p,
with cutoff N®. Then

logD, _ 1/2—kpv—r1 BloglogN

= 1
alog N « alog N >
eventually, uniformly for 71 < 1/3. Thus the upper sieve F' is legal, and
(2.37)
2 1/3 1/2 — kgy — 1\ dr
7 = — Fl 44— — Dg > T, 4 —o(1).
stoo) = 2 [ (I Dz o) /- o)

The BV error includes comparison with the 1/2-level profile. Section 5 gives the
full weighted BV remainder, prefix multiplicities and endpoint direction. This row
uses the classical proof, without structured slot normalization or C1-C5. Its BV
error is subtracted once, together with its main term.
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2.5. The retained curved S10 row. This subsection bounds the retained curved
row.
Lemma 2.5 (Retained curved profile). Put
Co=57/64 —u— (11/5)ar, Bo(r) = min{8, max{a, Cy — 5r/2}},
B-(t) = min{3, max{a, Cy — (5/2 + 37/2)t}},
R(t) = min{pt, A}, sel(t) = min{B,(t), Bo(R(t))/p}.
The actual source is
(2.38) WD1g := + Z S(p1p2, N¢).

n<ry <A
a<rg<p, rog<Bg(ry)

Ret consists of whole parent-label cells with to < sel(t1). For the curved source-
trimmed target

)\ Bo(T'l) _ _ _
(2.39) To = i/ / f(57/6'4 u—(5/2)r 7‘2) dradry
n Ja

et « 172

we have
(240) D10 Z 110/4 —7.1607 — 510 - 00(1).
The profile and S2-tail errors are zero.

Proof. On clipped support, ro < pta < Bo(R(t1)) < Bg(r1). Thus Src = RetUDrop
at finite N. The coefficient +1 permits discarding Drop before estimating Ret.
The literal prefixes [N#, N*), [N®, N?) are disjoint. Hence M, = 1 and the prefix
diagonal is empty. Selection is constant on whole labels. For anatomy A, to < (8
gives residual 13475869 /473388000 > 0. Table 2.1 verifies the lower cutoff, including
the crossing band. The tested source stays Ap, with shift N. On Ret,

a(Stive = Ssaved) = (u—nr) = 7((5/2)A + B) > 0.
Increasing f gives the favorable direction. For every discarded actual point,

to >sel(ty), ro>ta, 712 < Bo(r1) < Bo(t1).
The larger of the two selection deficits bounds the strip. The projection P onto
[a, 8] is 1-Lipschitz, so By is 5/2-Lipschitz. The two deficits satisfy

By(t) — B-(t) < (3/2)tr,
Bo(t) — Bo(R(t))/p < (5/2)(R(t) — t) + (1 = 1/p)
< (5M\/2+ @)

The projection estimate covers the § cap, affine middle and « floor. The two

displayed inequalities cover both branches of the minimum. Also R(t) —t < 7X,
including the clipped case R(t) = A, and 1 — 1/(1 + 7) < 7. Therefore

36737

= o110

This includes endpoint cells: t; < ry < A, t2 < ro. The inherited labels at p, A are
retained. On the whole canonical source, 11/5 < s < 11519839/3200000 < 4. Here
f(s) =2e7log(s—1)/s increases on [2, 4]. The D-density is at most log(3)/(4arirs).
Hence

width < (5M\/2 + 5)7

log 3
402

A—p

AD < T < 5.137T.

(50/2 + B)
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For an exact rational check, use log3 < 10987/10000.

2. (10987/10000)*
Yo >3
k!

k=0

Substitution of «, 8, u, A gives the strict 5.1377 bound. The independent Appen-
dix A.3 bound uses f < 1 on this same strip:

eV (5 A
AD< — [ =A+ [ |log— 7 < 4.827 < 5.137T.
202 \ 2 I
These are two bounds for the same loss. The error account retains and subtracts
only the single conservative allowance 7.1607; the allocated common error &g is
charged once in Section 6. Section 6.3 assembles the endpoint and common errors.
Lemma 2.2 supplies preparation, with Kp = K, = 6(Cp+1)+2 = 2012 < 24C}+26.
The coefficient identities and masks apply with the stated signed row coefficient. [

3. THE S2 GROUP: A JOINT THREE-PIECE ESTIMATE

This section bounds the four S2 rows jointly from below. These rows are
{S2-0,52-1,52-2,S2-3(K/PF)}. Their signed lower functional is $2-T8/4.

3.1. Source partition and four rows.

Lemma 3.1. The plain S2 source satisfies (3.2), with the disjoint partition (3.4).
The selected third row has level and cutoff (3.5).

Proof. Fix

1 50 1

= —_—, = — = = —, 0< <10_10’ — 9’ :1 :
500 P73 €A=L = 10000 7= T=on p=AAT

09’

where ¢ is sufficiently small for the AA37 constant and is fixed before N. Then N
tends to infinity through even integers. Put

AD(U) = 1{11 prime}l{N/log30 N<v<(l—ea)N}> -AO = {N — v AD(U) = 1}

Sections 3-5 use this endpoint, with the normalization
(3.1)
1 p—1 N
cv=1] <1 - 2> [[7— Uc=cWV)—5—, Wy=4(1-€a)Uc.
e (p—1) ple—Q log” N
p>2

The first product is positive, and the second is at least one. Thus Wy > N/ log® N
uniformly in even N.

The unsifted AA37 input is AS} = Ag. By (1.7), Sz.raw = S(Ao, Py, NP)+ A5,
where A" contains low-tested-prime and exceptional v | N cells. Source-square
restoration is empty at b = 1. For a Buchstab prefix b over Py, put

Spi(b,2) = S(A5,. Py, 2), A, ={N-v:Ap(v)=1,b|N—v},
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where N — v is sieved with the empty cofactor allowed. Then

To = Spi(1,N*),
Tl = Z Spl(plaNu)v
Nu<p;<NP
(32) T2 = Z Spl (ppoa Nu)7
Nu<py<p1<NF
T3 = > Spi(p1p2p3; P3);
Nu<p3<pa<p1<N#

So(1, NPy =Ty — Ty + Ty — Ts.

This follows by applying Spi(b, 22) = Spi(b,21) — -, <p<, Spi(bp, p) twice, with
repeated factors of N — v still allowed. The final cutoff is p3. Modulus-one coef-
ficients give (f, F, f, F'), and the cutoff factors (500, —500, 500, —1) come from 1/u
and ps.

Let r; = logypi- Put A = {u <13 <re <r < p}, gr) =r +2ry+
drg, H = 2B Set PF = An{g < H} and Rl = An{g > H}. The cells
carry the inherited global half-open labels t; < r; < pt;, Pti) = {p 1t 2N :
Nmax(tiw) < gy < Nmin(etif) 1 Clipping at u or 3 preserves each label. A whole cell
is selected when

(3.3) h(t) =t + 2t + (44 27)t3 < K, K =H + 278,

Let F be the selected union in A. Its strict complement B has h > K. For g < H,
h<g+2rts < K,and on F, g < p(t; + 2t2 + 4t3) < pK. Hence

(34) PFCF, BCRl, A=PFU(FNR)UB, FNRIC{H<g<pK}.

Equality belongs to PF or the selected label. All three pieces retain the negative
sign of T5. The coupled cut ¢ = H is compared with one whole-K product-block
estimate.

On a selected prefix block, put

(85) Ly=N"m-2t =N (r=0,1,2), 2=E=N" (r=3)

where 0, is the actual analytic cell infimum. Since E5 < p3, Spi(b, p3) < Spi(b, E3),
the required upper bound for the negative row. Its sieve argument exceeds 1.0117.
The whole-K cells satisfy the admission envelope h < 1 — 2ny. Here K < 1 —
2, (1 —2n) — H = 19/5000. The boundary estimate retains the sharper
condition (3.3). O

3.2. Coefficients and prepared hypotheses.

Lemma 3.2. The four signed rows satisfy H1-H7 of Theorem A. Their coefficients
are (3.6)-(3.8), with both masks (3.11).

Proof. Fix a complete symmetric prefix/tail block k with its AA37 signs, and put
Cr(q) = ZdAA,(pj)AdAAl{q:dAAH_pj}' The smooth support is daa < Lf, daa |

Py (LgQ). It is squarefree, with primes avoiding 2/N. The empty tail is included
once. Before unequal-coordinate dissection, complete equal-bin prefixes are divided
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by M, =[] |G|!. Packing puts daa wholly in slot 1, and the labelled convolution
of slot s is divided by |Js|!. Thus

Ck o C'slot

(3.6) s

3
(71 * Y2 *73)3 Cslot - H ‘JS|'a h/S‘ S 1.
s=1

The prefix and slot factorials have distinct roles. The signed remainder and its
external scalar are

(3.7) Ry =Y (m*v2 1) @A (g N), ¢ =wkcns pox

q

Cstot
M, -
Prime realizations and smooth divisors stay inside the convolution. Absolute values
are taken after the signed g-sum.

The local density is wy(p®) = p/(p — 1) for every a > 1, with higher-power con-
stant 3. Put Uy = C/M}. Let ZEynion be the disjoint forbidden tail/prefix correc-

tion and Z,j0wed the allowed-repeat correction. Let W be the retained squarefree
coefficient. Then Oy = Uy, — Eunion = Wi + Zallowed- With ma = > Ap(v), define

E(v,q):l 'AD (U)
v(q) '

ma

o(a)’

Substitution before HB gives

(38) RAA = Sslot +Ncsf *Z wkEunion(q)AP (Q)JFZ wkEallowed (q) (AO?AP) (q)
k,q k.q

Aolg)= Y Ap(v) -

v=N(q)

Ap(q)= Y Ap(v) -
v=N(q)

Every source modulus is eventually below N%C. Tested primes exceed N/ log® N,
so Ag = Ap on the original source. Its squarefree NC and grouped allowed-repeat
difference vanish before HB. For X, = Li(Y7) — Li(Yp), the term (ma — X1;)/¢(q)
is kept as the mass-conversion error. The fixed logarithmic coefficient envelope
and quQ ©0(q)™! < log @ reduce it to PNT. A sufficiently large fixed logarithmic
saving gives o(Ug).

Choose a tested-prime shell [X,2X), with N/log®® N < X < N; on it HB has
cap 2X'/3. In each interior rectangle we choose the largest eligible elementary
rough factor, breaking ties by first index. Its coefficient is rough Mobius, rough
unit, or normalized rough logarithm, of modulus at most one. The complement
has at most five factors and is bounded by 75(m). With v = Ny, the full doubled
support satisfies

(3.9) X007 <y < XV3HI57 - My =X, N< XY/ |mn—N|>esN/2

This uses the original window [N%07 N1/3+149] and logy (N/X) < 0/1000 eventu-
ally. The shift stays V.

Lemma 2.2 supplies the equal-ratio mesh and integer endpoints. For all four rows,
including whole-K, it gives N; > (2V)1_27126, Ny > QX3 and M; > X'V/2. Tt
also gives H6, H7 and Class I. The internal packing Lemma 1.2 applies at the literal
Oy, and since t; < 8 < tgq, (2.17f) gives Oy > (1 +¢1)/2. Put T = t; + 2t5 < 35.
By (3.3), t3 < (K —T)/(4 + 27), so

1 T K-T
— Oy — 1 —t —ty—ta > = —py — — —
be =0y —nr —t1 —t2 t3_2 L 2 1527
1 38 K-—38 53 nL
> g2 012953 > fo = > _ L.
e R T W e Z =10
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Here 1/2 —1/(4 +27) > 0and 0 < 7 = ¢ < 1079, Every selected S2-3 cell
therefore has LZQ > Nto”, Including slot-1 smooth inflation gives

Q1 <vX™Y,
2Q2Q3 < X178,
A Q1Q30Q3 < X771,
(VQs/Q2)*vQiQ3Q3 < X271%7, 0 =7/32, Apae = X'H7/2,

(3.10)

The ambient margins are (7271/256,52,95221/1280,22407/256)0. After scale
transfer, dyadic constants and endpoint localization, they exceed (28,51,74,87)c
eventually. PF and the boundary region retain these margins and O,

The dispersion argument is the one in the distribution-input subsection, with
[Z1, Theorem 2.8, (3.17)—(3.20), (3.25)—(3.27), (3.57)—(3.60), (3.70)—(3.73)]. Its S2
parameters are as follows.

Step Data

First dispersion ZmGII\/[ |Bm|? < Mylog® X. For alm) = al(y =1, split
at a2 = vylog= 7 X.

SW precision Below: trivial BDH. Above: |[la(|2(20)Y/2 >

vlog~B34+4s+1/2 X Request this extra saving before
norm-normalized BFI.

Frequencies no = /1000, Hy = QR252X"°/MI, H, = 40H,; Hy <
|h| < min(2Hog, H.).
Mellin weight In (1.32), set a = N. Take w = 1 on [1/2,2], sup-

ported in (1/4,4). For U(t) = m(t) and Lo =
(log X)X, U(t) < min{l, I2,,/(1 + [t)?} and
Jo U@t) dt < Loge <, X37/4°. Here N/X < (log N)3L.

Coloring daisp = 1, Lo = 53/412 — 1/20000, ug = N%°" Px =
[ug, X3] NP. Normalized cost: 25:+K7 = (O, (1).
Derivatives €g = /2000 > 0.

Both norm cases give < Vjulog_A?’ X. The second dispersion retains
(311) (SlvNC) = 13 (Slaqdisan) =1

Representations are normalized by U(t) > 0, which is then restored. At U(¢) =0
the integrand vanishes. Both nonmodular Mellin phases of (1.32) are kept, and
coloring precedes aggregation. Fiber multiplicity is at most 7(b)73(c). Hence

V2

Q2R253'

Ut .
(3.12) |AL ()] <o QR(Z’;T Z |A?f,c,f(t)\2 <, U(t)2x°Wm
b,e,f

The spectral coefficient has the weighted norm

(3.13) S @B )3 < XD (H8)F,  F<v/Q.

n!’ ‘Noo
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For y = f(h1s] — has1) # 0, specialize to

(T,S,d, ¢, 'fl) = (Z7p07b7cap0‘y|)? ar :Sgn(y)N7 (Zb7poc) = 1a
(Rsp, Ssps Dsp, Csp, Nsp) = (Z, max(po, 3)/2, B, C,8pY),
Z €{S?2S8%, B<vR, C<vRS, Y < H,SF.

with the least prime pp { N. Then pg < log N < zp(X) and pg 1 ar, and (3.13)
gives the required weighted norm. Here py | ¢ remains allowed.

For unit slot 2, its atom s = 1 has S = 1/2. By (3.10), Hy < X 97 tmto()
so H, < 1 eventually and the frequency sum is empty. Every other nonempty
spectral scale is at least one. For general S, Hy/S < X—9tm+e(l) < 1 hence
1 < H, < S eventually on nonempty frequency blocks. Also F > 1/2; as
required at the weighted-norm endpoints. Finally, AmaxCspDspNspRspSsp <K
Xo/20+moto(1)AR456 < X10-01 By (71, (3.89)], the positive-epsilon prefactor is
eventually at most X0199199  Equations (3.10)-(3.13) give the signed spectral
bound.

Put Cpox = Cp = 334 and Kicale = 31. Lemma 2.2 gives the complete support

g< N°°,  ep=153/256 —n./2<0.6, ¢<X% (N/log® N <X <N).

This support includes repeated-prime moduli and every smooth divisor. The full
hypothesis check is as follows.

Condition S2 data

H1 Coefficient (3.6), with primes avoiding 2N; corrections
exactly (3.8).

H2 daa lies in slot 1; slots 2 and 3 are ug-rough. Keep
repeated primes and empty slots.

H3 and LEN (3.9)—(3.13), the full support above and Lemma 2.2.

Majorant: mo = M1+ r%)/2, 1 < r <5, |mg| <

2M < X/v. Ambient length: N; > (2y)1_27126.
H4 a=N,(¢,N)=1;0< N < Xlog® N < Xx'+9/20,
H5 N607 < p < N3+ and (3.9), with Lemma 2.2’s
endpoints.
H6 Elog <o N(log N)8=Co; Bygpy <o N(log N)16=Co/2,
H7 (3.16), using external coefficients only.

Theorem A, or [Z1, Theorem 3.2, (3.13)], therefore applies. The complete-weight
prime-source theorem has a different coefficient family. O

3.3. Shiu’s estimate and the three dispersion terms.

Lemma 3.3. Let .% be a prepared family of interior Class-II boxes satisfying the
local scale, roughness, support and coprimality hypotheses of Theorem A and (3.9)-
(8.11), with uniform fixed source constants. Assume the coefficient and scale bounds
(3.16), with J replaced by F and Ko = 8042. Then (3.15) holds with a fized
exponent Cg in place of Csa, and the normalized sum satisfies (3.17).

Proof. We first bound the deletion of fgeq = (m,r2) > 29. The restoration formula
in [Z1, §3.5, (3.45)] retains (m,r3) = 1 by the exact Mobius expansion.
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Let MN =< z and L = logz, with local shift a. Assume fixed 0 < § < 1,
0<e<1/2,and

@? <N <a!/P2 0 Iy = Ny < NL™%,  |Iy| =2M; < ML™%,

with Iy C [N,2N] and Iy; C [M/4,3M]. On the doubled box assume |mn — a| >
xL=% > 1, and finally assume 0 < |a| < ziteand 1 < foea < Mz=%. For fixed
nonnegative B;,

M;N
B14) D )P Y r(m)Pr(lmn - a)® < %( (faea)L)O2: D
nely mETM ged
fgcd‘m

To prove this, write m = fgcam/, so the interval length is H' = 2M;/ fgca > 29/2.
For fixed n, put ¢ = (fgean,|al), v = fgean/g and @’ = a/g. Then (v,a’) = 1,
mn — a| = glvm’ — d/|. Put £(m’) = fecanm’ — a; consecutive values differ by
facan < (Mz7%)(2N) < x1~°. Opposite signs would imply |[£(m')| + [¢(m’ +1)| =
facan > 22L~C%  a contradiction, so the sign stays constant. The values [vm/ — a/|
lie in one reduced class modulo v. Their interval has length Y = vH’ and endpoint
Z < x'*°. Choose fixed 0 < b < min(1/4,5/[8(1 + ¢)],6/8). Since v < z!*+o)
and H > 2%/2)Y > Z% and v < Y'? eventually. Shiu’s reduced-progression

bound [15] gives >, 7(jvm’ — d/|)¢ < %LQC& < H'LO°M. For modulus

one, >, T(faeam')® < T(faca)H'LOcM). We use Cauchy—Schwarz and 7(g) <
T(fgea)T(n), then the localized divisor moment. This proves (3.14), including signed
shifts. The modulus condition uses Y = vH’ and Y/v = H'.

Take © = X, Nigcal = v, 6 = 300, ¢ = ¢/20 and ¢ = Nampient- By [Z1,
(3.6)] and (3.9)-(3.10), feea = (m,72) < ro < M;X 397 <« MX 3% where
M < M(log X)™33% and o > 0 is fixed. Thus (3.14) applies.

In the following divisor sum, 7o is the second two-rough-slot product of [Z1,
(3.28)—(3.31)]. Its primes are at least uy = N%" and r, < X6, Counting
repeats gives Q(ry) < 23%, 7(ry) < 2%0m) <« 1. This includes 7y = 1. Every
nontrivial fegeqa | 72 satisfies feca > wo > 2o(X) eventually. For fixed B > 0,
Do fuealrs T(fii‘;)B < T(Ti)OBH <s.B % We partition by the exact value feeq =

feea>z0(X) -

(m,r2). Dropping the remaining ged condition and summing (3.14) gives

M
STrmP ST rm)Prr(jmn — a)? <, UM (log X)°,  |L|=uvr.
nely mETM 0

(m,ra)>1

The divisor weights fix C' independently of 7.

The mixed term keeps ¢qr; | mny — a. For fixed (m,ny), the number of ad-
missible pairs (g,7;) is at most 7(|jmn; — a|)?. Also p(grs)~! < (log X)¢/(Qr2),
Ar,| <o 1and 37, 1 < vy Increasing Bz by two and using ) _pg ryt <

2
1, we find the positive deletion error Egeq <o ngu 1;1 (log X)¢. For pure density,

> g=0 (@) 2, cgrg e(r) ™! < (log X)¢/Q. This gives the same bound. Copy
symmetry gives the first-copy deletion bound. For two congruences, qry | mnz — a
and (gre,a) = 1 imply (m,r2) = 1, so its deleted contribution is empty. These
three bounds include unit rough slots, and both masks (3.11) remain in force.
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The first Cauchy-Schwarz inequality is |S|> < QM (log X)¢S’. Its full divisor-
deletion contribution is at most

(QM;(log X)C Egeq)'/? <o Myvi(log X)Cug '/ <y X107 /2 (10g X)C.

Since £y0%/2 = 2c, > c,, this term is absorbed by the power-saving term estab-
lished below in (3.15). The exact mixed term retains (m,re) = 1 via [Z1, §3.5,
(3.45)], and the divisor sum above gives its full alternative bound. Restoration and
near-diagonal/BDH recombination follow [Z1, (3.34)—(3.47), (3.49)—(3.53)], with
both masks and all three dispersion terms kept.

Theorem A is applied at Awork = A’ + 4. Its local terms are X log_AWork X;
and X;_C" log“?* X;, where ¢, = 125 — s5855)0% > 0. The latter includes GR
restoration and first-CS deletion. Here £y = 53/412 — 1/20000, ¢y02/2 = 2c,.
Three internal modulus-slot shells cost at most log® X 4, 50 the first term is at most
X; log_A/_1 X; < X, log_A/ X;. With shell and source-specific GR logarithms
absorbed into Cgs,

(3.15) IRj| <o Xjlog™® X; + X} 7% log®s* X;.
For the external family 7, Lemma 2.2 gives
(3.16) > el < Colog®® N, N/log* N < X; < N,
JjeET

Here Ky = K52 is fixed before A’. Put L = log N. Lemma 2.2 gives K, = 6(C}, +
1) +2 = 2012. We use the larger envelope Ky = 24C}, + 26: K@Q =24-334+26 =
8042, A’ = 8047, Ayork = 8051. PF and the selected boundary region form
one whole-K family. Their prime realizations and smooth divisors remain internal.

For %, we replace J and Cgs in (3.15)—(3.16) by .# and any fixed Cz. With
Ky = 8042, A’ = 8047 and denominator (3.1), we get

1
Er(F)=—>|c||R|
Wy jeF
(3.17) &, LKot2=A
+ N*CULK0+09+2+31CU

<z L—3 + ]\/V—c(,I/8044-‘y—Cg-‘,—31017 _ 0(1)

Here 8044 = Ky + 2; the extra 2 comes from Wy > N/L?. By (3.1), Wx >
N/L? and 3logN < logX; < logN. The bound X; > N/L3! gives 31c,. Also
Ko+2—A" = 804242—8047 = —3, and for fixed B, e %8 — 0ast =log N — oc.
Here o > 0 and all source and box parameters are fixed before Ny. For S2 we take
F =7J,Cg =Cse and Ery g0 = Er1(J). O

3.4. The strict BV complement.

Lemma 3.4. The source on B has upper main comparator (3.19) and remainder
o(U¢), at the actual cutoff ps.

Proof. For r € B, put b = p1paps, @Qpy = Nl/z_”log_B N, k=10"% D, =
Qpv/b, 2y = /Dp. On all of R1,

(3.18)

logx Dy > 3/206 —k —o(1) > 0, 2r3 —log Dy > 63823/309000 + k4 o(1) > 0.
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Write Ly = log N. Since B C R1, g = r1 + 2ry + 4r3 > H = 249/250. Ordering
gives g < Try, so ry > H/7 and

4H
1 +T2+2T3:79_;r1 > ?

The definition of Dj now gives

1 loglog N
rg—logNDb:r1+r2+2r3—§+n+3%

4H 1 loglog N
it petet
T T RPN
121 loglog N
= — B O.
1750 TP e N 7
Hence 1 < Dy < ps3 for all sufficiently large N, and z, = Dy < ps. Sifting is

monotone in its cutoff, so
Spl(b,pg) S Spl(b, Zb).

Apply the s = 2 upper sieve to the right-hand side. Its squarefree weight has
A4l < 1,d < Dy and d | Py(2). Thus every prime factor of d is below ps;
indeed d < Dy < p3. For k = bd, the three largest distinct prime factors recover b
uniquely, also when d = 1. The actual aggregate weight ay = )\; a1{b belongs to B}
has |jallsc < 1, ||al|3 < Qpv, and the prefix/divisor multiplicity is one. Here
N mod k is reduced. The two-endpoint remainder is at most twice the classical BV
maximal sum. It is O4(Nlog™? N) = o(U¢) for sufficiently large fixed B. The

positive upper comparator is enlarged from B to R1:

4d7’1d7’2d7’3
3.19 I = / .
( ) Bv r1"1rar3(1/2— Kk —11 —1ro —13)

The factor 4 includes Mertens and F(2). Thus Ipy enters directly, with its stated
normalization. The comparator overlaps F N R1. The source partition (3.4) stays
disjoint, with its original boundary conventions. O

3.5. The signed functional, tail and endpoint.

Lemma 3.5. The selected endpoint is (3.22). With its tail allowance included, the
source satisfies (3.23).

Proof. Put a =2/e”. Define

(1+1)/2, 0<t<25/128,
u(t) = { 57/64 —3t/2, 25/128 <t <1/3, ¢(x,y) = 21(s>y)-
0, otherwise,

Let 9(r1,79,73) be the maximum of
v(ry), v(re), v(ry +ra), v(ry +ro +73),
¥(min(153/256 — 3r3/8,1 — 2r3), (1 +11)/2),
1 (min(153/256 — 3r2/8, 1—2r3),(1+7r1)/2),
(v(ry +13),r1 + 2ra+13), Y(v(ra +713),2r1 + 19 +13).
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Put
so =19037/64, ai(r) = (I(r,u,u) —u—r1)/u,
as(ry,re) = (W(r1,re,u) —u—1r1 —re)/u,
s3(r) = (I(r) —u—r1 —1r2 —713) /13,

a dr

B
Pt [f(so) e [ et

dridrodr
du= "2 v = [ V= [ an
17273 A R1

d’l"l d’I"Q

ri7r2

Jprp = / [F(max(s3(r),1)) — 1]du.
PF
The signed functional is

(3.20) T8 =P —aV —aJpr+(aVg —Ipy) = P — a/ F(max(ss,1))du — Iy .
PF

It combines the prefix terms with the third-term comparison. On PF, ¥(r) >
(14+r1)/2and g(r) < H=1—2u. Thus 9(r) —u —7r1 — 19 — 213 > H%m > 0.
Hence s3(r) > 1 and F(max(s3,1)) = F(s3) on PF, with equality possible on its
boundary. The analytic whole-K argument 1.0117 uses level loss ny,. At depth one
and u < r < 8, the w guard is active and its branch gives ¥(r, u,w) > 19101/32000
throughout the whole parent cell. Thus the numerator margin is at least u —n =
19/10000 > 0.

The source/profile numerator margins are u — nr, — 987 > 0 on triples and
u/2 —ng, — 587 > 0 on second prefixes. By continuity and the 2-Lipschitz S2 hull
bound, and since v(r;) dominates at indicator switch-off, ©, > ¥(r)—657. Inherited
endpoints cost at most another 347, and the numerical and analytic losses are u
and 7. Missing-coordinate infima retain the floor 153/256 — 3u/8 and the relevant
v(ry + r9) candidate. Depth-two padding costs at most u/2 + 587. Increasing f
and decreasing F give the signs in (3.20). PNT/Mertens, harmonic prime measures
and equal-bin factorials give the ordered integrals. Here 7 is fixed throughout.

The boundary region has width dx = pK — H = 7(H + 23) + 2672. Its outer
ordered area is at most 32/2, and each fiber has width at most dx /4. Also aF(1) =
4. Including the dynamic cutoff,

1+ 27’)ﬂ25[{
Sut
Thus the cell-selection/dynamic allowance is 2750096807, while the boundary arith-

metic discrepancy is estimated separately.
The directed 192-bit Arb inputs [23] are:

Prefix n = 600
PF upper n = 1536
Corner lower n = 2800

(3.21)  Esgup < < 2750000007,  Egyn.p < 27V < 96807

The true sieve functions f, F' are used beyond 12. Put E(s) = max(F(s) — 1,1 —
f(s)). The finite delay-integral enclosure gives E(s) < 6-107% on [11,12]. The
classical linear-sieve asymptotic gives F'(s) — 1 = O(e™®) and 1 — f(s) = O(e™?).
Thus e*E(s) is bounded for all sufficiently large s. Since f, F' are continuous, it is
bounded on the remaining compact interval. Hence B = sup,~q; € E(s) < oo before
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the contraction below. The same decay gives integrable tails and the vanishing
limits used next. Integrating (s(F(s) — 1)) = f(s—1) — 1 and (s(1 — f(s))) =
1— F(s — 1), with their vanishing limits at infinity, gives the exact identities

o0

S(F(s)— 1) = / (1- F(t))dt,

s—1

s f(s) = [ (o) - vy
s—1
and hence, for s > 12,
sE(s) < E(t)dt < Be'™®.
s—1
Separating 11 < s < 12 from s > 12 gives B < max(6 - 107 %¢!2,eB/12). Since
e/12 < 1, this implies B < 6 - 107%12 < 0.976529 < 1. The preceding integral
bound therefore gives E(s) < e!~%/s for s > 12.

Fix u <ry <r; < and write R =11 + 19, x = r3, C = 153/256, L = 57/64
and A = (1 4 r1)/2. The PF fiber has u < & < ro and r; + 2ry + 42 < H.
On every affine branch ¢(z) in the hull, its argument is sy(z) = ¢/x + k, where
s¢ = (¢(x) —u— R —z)/x. The following list covers every branch of v(r1), v(ra),
v(R), v(R+ z), the two unguarded parts of each of the first two ¢ terms, and both
branches of each pair guard:

Branch ¢ c Lower bound for ¢ k
v(ry) 1/2 —u—1r1/2—1r2 1/2 —u—38/2 -1
v(ra) 1/2 —u—1r1 —7r2/2 1/2 —u—38/2 -1
v(R), increasing 1/2 —u— R/2 1/2—u—-p8 -1
v(R), decreasing L—-u—-5R/2 L—u—-58 -1
v(R + z), increasing 1/2 —u — R/2 1/2—u—p —-1/2
v(R + ), decreasing L —u —5R/2 L—u—58 —5/2
q =C —3z/8 C—-—u—R C—u—28 —-11/8
g1 =1—2ry 1—u—ry —3r; 1—u—4p -1
g2 =C —3ry/8 C—u—ry—11ry/8 C —u—193/8 -1
g2 =1-—2z 1-—u—R 1—u—28 -3
v(ry + ), increasing 1/2 —u —1r1/2 —7r3 1/2 —u —33/2 —-1/2
v(ry + x), decreasing L —u — 5r1/2 — rg L—u—-78/2 —5/2
v(re + x), increasing  1/2 —u —ry —ra/2 1/2 —u—33/2 —-1/2
v(re + x), decreasing L —u —ry — 5ra/2 L—u—-78/2 —5/2

Here ¢; = min(C —3x/8,1 — 2rs) and g2 = min(C — 3ry/8,1 — 2x). Substitution
of u =1/500 and 8 = 50/309 shows that every lower bound in the table is at least
Cmin = L —u — 58 = 196681/2472000 > 0. The permanent baseline A = v(ry) is
always present. The guards ¢; > A switch off only, since each ¢; is continuous and
nonincreasing in x; at switch-off its value equals A. For the pair guards put

Dy =v(ri +x) = (r1 + 2re + ), Dy =v(rg +x) — (2r1 + r2 + x).

Since ; + = < 28 < 1/3, these functions are continuous, strictly decreasing, with
slopes —1/2 and —5/2 on the two branches. On the increasing branch D; > 1/2 —
36 = 3/206 > 0, so switch-off can occur only on the decreasing branch. At a
switch-off, direct substitution gives
(r1+2ro+xz)— A= —r1/2+6ry/5—23/160 < —1507/49440 < 0,
(2r1+ro+x) — A="7r;/10 — 23/160 < —1507/49440 < 0.
Thus removing either guarded branch cannot raise the hull. All affine crossings
and the kink of v are continuous. The only other drop is v(R + x) at R+ x =

1/3; its left value is 25/64 < A, so it is inactive there. Every active branch has
sy(r) = —c/2? < —cpin/7?. The full argument hull s3 is therefore continuous
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and strictly decreasing on the fiber. Its finitely many affine pieces have disjoint
s-images. Consequently, with no branch-count factor,

/ (F(ss(@) - D2 < L [ B(s)ds
{z:s3(x)>12} x Cmin J12
6_11
< .
- ]-QCmin

Integrating over the full ordered (r1,72) triangle gives

dr1dr2 o } 2
L T2 _ D log(5/u).

<rp<ri<p T1T2

The true PF tail above 12 costs less than

alog’(B/u) e

4 2 12¢min
Here a = 2e~7 > 0. The lower endpoint uses P,,, upper products aV and a(Jpr)ps,
and the lower corner endpoint. All prefix arguments exceed 128. Their repair costs
less than 1.154 - 107°* D. Both repairs fit strictly inside 1/20000. Adding the true
tail to the finite PF upper bound gives

G — P, —aV —a(Jpr)ni + (aVe — Ipv)ie 1
(3.22) s 4 20000
> 1.61958135698908352559133404332105729220076714081650.

< 4.739184885736468 - 10° D units.

This eight-branch bound is in D units. It includes that allowance.

The source identities and preceding estimates yield
(3.23)

% > dpg — 2750096807 — Eaa,s2 — Err,92 — €rest,s2(N), €rest,s2(IN) — 0.

N
The four rows and three third-row pieces form S2-T8/4. Equation (3.17) includes
CRT, colors, zero mode, Poisson, Theorem 2.8 and all three GR/dispersion terms.
At b = 1, the source-square restoration is empty. The weighted low-tested-prime
and exceptional-source bounds are O, (log™® N') and O,,(log® N/N). Direct proper
prime powers have raw bound X1/2t°(1) and their actual scalar sums are retained.
Theorem 5 bounds the forbidden square union by O, (N —too? log* N ). The NC
and allowed-repeat terms vanish in the actual-mass convention of (3.8). The Li
convention retains the weighted source mass conversion.

For H6, the normalized LOG and boundary errors are O, (L?°~¢") and
O, (L'8=C0/2), Class T is O, (L), with A7 = 2018, and at Cj, = 334 these enter
erest,s2- The strict BV source is B, with main term in (3.20). PNT, Mertens,
endpoint and mass-conversion errors vanish. The fixed 2750096807 lies outside
drs, while the allowance 1/20000 lies inside it, in D units. Finally, E_AA,S2 is
the S2 share of the global AA37/G2 error. Its fixed O(o) part stays separate
from e,est s2. Each contribution enters once. The joint functional includes the S2
f-to-F comparison and R1 corner. The S1 f-to-F and G1 PR-M terms remain
separate. This proves (3.23), which Section 6.3.5 uses in the full error sum. O

4. THE SWITCHED ROWS 5117512,813

This section proves a joint lower bound for the switched rows.
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4.1. The source and its finite signs. This subsection describes the source and
proves the finite-source sign lemma. Fix the parameters

(4.1)
100 50 93 25 1
= —_—— = —_— = —_— = —_— = —_— = = 10_4
*=T9 P 39 000 "7 YT 000 ATE
Let 0 < ¢ < 10710, and put
(4.2)
9 C(N)N

Tg=7=0", p=1+71, L=logN, Uc= W=4(1 —¢ea)Uc.

Lz
The D-unit denominator is W. All sieve primes belong to P(N) ={p >2:p{ N}.
Source primes dividing N enter the final error table, as do repeated source primes
in squarefree identities. Write
(4.3) A., ={e=N —p:pprime, p< (1 —c4)N}.

Let t; = logy pi- The source forms, each with e4N < e < N, are as follows.

Form Exact representation and constraints
D113 e = pipap3, N> < p1 < N3, pi < pa, p1p3 < N,

P3 = D2
D114 e = p1p2p3p4, the same outer conditions, ps < ps < py
D12 e = pipap3, N® < p1 < NY3 < py, p1p3 < N, p3 > po
Ds3 e = pipaps, NP < p1 < N* < ps, p1p3 < N, pipap3 > N

On D3, the two endpoint orders give distinct representations. The condition
p3 > p2 is omitted there. Let Ri; = Ri1,3 + Ri1,4, Ri2 and R;3 count representa-
tions, and put

(4.4) Ag(e) = (2R11(e) + Riz(e) + Riz(e)) e yN<e<N-

These forms exhaust the sources. For Dii, 5A > 1 allows at most two cofactor
primes, and e4 N > N2/3 excludes cofactor 1. A composite Dys cofactor gives
e > N°tl > N. Two D3 cofactor factors give e > N, because each factor is at
least \/N/(p1p2). The linked source parameters are:

Form Weight HB patterns/factors Cofactor cutoff

Diis 2 27 /6-3 P2
D1174 2 81 / 24 P2
D12 1 27 / 6-3 P2
Dz 1 27/6-3 N/(p1p2)

All four forms use rows G1-0 through G1-3. Their faces are listed in (4.36) and

the boundary-family table. Their multiplicities satisfy (4.6) and the sharper peel

bound below. Every source coordinate is at least N*. On Di; 3 and D 4, each

remaining factor is at least po > p1 > N*. On Dia, p3 > ps > N3, Only on D3

do we use its square-root cutoff. There to < (1 —t1)/2 and t; < A < 1/3, so
1—t;—ty  1—t; 1

. 3> - .
(4.5) ts > 5 > 1 >6>a

For absolute estimates,

(4.6) Ac(e) < 2(3!+41) + 3! 4+ 3! = 72 < 100.
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For the peel, Ag < 3. Ordering gives Ry1, R1o < 1. If Ry; > 0, all factors are
at least N*, so Rj3 = 0. Otherwise D;3 chooses one low-band and one high-
band factor, with at most (h < 2 choices, where [ + h = 3 and [,Ah > 1. Thus
2R11 + R12 + R13 < 3, before any union.

Let I;(e) count the admissible divisor tuples, retaining P~ (e/d) > z and every
original coprimality condition. The identity is

(4.7) Wiz =311+ 1y =213 — Iy — Is — I — Ir + Is + Iy + I1o — 2041 — 12 — I13.
With 75 = 57/224, put

48)  B(r) = {ﬁ,. B<r<u,
min{8, max{a,57/64 —u — (5/2)r — (11/5)a}}, uw<r <A\
Row Weight Divisor variables and range Cofactor cutoff
S1 3 d=1 N«
Sy 1 d=1 N#
Ss -2 d=q,a<logyqg<p N®
Sy -1 d=gq, p<logyqg<1/4 N
Ss -1 d=gq, 1/4<logyq<Ts N
S -1 d=gq,7s <lognqg<1/3 N«
S7 -1 d=gq,p<logyqg<A N«
Sg 1 d=qqz, @ <logy g2 <logy g1 < N®
Sy 1 d=q1q2, « <logyq2 < B <logyq1 <p N«
S1o 1 d=qiq2, p <7 =logyq <A, N«
a <logy g2 < B(r)
S11 —2 p1, P2 in the Dy outer domain D2
Sio -1 p1, P2 in the D15 outer domain D2
Si3 -1 p1,p2 in the D13 outer domain N/(p1p2)

Lemma 4.1 (Finite-source signs). Let N be sufficiently large. Suppose e €
(eaN, N) is squarefree and coprime to N. If P~ (e) > N“ and Q(e) € {3,4}, then

(4.9) Wis(e) < 0.

Proof. The exact sum Y ¢; is kept. Let k; count primes in [« 8), [8, A), [A, 1/3) and
[1/3,1). For a second-band exponent v, let mp(v) count first-band primes below
B(v). The first ten rows give

ko
k
(410) By = 3+1k1_0—2k1—2k2—k3+<21) +Zm3(vj), 0< mB(vj) < ki,
j=1

and hence Wi3 = By—2R11—Ri12—R13. The cases k1 = 2 and k1 = 1 give By < —k3
and By < 1—ky— ks, respectively. The latter is positive only at (1,0, 0, 2), of degree
3, where R = 1. Three fourth-band factors with a first-band factor exceed N.
For k1 > 3, the lower slab leaves only (3,0,0,1), where By = 0. It suffices that

(4.11) eAN?37308 5 1

Three first-band factors and a fourth below 1/3 have exponent less than 38+1/3 <
1. Four first-band factors have a smaller upper bound.
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If k1 = 0,ky > 2, then By < 0. If ky = 0,ky = 1, then By = 2 — k3. At degree
3, take the second-band prime as p; and order the remaining primes as py < ps.
Then p1p3 < e < N, and

(4.12) pipaps = ep3 > eaNTA > N if e,N* > 1.

This is a D13 representation. When ks = 0, there is also one D5 representation,
and these cover ks = 0,1,2. At degree 4, k3 > 2, since 5+ A+ 2/3 > 1. Finally
suppose k1 = ko = 0. Degree 3 gives k3 > 1 and one Dj; representation. For
ks = 1, there is also one D5 representation, and they cancel 4 — k3. At degree 4,
all primes lie in the third band, where 3\ +1/3 > 1 and By = 0. (I

Conditions (4.11)-(4.12) and e4 N > N?/3 hold eventually, and the finite radial
range is 1 +logea/L < > t; < 1. Section 5 gives (5.31)—(5.32) and positive excess
at degrees 5 through 11. Extra D3 representations lower Wis.

Define the weighted sequences

(4.13) B ={N —e:e€é&}, Ei={e:Rj(e) >0, eaN <e< N}
Each occurrence has weight R;(e). Then

(4.14) Sj < ZRj(e)lN—e prime < S(Bj;P(N)7N1/2) + O(N1/2He(1)),

Removing source conditions, including (m, Nd) = 1, enlarges these positive counts.
Their negative coefficients preserve the required lower bound. The sieve counts
primes N —e > N'/2 with weight Rj(e), and by (4.6) smaller primes and endpoints
cost O(N1/2+0(1)). A source coordinate ¢ | N may leave a composite N — e = gm,
and this excess is Egcexc. Restricting to p; t N gives equality up to the same error,
so (4.14) has a vanishing D-unit error.

The lower slab is exact:

(4.15) p<(1—es)N < e=N —p>eyN.

Its complement contributes zero. The source factors are eventually odd, so e # N,
and the shifted-prime source has e < N — 3. For the fixed target, set

A=3, C,=2334, Ngy=N(1-L3%),

(4.16) cut
EG - (EANv Ncut]» AG = AGleSNcuy

The cut is applied before Buchstab and AA37. Restoring it once costs
(4.17)

—333
RO :G1 < 100(NL 333 41), ED < 100(NL +1)

cut — W :O(L7331)+O(L2/N)

Discrepancies, membership and boundary faces use (4.16).

4.2. The four sieve rows and their coefficients. This subsection sets up the
four sieve rows and their signed remainder coefficients. Put B&" = 2By + By +
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B$4t in which the source weights occur once. Three Buchstab steps give

S(BE', N*) = S(BE* N*) = > S(B&")ay, N")
Nuv<ai<NH

(w1s) Y S e N

Nuv<as<a <NH

- Z S((B%ut)alazama?))'

Nu<az<az<ai<NH

Here a; € P(N), and the cutoffs exclude their endpoints. Also S(Bg*, N/2) <
S(B&*, N*). The cells are endpoint-clipped parent intervals [N, N**) with inher-
ited lower labels. For the full anatomy infimum ©., put

c

T
(4.19) le=0c—nL— Y ti, D, = N, U, = D7 .
=1

AA37is applied at D,, with relative tail labels. The smooth divisor satisfies d < DZ,
d | P(uc; N). All source forms use the following four rows.

Row Prefix AA37 2ARr Base cutoff and retained cells
G1-0 1 upper F —1 N%; all
Gl-1 ay lower f +1 N all
G1-2 a; > as upper F' —1 N%; all

G1-3 a; > as > a3 lower f +1 E = N®¥ after PR; O, —nr —t1 —
t2—<3—|—27’)ﬁ320

The first three residuals are at least
19101 _ 19101 o 19101 o _9
32000 ™ 32000 F T PH 39000 BT PR

For G1-0-G1-2, the smallest completion coordinate satisfies z3 < u, so the active
w branch is at least 19101/32000. If its guard closes, or the parent crosses u, the
v1 (1) branch gives the same lower bound. Hence ©, > 19101/32000. Dividing by
u gives values above 30. For the fourth row, put Ageor = 53/256 — 1, — (3/2)pr.
The largest anatomy coordinate is z; € [t1, pt1], and the full anatomy contains
v1(2) = min 1"2’”37 32534'”, % - %T , also across p. The middle branch exceeds the
first for 2 < 25/107 and the third for 2 > 175/1568. Since 175/1568 < 25/107, it is
redundant. Hence ©, > min { 12“ , % — % ptl} . The increasing branch is evaluated
on the left and the decreasing branch on the right. For to < t; < u, both residual
branches decrease. Thus

1 3 57 3
@c—tl—tgzmin{—u,—<l—|—p>,u—,u}

(4.20)

2 27764 2
. 53 53 3 53 3
= mln{%G, 256 2@7’} =256 " gHT
Subtracting 7, + t3 and using the retained-cell condition gives £, > Afoor — t3
and ¢, > 2t3, whence £, > % > 110307090 > Ly, ly = % — m. The exact

condition is ¢, > 2pts. It gives the lower-sieve range on the whole cell, including
equality. The linked level and orbit data are:
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Row Lower floor for /. Orbit M, Ratio and outside
error

G1-0 19101/32000 — 7y, 1 s> 30; AA37

G1-1 19101/32000 —ny, — pp 1 s > 30; AA37

G1-2  19101/32000 — 5, — 2pp 1 or 2 s > 30; AA37

G1-3 max(Aneor — t3, 2t3) 1,20r6 s > 2; AA37 and
(4.57)

All rows use all four source forms and level (4.19), with exact signed remainder
coefficient (4.26). The common remaining errors are in the final table.
For the cut source, define

ClasN) = Y AG (L yx—e. Xo =3 AZY0),

(4.21) Yolg) = ) Ag(e), Ao(q) = C(g; N) — X /¢(q),
(e,q)=1
Ap(q) = C(g;N) = Yal(q)/v(q)-

For allowed odd p { Nb, take wy(p*) = p/(p — 1) for k > 1, so that wy(p¥)/p* =
1/¢(p*). Prefix primes lie above the cutoff and original tail primes lie below it.
Thus rsta((Ba)s, ¢) = Ag(be’), including ¢/ = 1 and repeated tail primes. Mertens
and > (p — 1)~2 < oo verify the density hypotheses uniformly.

Fix a cell and tail labels, and let O(q), C.(q) be the ordered masked and unre-
stricted labelled coefficients. Put M, =[], |Gx|!. With the actual masks Kr, Kp,

(422)  Zule) = 1 Ml - KrKp)l_ypp,. Ol = 50 =

Equal-bin permutations preserve the clipped prime sets, products, labels and sum-
mands. Unequal bins enforce order. For G1-3, the ag-cutoff difference is removed
first, leaving base £ = N*. The factor 1/M, and the prefix-diagonal correction
are kept.

Put ® = M 'Y C.Ap, NCy = > £ 0@ (Ao — Ap)(g), and Ea(q) =
0(q)14 not st- Adding and subtracting Ap gives

Raa=®+NCs— Y Eu(@)Apr(a) + ) Ea(a)(Do — Ap)(9),
(4.23) ! !

Ay— Ap = ~Xg *YG(Q)'

e(q)
Allowed repeats are kept with these masks. Composite sources may retain the com-

parator difference. Theorem 5 bounds both squareful terms. The tested congruence
is exactly

(4.24) (BEY)ql =Y AZ () 1gn—c = D AG () Le=N (mod -
Every actual modulus satisfies (¢,2N) = 1 and
153
q < N°, eq = ﬁ(1+7+0)<0'598'

By (4.28), X > cN, where ¢ = £4272* > 0. Eventually N°¢ < (eN)3/% < X3/5,
This verifies the full support condition of Theorem A; see [Z1, Theorem 3.2, (H3)].
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Primes below u, determine d uniquely, and rough positions are at least u.. Their
multiplicities e, allow at most m!/ Hp ep! assignments, and masks remove assign-
ments. Consequently

53 1 3
4.25 ¢ — = —— >0, M, =|——
(4.25) 0= 412 7 20000 7 {54002
which covers original, unrestricted and grouped coefficients. Fixed row conventions
are included in C,, and Nj,(0) enters aggregate bounds once. For 1-bounded slot
sequences we extract Csor = [ [, |/s|!. The D-unit formulas are

(2AR)ve (2A4R)veCuo
(4.26) R” ZC R” ”ZCH
slo

Here v, = +1 for upper AA37 and —1 for lower AA37. We form C, before this
sign. The slot factorial and source weights enter once, and K¢ is omitted from the
remainder.

-‘ 5 |’Y¢Z| SMO'!:: 00'7

4.3. Preparation of the product source. This subsection splits the product
source into boxes and checks the hypotheses of the distribution input. Order-3
Heath-Brown [12] is applied pointwise to every source coordinate. Then
(4.27) n(v)=[Jvi=e  s<6k<24.

i=1
There are 27 + 81 + 27 4 27 = 162 patterns per row, giving 648 row/form/pattern
instances. All source indicators are kept. Put § = L334, We split each dyadic shell
[2°,20%1) b > 1, into J = [log2/log(1+0)] intervals [2027/7 2020+1/7) 0 < j < J.
Their common relative width is A = 2/7 — 1. For § < 1/300, §/3 < A < 6. The
point 1 is kept as a singleton. A boundary box crosses a source, window, ordering,
cap or cut face. An interior box has constant source indicators. Per variable there
are O(L) shells and O(L3**) intervals, so there are O(L?3®) choices per variable.
The 24-variable fine count is O(L804O) two further shells give Ky = 8042. The
three internal slot-shell sums are counted in Ay — A’ = 4.

Choose a nonunit cell, and put T := Ty := Nj; = Vi, q = 1+
A, Csal = [T, qT), hy = AT. Thus §T/3 < hyy < §T. The exact interval
counts are

In = (T,qT) C (T,27],

Hy = #(Csaa NZ) = [¢T] — [T],

Np:=#(InNZ)=|qT| - |T].
Both differ from hy by less than 1. The ambient count is Nj, and roughness stays
in its coefficient. For an integer endpoint w = 2°+3/7 w’' = 28747 gives J | j, so
only 2°,2°%1 are integer endpoints. The factor 1p—(n)>z(N), With zo(N) > 2, kills
these endpoints. Hence ase1(n)1c., (n) = asea(n)1lry (n) (n€Z).

Lemma 4.2 (Common product boxes). Let B be a retained interior box. For its
lower endpoints V;, put X =[], Vi. Then

(4.28) n(v) €3¢ (veEB), 427N < X <N.

The largest eligible HB scale in [N07, N1/3+19] s chosen, with the first index in
a tie. Write Ny for this lower scale and M for the complementary product. Fvery
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box is Class II, and eventually

(4.29) MNp; =N, X% < N; < X1/3+150 N < x1+0/20,
On its doubled complementary majorant support,

(4.30) N —mn > NL™33%* > X(log X)™33 > 0.

The thresholds (4.32)-(4.32a) below imply LEN on every bozx.

Proof. Buchstab, AA37, (4.23) and the G1-3 base E preserve the measure. Prime-
power replacement and logarithm freezing preserve the indicators. Equation (4.27)
gives the support, and the bounds V; < v; < 2V; and s < 24 give the scale.

Choose a coordinate with exponent in [a, 1/3]. One of its six or fewer factors
is at least N®/6. Tts lower endpoint lies between half this size and N'/3. Since
/6 > 600, an eligible choice exists, and the prescribed choice is constant on each
box. Fubini gives

(4.31) Z Hai(vi)H(Hvl ZB m)arr(n)H(mn).
veB i i
The selected coefficient is rough Mobius, rough 1, or normalized rough logarithm.
The complementary convolution has at most 23 factors and bound 753. FEach loga-
rithm stays on its original factor. Endpoint subtraction is used in the interval and
auxiliary-coprimality lemmas of Theorem A. Narrow intervals, the relative-norm
alternative and both cross-copy masks are kept. These inputs include more than
scalar divisor moments.
Put w = logy(N/X), and impose

(4.32) L > max{2611/c, 300000}

(4.32a) oL >2"(log L +1).

For fixed ¢ > 0 the latter holds eventually, and uniformity as ¢ — 0 is unnec-
essary. Since T > N®7 60cL > 60 - 23%(log L + 1) > 334log L + log6, so
hy > T/(3L33%) > 2. Thus T/(6L**%) < N; and N; < 20T. Also T2 ° >
exp(600L/2126) > 12L334, since 600L/2126 > 960(log L + 1) > 334log L + log 12.
> o727 > (27)12"° With Y = |T| and H = Ny,

6L334
the integer intervals coincide. Then (2}/)1’27126 < H <Y, using T > 2 and
§ < 1/300. This gives the short-interval input for k& = 2126, Threshold (4.32) gives
log(2%* /e 4) o 1/3 + 140 2w
(433)  w< R <o ST <134 150, T <0020
Also (1-w)(140/20) > 1, and these prove (4.29) and the packing scale conversion.
The frequency stays a = N.

Put z = L7333 for z < 1/300, (1 +2)** —1 < 25z. Let 1 < r < 23 count
nonunit complementary cells, with endpoints V;, W; = V;(1 4+ A). Put M = [[V;
and M, = [[W;. Unit factors stay singletons. There is a nonunit complementary
factor. At least three source coordinates have product at least N®. Only one
HB factor was selected. Thus 1 + /3 < M, /M < (1 +x)*® < 1+ 252. The
ambient length is My = M, — M, with M /3 < My < 25zM. The fixed majorant
Yi(m) = ¢o((m — mg)/Mj) in condition C3 of Theorem A doubles this interval
about its midpoint. Its upper extension is M;/2 < 12.5zM. Since nM; < Neys
on an interior box, mn < Neyt + 12.52N < Neyy + 252N on the doubled support.

Consequently Ny >
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Hence N —mn > (L — 25)NL~33* > NL=33 for L > 26. The function t/(logt)33*
increases for logt > 334, and as X < N this proves (4.30). Threshold (4.32) also
gives NL™33% > 1 and log X > 334.

Write X = N, Vi = N&e and M = X/Viel. The geometry gives

M > 10733, S/2 — ege1 > 1/6 — (154 1/202)0 > 0

where S > 1—w and ey < 1/3+140. Thus M;/X/? > %L‘334N1/6_(15+1/202)U —
oo, and in particular M; > X/2 eventually. Also M;/X'/? > %L*‘%ANO‘15 >1
eventually. By (4.33), (1 —w)™33 < exp(334w/(1 —w)) < 1+ 410719 Since
logX = (1 —w)L, L73% < (log X) 733 < (1 +4-10719) L334, Therefore

1T (log X)7*** < N; < 2T(log X) ™34,
1M (log X) 7% < M; < 25M (log X) %%

As My = Mq" and ¢" — 1 uniformly, mo = M(1+q¢")/2 < 2M = 2X/T eventually.
On [M, Mq"], ¢o((m — mg)/M) = 1, and both Cauchy—Schwarz copies remain in
the doubled rectangle after coloring. Equation (4.30) excludes exact resonance; see
[Z1, (3.10)].

By the internal Lemma 1.2,

Q < TN-(1+7271/256)0 7 x —(147271/256)0

7271 1 21557 93
= —— =284 — > 28

256 3 768 + 768
Thus QX/% < TX 287, Threshold (4.32a) gives 140L > 334log L + log 6. Since
log X > L/2, QX7 < TX2%7 < T/(6L***) < N;. The same threshold gives
334log L+log3 < 0 L/100. Hence logy M; > 2 — (144 17 + 155) 0 > 5 —14.020.
Packing also gives logy (QRS) < 153/256 + o. Since 104.020 < 53/768 = 2/3 —
153/256 and X 897 > N=8% QRS < M;X 8. Finally, eventual monotonicity
gives ¢ = zo(N) > zo(X). O

7

Put Ly = logN, z = 2(N). The replacement 1p(x) — A,(x)/logz costs
(4.58)—(4.61). Order-three rough Heath-Brown [12] is used on each coordinate shell,
with the inverse Dirichlet series truncated at its upper endpoint. The pointwise
factors are 1 or z-rough. The product inequalities are retained; they are constant
on interiors. Boundary pieces are estimated below.

For a form with k € {3,4} coordinates, let Hp(v) denote the HB numerator,
including its source-form weight but excluding the k inverse coordinate logarithms.
Then |Hp(v)| < 2-3FL%, < 162L% . Each of these k HB logarithms is normalized by
Ly, and the frozen coordinate logarithm satisfies Ag; > oLy — 1. For Ly > 2/«
the resulting exterior coefficient is at most 2 - 3*(2/a)* < 162(2/a)* uniformly.
For a selected logarithm, % = loLgNX llgg;, k’fNX < 1. The selected coefficient
is 1-bounded and the complement has bound 793. With (4.66) and fixed source-
label/slot constants, this gives H7, Ky = 8042.

The internal Lemma 1.2 is applied at ©.. The d of AA37 is placed in slot 1, also
when J; = @. Empty prime-label slots 2 and 3 carry unit atoms, and those two
slots are rough. The four surplus margins are

(7271 95221 22407) )

4.34
(4:34) 256 7777 1280 7 256
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passing to X < N preserves the first margin. After subtracting 1/3 it is 28 +
53/768 > 28, and the other margins exceed the losses in (4.33). The box discrepancy
is

L[Tvia=1

(4.35) Ap(@N) =D, o) | Muzy @ = =

veB

For every source form and row, the preparation data are:

Object Common prepared value

Selected factor Largest eligible lower scale, first index in a tie; T in (4.29)
Selected interval Iy = (T,qT), Ny = |¢T] — |T]

Complement Tog; My =M(¢g"—1), 1 <r <23

Majorant do((m —mg)/Mr), mg < 2M; doubled support (4.30)

External multiplicity 648 fixed instances; O(L3%4?) boxes, (4.66)

The hypothesis checks are collected below.

Hypothesis Verification

H1, H2 (4.22)—(4.26), with repeated-prime multiplicities
H3, LEN Full support after (4.24), Lemma 4.2, (4.34)—(4.35)
H4 a=N, Kyaie = 31, (¢, N) = 1

H5 The two windows of Lemma 4.2

H6, H7 (4.43), (4.63), (4.66)

For H4, eventually 0 < N < Xlog® N < X!'*+9/20 5o Theorem A applies to
the plain cut product measure. The local estimate is [Z1, Theorem 3.2, (3.13)].
The spectral frequency is ar = sgn(y)N. If uj,v; invert zb modulo pgc, ¢, then
u; —v; = 0 (mod ¢). Hence sgn(y)N|y|(u1 — v1)/c is integral, also for py | ¢,
without any condition (pg,c) = 1.

4.4. Source errors and the Class-II sum. This subsection bounds the bound-
ary, proper-power, logarithm and comparator errors and the interior Class-II sum.
A source face is

(4.36) g(v) = Zai logv; =&, la;] <2, Z la;| < 48.

Every defining-face coeflicient has absolute value at most 2 after expansion into the
HB variables. Since s < 24, its coefficient sum is at most 48. The face families are:

Family Number

Two X faces, source windows/orderings, fixed coordi- < 16 fixed
nate transports

Coordinate dyadic edges < 4 lattices
Mobius caps v; = 2X71n/3 < 12 lattices
Identity caps nm, = (2X4/°)3 < 4 lattices
Product dyadic edge and three slack families < 4 lattices

Thus there are at most 24 lattice families, of gap v = (log2)/3. HB partition edges
are refined exactly, and prefix and tail labels are modulus-side conditions. The
Class-II choice is constant on each box.
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Lemma 4.3 (Lattice thin shells). Let N > 2, L =1log N, s > 2, and a € Z* \ {0}.
Fiz o nonempty Jo C {i : a; # 0}, and assume |a;| € {1,2} for j € Jy. Let
1<Yy<Nand0<n<1/4, and let A C R have pairwise distances at least vy > 0.
Put k = (1 —e7/2)~1. Then

: % < N7 dist ’il i7A S ) ] 2 Y(

#v:[Jvi < ist(Y_ ailogvi, A) <7 max v o}

(4.37) N

<s [417,-;1\[(1 + L)t 4+ (2L/y + 2)7-(1+ L)%,
0

For empty A, the count is zero. For a singleton one may take k = 1 and interval-
count factor 1.

Proof. Assign each tuple to the least j € Jy with v; > Y, and apply [Z1,
Lemma B.2, (B.14)] on that fibre. Only |a;| € {1,2} matters there; the other
coefficients enter ¢ = Z#j a;logv;. Put Z = N/P, where P is the comple-
mentary product. After clipping to [Yp, Z] and merging touching or overlapping
intervals, the union has at most 2L/ + 2 components. Its fibre count is at most
dnkZ + 2L/~ + 2, the count before relaxation in (B.14). Summing uses

(4.38) S m(n) <yl +logy)t, Y T’“T(Ln) < (1+logy)F,

n<y n<y
with & — 1 factors fixed and the product constraint dropped in the harmonic sum.

These give (4.37). The component count concerns the clipped union, and no re-
striction relates n and ~. (]

The boundary distance is at most n = 48L~33*. For each defining face, take
Jo = {i: a; # 0}. Six or fewer factors of a coordinate at least N* give Yy = N/6.
A Mobius-cap variable is at least N a/3e=1 > Yy. The same 16 fixed and 24 lattice
families suffice. The worst lattice has k = (1 —271/6)"1 < 9.2, and 2L/y+2 < 10L
for L > 2. Thus the boundary union U for one form and pattern satisfies

#U < 10911744 NL™33*(1 + L)?
(4.39) +24(16 4 240L)N1=/6(1 4 L)*2
< 1091175 NL™*34(1 4+ L)** (L > 300000).

The leading constant is 24 - 192(16 + 24 - 9.2) = 1091174.4. The second-line ratio is
bounded by

(4.40) R(L) = 5760e~(100/689DL 1334 35 (I, > 300000).

Its logarithmic derivative is negative there. At 300000, e > 8/3, (8/3)'% > 300000
and (8/3)° > 5760 give log R < 9 — (100/6894)300000 + 334 - 13 < —3/5. Since
e3/5 > 5/3, (4.40) follows. This justifies the rounding at width exponent 334.
Boundary estimates keep the unnormalized HB logarithms. The full weight
w(v) = Hp(v) H?zl(log p;) ! uses the actual coordinate logarithms; since log p; >
al > 1, the numerator bound above gives the deliberately coarser bound below.

Thus for one pattern, including its source-form weight,
(4.41)

1
lw(v)| < 162L%, q%;/s 74 (qu—e + <p(q)> < Co{r(N —e)+2(1+L)}.
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Here N — e > 1. The reciprocal-totient constant is below 2, since ¢q/¢(q) =
S #2(d)/p(d) and TL,(1+1/(p(p — 1)) < 2. Put Fy(e) = 7(N —¢) + 2(1 + L).
The composition bound is 7,7, < 74: one maps the two compositions to a fixed
matrix with those margins. Cauchy—Schwarz and (4.38) give

Z T24(e)T(N —¢)? < (Z 7'576>1/2 (Z 7’16)1/2 < N(1+L)*2,
(4.42) e<N
Z mo4(e)Fi(e)? <3N(1+ L)*° (N sufficiently large).
e<N
Another Cauchy—Schwarz application on U gives

| Epary| < 162v/3 - 1091176 C,
N(1 +L)163L—167
< 293108 C,
- N(1 + L)'63 =167,

(4.43)

We include 648 instances and the multiplier 1/u = 500, since v = 1/500; we also
include Nyap (o) and W=, Since C(N) > 0.66016,

Els.a1 <3.6-10"°C, Niap(0)(1 4 L)163 L7165

4.44
(4.44) < 3.6-10°C, Niap (0)e' /L L2 = 0,(1).

This covers cut faces, windows/orderings, dyadic families and caps. The four parts
count row/form/pattern/box occurrences once, including box and dyadic factors.
Hence H6 has cg = 163, with D rate OU(L165_Cb/2). Every fixed Cp, > 330 suffices;
Cp = 334 gives O,(L72).

The proper-power event concerns one source coordinate, while other coordinates
may contribute further prime factors. For n > N¢,

Alm) _ 1

(4.58) 1p(n)

_ — npt-
logn a 4>9

Roughness below N preserves primes and removes powers. The same absolute
bound is used, telescoping over four or fewer coordinates. For Y = N,

(4.59) > pe <2y 2 4 2(log, N)Y /3 <3y 1/

Y<p*<N
a>2

Squares are bounded by an integer tail, and for a > 3 we use O(Y ~(¢=1/%), Fixing

one coordinate at ¢ leaves at most

N :

7(:1 +10gN)rr1ax(7—2,O) (1 <r< 4)

completions. For r = 1 the sole completion is bounded by N/t. For r = 2 we count
directly, and for 7 > 3 we use (4.38). Thus Tpp < 12N'~%/2(1 4+ L)2. By (4.25),
the full modulus sum is O, (7(N — e) +2(1 + L)) per tuple. Since 1 < N —e < N,
we use 7(N — e) <5 N°. Then

(4.60) |Epp| <05 lea/2+5(1 + L)S.

We take 0 = /8 and absorb logarithms in the spare power. Dividing by W gives

(4.61) ERp. ) <o N™YALS = N=2/190_(L7) = 0,(1).
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This step precedes HB boxes. The event p? | ¢ has its separate modulus bound.
For logarithm freezing, each coordinate has at most six HB factors. If Ap ., is
its lower logarithm,

(4.62)

1 1 6L—334
logpm  ABm ’ = (aL —1)2’

Up to four inverse logarithms change by at most ¢, L™33¢. This is multiplied by
the unnormalized numerator bound 162L* above. The frozen inverse logarithms
contribute to (4.62), while the normalized interior coefficient 162(2/a)* excludes
them. Summing exact differences over disjoint boxes, with Y794 < N(1 + L)%,
(4.42) and Cauchy—Schwarz, gives

(4.63) |Erog| <o N1+ L)'S'L=334  EDP . <, L7 «, L166-Cv — 7168,

Hence H6 holds with Cyox = Cp = 334 and cjog = 164.
For the comparator error, source primes are at least N before HB. Thus

N
(4.64) Xa —Ya(g) <100 ) o < 100w(q) N1,

plg
p=N*®

Also 3, [0(q)lw(q)/¢(q) <, L?, by (4.25) and reciprocal-totient summation.
Equations (4.23)-(4.24) give

(4.65) ERc.c1 <o N7%L5 = 0,(1).

The two squareful terms in (4.23) contribute O, (N %" L) once, by Theorem 5.
Class II includes GR, cross-copy restoration.
The external precisions are
Araw =3, Ko = 24Cp + 26 = 8042,

4.66
( ) A = Apaw + Ko +2 =8047, Ayork = A" +4 = 8051.

These use the box count above. Three internal slot-shell sums use three of the four
extra logarithms. Choose

Ag > 16770 + ¢y, (o ZAE+QC*+3,
(4.67) Cu=5C1+Ap+334+c.+3,  Az3=Ag+ 336,
A" = Agpr + (334 4+ A3 + 1) /2.

Here 16770 = 2Ayork+2C5. Fix ¢ > max{cpre+2, €1, Cdiag, ¢1(Bo), 0} and above all
remaining preceding logarithmic losses, with cpre, €1, Cdiag as in (1.29). Then (4.67)
implies every lower bound in (1.29), in particular Ag > 16772 + cpre. Precisions
are fixed before the threshold. Theorem A gives

2
(4.68) 1Sp| < X (log X)78%7 4 X1=¢ (log X)9, ¢, = EOT” > 0.
This includes local restoration and GR at precision Ayork. The prime-source con-
dition Chox > [2A + 32] uses the global target A of [Z1, Theorem 1.2]. The local
target A’ does not enter this box-width requirement. The product-source H6 ex-
ponents are those above. Lemma 3.3 applies with Cs = C: by (4.2) and (3.1),
W = Wy, and (4.28) gives X > N/L3! eventually. Set Cpow = C + 3lc,, which is
a fixed finite exponent. Hence

(4.69) EP o) Ko LT3 4 N7 80424 Coont2 — , (1),
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Scale conversion preserves ¢,, with no N~7 saving. The stronger (4.28) is not
needed here. Boundary, comparator, proper-power and logarithm sums have no
L8942 factor. The raw boundary rate is O,(NL™%), with D rate O,(L~2). All
these errors vanish at the fixed target.

4.5. The dynamic-cutoff peel. This subsection bounds the error of the dynamic-
cutoff peel. For a retained G1-3 cell, put b = aiasaz and E = N%. The finite union
bound is

(4.45) S((Ba)s,az) = S((Ba)s, E) = > S((B&)sr, E).

E<r.<a3

T prime
Here a1 > ag > as, r < ag, rt N and (br, N) = 1. The last two follow from P(N)
and the coordinate conditions. The negative upper-chain sign permits enlargement
of this nonnegative difference. Only the E-base enters HB.

Lemma 4.4 (Uniform peel bound). Let 0 < 7 < 8-107% and p =1+ 7. Suppose
(m,N)=1 and P~ (m) > z, with

. ogym < + 27, “ 3§Z§N”“, w = min(z, N).
4.46 log v 153/256 + 27, Nw/°
Eventually, uniformly in m,
U
(4.47) S((B&)m, 2) < 3502002 —0 Uy = 2U¢c.

Proof. Write N — e = mk. By the representation bound above, AZ&" < 3. Put
En = {e: AZ(e) > h} for h = 1,2,3. Then AZ® = S0 1g,. Each layer has
the same roughness and two-form bound. The layers are summed once, including
coefficient 2 on both Ry forms.

Enlarge the range to 1 < k < [(N —1)/m], of length K < N/m; both k and
N — mk are w-rough. If p < w, p| N and p | k, then p | e, which source roughness
excludes. Thus the all-primes two-form majorant applies. For squarefree d | P(w),
CRT gives

vn(p)=1(p|N), wvn(p)=2({pIN), v~(2)=1,

(4.48) A= KVNC;d)

For p < w, p 1 m follows from P~(m) > z > w. For p > w, the same rules are
extended only in the Euler product. A prime endpoint costs g(w) = O(1/w) in the
auxiliary sum. Selberg least common multiples stay on P(w). Put f(p) = v~ (p)/p
and g(p) = f(p)/(1 — f(p)). They are extended squarefree multiplicatively, and we
put G (W) =3 <y a/p(w) 9(d)- Finite-poset diagonalization gives

2
(449) Z )\d)\ef([dﬂ 6}) = ggé;)v Yr = Z )\df(d)v 1=\ = Z ,U,(?")y
d,e T r

r|d

+ Rq, |Ra|l <vn(d).

Cauchy—-Schwarz gives minimum 1/Gx(w) at y. = p(r)g(r)/Gn(w). Finite inver-
sion gives
(4.50)

Ao = (@) ] - 1)) 12“”25 ) S < TT0 - ) < (@l
pld pld




THEOREM (1 + 1.8) ON THE GOLDBACH CONJECTURE 53

The Dirichlet series factors as ((1 + s)?Hy(s), where Hy(s) = . hn(r)r=s. Its
nonconstant local coefficients are g(p) —2/p, p~2 —2g(p)/p and g(p)/p?. For pt2N,
absolute logarithmic moments through order 2 converge. For p | N, the absolute
local mass is O(1/p). We split at Y = log(3N). Mertens gives > oy 1/p <
loglogY 4+ 1. Above Y we use ZP‘N logp < log N. The j-th logarithmic moment

is O((logY)’~1), for j = 1,2. Expanding absolute local products gives a fixed B
with

(451) 3 |an()|(1+logr)? < (loglogBN)®,  Hy(0) = —

~ 2C(N)

At zero, 2 contributes 1/2. A generic odd prime contributes (1 — 1/(p — 1))~
For p | N, this is multiplied by (p —2)/(p —1). Convolution with > _ 7(n)/n =
%log2 y + O(log(2y)) and the second logarithmic moment for the tail r > w give,
uniformly,

(4.52) G (w) = iocg;;) <1+O <W)>'

Thus the dimension-two convention is Gn (w) [[,,,(1 —vn(p)/p) = e 27/2+0(1).
Equations (4.48), (4.50) give

(4.53) S([1, K],w) < + O(w? log® w);

K
Gn(w)

the remainder is at most (3., [Malvn(d))? < w?log? w(loglog(3w))*. Uniformly
in (4.46), -

(4.54) logy w > 2/1001, wPm < N233/256+(153/64)T _ n\r1-0.0116

These use (1 +8-1075)3 < 1001/1000, u/p> > 2/1001 and « > 2/1001, together
with w < z < NP* for the uniform upper saving. For one layer, the main coefficient
in Up/m units is eventually at most 2.001/(2/1001)? = 501251.00025 < 502002.
The strict slack absorbs the remainder in (4.53). This proves (4.47) on the N-scale,
including short K. ([l

For m = br in (4.45), the retained-cell condition gives
logny m < p(t1 +t2 + 2t3)
< p(153/256 — n1,) < 153/256 + 27.

On G1-1, G1-2 and G1-3, ©, < H = 153/256. The two-branch peak is (1 + p)/2 =
153/256. Masked branches are zero or below it, and extra w-branches are zero or
at most (153 — 96¢)/256 < 153/256. The inherited label has Nt < a3 < N*',
even for a clipped parent interval. Since N* < a3 < N*, t3 > u/p > u/p> and
t3 < u < pu. Hence E € [N“/pS, Ne#] All prime factors of m are at least E, and
(m,N) = 1. We apply (4.47) with z = F; w may be smaller. For fixed positive 7,
Mertens gives eventually

(4.56) M, = >

p in parent bin h

SRR

<27, > My < 459,
h
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Here log(pp/u) < 4.59. The pair ag, r belongs to one parent bin. Thus
Z(alazagr)fl < 4.592 Z Mﬁ < 2-4.593T.
h
The raw difference is below 3 - 971000007Uy. Its adverse D bound is
3. 971000007_ 485500000000
2(1—e4) 3333

The source multiplier enters once, without 500, label counts or tail factorials. The
slack includes the Selberg remainder.

(4.57) EfR.peel < T < 145664566.45677.

4.6. Canonical profiles and the joint lower bound. This subsection compares
the rows with canonical profiles and proves the joint lower bound for the four

rows. Put v(s) = v1(s) — u, ¥(a,b) = aly>p, with the six-branch definition of
Section 2.3, where vy is the unbuffered function of (2.17d). Thus
(4.70) O.(t1, b2, t3) = OF (L1, 12, t3).

For u <t3 <ty <t1 <, put

. [14+s 32—34s 57 3
vl(s):mln{ 5 39 ,64—28},
v(s) =vi(s) —u,  Y(x,y) = 2loxy.
The six branches are
O.(a,b,c) = max{v(a),v(b),v(a+b),v(a+ b+ c),

Y(w(a+c),a+2b+c¢),P(v(b+c),2a+b+c)}.

The u subtraction precedes each 1 guard. For the actual coordinates, set

O, —t] —ty—t Bdty [Mdty (21—
(4.71) az= 128 J:/ =t —2/ wdt&
t3 u tq u ta u t3

Here f is extended by zero below 2. Above every finite table endpoint its true
values are used.

The function vy is 3/2-Lipschitz, and each exponent changes by at most pur
in a parent cell. An active ¢-branch has unshifted gap v — (9/2)ur — 4dur > 0
throughout. After 7y, its source margin is

(4.72) g=(u—mn5)—(9/2)ur > 0.001899 > 2urt.

The other branches and maxima preserve this comparison across switches, and so
do the two full-anatomy branches. If a parent crosses u, then t; < p < pt1, so
|z1 — p| < pr for its largest actual exponent. Since vq(p) = 153/256, v1(z1) — L >
153/256 — (3/2)um — nr. Every canonical branch is at most 153/256 — u, so the
margin is at least u — ny, — (3/2)ur > g > 0. Parents below p use the activation
argument above, and clipping shrinks the infimum domain.

If f(a3z) > 0, the numerator exceeds 2ts, and (4.72), for actual exponents then
inherited labels, gives ¢, > 2pt3. Thus positive canonical lower terms lie in retained
whole cells, and elsewhere their contribution is zero. On retained cells we use
Mertens and the monotonicity of sf(s), keeping the numerator fixed. The E-base
dominates the actual-cutoff lower main term, so canonical restriction loses zero.
The arithmetic difference (4.57) remains, with possibly nonzero mass.

Let Hiog = log(pt/u). By (4.20), the first three residuals satisfy

(4.73) 0 < R < 500(F(30) — 1) +500Hiog (1 — £(30)) +250 Hjgy (F(30) — 1) =: Rup.
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Three elementary integrations give

M ty to 1
(474) 500(1 — Hlog + H120g/2) . / dtl / dtQ / dt3 _

which cancels the constant-one parts of +F, —f,+F, —f. The actual upper main
chain is therefore at most

1
(4.75) G1:;+R+J, 0< R < Ry,

with the preceding errors.

Let X Z Rj(e)]-eAN<e<N, and X;ut = Ze Rj(e)]'SAN<6SNcuc' Then XG =
2X{0 + X0 + X4 and (4.17) bounds the mass difference. PNT and partial
summation give

(4.76) X; = (1 —ea)lj +o(1))

~[ =

where

1/3 1, _
oo [,

/1/4 dt /<1 /3 10g((1 —t — 2v) v V) o

(4.77) v —t=0)
. /3 1og(2 — 3t)
he= [y
_ [Mlos((L—t=N)/N)
113 = /B t(l — t) dt

The last-prime density on the radial face is 1/(1—t—wv). Integrating the companion
variable gives I12,I15. For I1; the Buchstab argument is at most 214/93, and its
value is v/(1 —t — v) plus vlog((1 —t — 2v)/v)/(1 —t — v) for v < (1 —¢)/3. This
gives both integrals and the positive correction. Set e = yN, ¢4 < y < 1. On
compact exponent boxes, the last logarithm has radial-face error O, ,(1/L), and
f;A dy =1—¢e4. PNT is applied first and fixed partitions are then refined, and the
positive exponent lower bound gives domination. Monomial-face strips, including
Dq3’s endpoint-swap strip, have vanishing main mass. Representation conditions
are retained before the limit. The upper cut costs (4.17). This proves (4.76) at
finite € 4.
With Vy(z) = (1 +0(1))2e "C(N)/log z, (4.75)—(4.76) give

2511 + Si2 + S13 2I + Iip + Ins

4.
( 78) 4(1 —EA)UC 2eY

< KqgGy+EE, Kg=

The factor 1 — e4 cancels once here. It remains in (4.57) and in the finite target
of Section 1. At a = 9/5, that target is 81og(50009/39991), with zero-epsilon limit
8log(5/4).

The directed bounds are

Ryp < 4.4-107°, G, <G,

4.79 —
( ) G = 6.0884403625974206828946573628908904 . . . < 6.088440363.
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Appendix A.5 gives the delay-function, quadrature and mass enclosures. Its end-
point Ky; is (A.10d). Here G is the 4096-cell outward upper-corner sum in Ap-
pendix A.5. It is a conservative bound, not the continuous integral value. Let
70,71, T2, Jni denote the directed upper parts of G. Put

TO =500 + To, Tl = *500H]0g + 71,
Ty = 250H},, 472, Ts = —(500 — 500H0g + 250Hp, — 1/11) + Ji-

Exactly, 2T}, = 1/u+1ro+71 +72+ Jui = G. Their signs are +, —, +, —, so —KgT)
has signs —, 4+, —,+. We therefore use upper Kg for rows 0,2 and lower Kq for
rows 1,3. The four directed row enclosures are in Appendix A.5, and the four terms
are cancelled before rounding. The joint reference value is

(4.84)

(4.83)

243950428265194656254206921939947762868871361874409552095097

©100433627766186892221372630771322662657637687111424552206336
= —2.42897158741611974640561365334839795714 . . ..

Put g1 = 4.98 - 10754, Eq1 = Lgi — 0a1, and let Rgy sum the exact four row
lower endpoints. Appendix A.5 proves Lgiy — Rg1 < dg1, so Eg1 is used. The main
base contains the reference value Lgq once, and the adverse sum contains g1 once.
The row enclosures include Kg. The cap for G; — 2 is 4.088440363, which gives the
weaker value —Kp,;(2 + 4.088440363) = — K1,;6.088440363, with about 1.61 - 10719
D loss. Equations (4.13)—(4.78) transfer these enclosures to the arithmetic rows.
Successive differences are taken in the order
source restoration, source conditions, PR-M, AA37,

G1

squareful /NC, proper powers, LOG, boundary, interior Class II.

AA37 includes fixed-parameter and asymptotic terms. Only the E-base enters G1-
3 Heath-Brown [12]. After monotonicity the exact first-contribution partition is
retained, and the favourable fixed-cutoff and G1 cutoff differences are discarded.
Each difference or part occurs once below.

Contribution Adverse D bound at fixed o, 7

Upper source (4.17)

restoration

Lower slab zero: outside the source by (4.15)

G1 source-tag O, (N—o/2+°()y; the DIRECT O, (L?/N) term is
exceptions separate, as in (1.23)

G1-3 peel 145664566.45677, once

Matched canonical zero, by (4.72)
restriction loss

AA37 its common Cgo share once, plus o, (1)
Squareful terms Theorem 5: O, (N % L)

NC (4.65)

Tested proper (4.61)

powers

LOG (4.63)

HB boundary (4.44), one term with four parts

Interior Class II, (4.69)
including GR
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Prime mass/PNT  o,(1), from (4.76)—(4.78)
and Mertens

For p | N, there are O((N/p)L%) complementary products. There are O(L) such
source primes, all at least N®. A positive fraction of a absorbs divisor/logarithmic
losses. Labels and HB boxes preserve these sums.

Theorem A and Theorem 5 in Appendix B.1, together with the directed end-
points above, give
(4.85)

3

3" Qo1-r0(N) = Lt — 861 — 145664566.45677 — EX.1(0) — B maimingsc1 (V3 0),
r=0

where the last term sums the vanishing errors in the table. The AA37 term Cgo
and the PR term O(7) stay fixed. Analytic constants and the residual margin are
fixed first. Then o is chosen, followed by 7 = ¢, labels, widths and precisions.
Finally Ny is chosen for all length and spectral conditions. These include BFI/SW,
Poisson and the W-prime bound at width 334. The threshold depends on fixed
o > 0. Thus (4.85) holds for all four arithmetic rows, with Eg; = Lg1 — dg1-

5. DIRECT BV ROWS, THE O1 SWITCHED TERM, AND WEAK G4

This section treats the rows R1, S5-top and S6 by prime BV, and the switched
term O1 and weak G4 by one convolution lemma.

5.1. Sources and classical inputs. Fix even N and put L = log N. Fix ¢ =
€4 = 107* before N — oco. Here ¢ denotes a modulus, Ay sieve weights and ¢ a
sieve prime. Put p = 1 4 7, and write h for an interval width. The exponent Kj
measures the fixed logarithmic loss. We use

X=(1-¢)N, A.={N —po:po <X, po prime}, Py =1{¢>2:{prime, £{N},

(5.1)
1 -1 C(N)N
re= I o cm=II(-gty) 1T 5 we=9R"

(<z,LePy 0>2 [N, £>2

Here C(N) > Cy > 0, and the raw coefficients satisfy ¥ = 4D. For finitely
supported f, put

1
62 Aaa= D f@-s D flO, (o=t
e=a (mod q) (e,q)=1
Both sums run over the full support. Remove prime powers from the i-estimate
[Z1, (2.20)] and apply partial summation. Increasing Bo(A) absorbs the conversion
losses. Thus, for each A > 0, there is Byg(A) such that

Li(T
o 2 max (T} q,a) — 1()‘ <a T(logT) ™.
a<T/2(log T)~Eo(4) (a,9)=1

©(q)

It is applied with residue N mod ¢. The sieve input is [Z1, Theorem 2.5, (2.25)],
under these hypotheses:
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Sequence Finite, with nonnegative multiplicities; X 4 > 0
Density w multiplicative; w(¢)/¢ =1/(£ — 1) on Py
Outside Py w(¢) =0

Parameters y > z > 2; (5.5) with fixed K > 2

Then
(5.4)

1
S(A,2) < XaVw()F )+ R Qi) log) P4+ 30 e s =327
d<y,d|Pn(z)

The density obeys 0 < w(f) < ¢, since £ > 2. Also F(s) = 2¢"/s on [1,3],
including s = 1. Uniformly in N,

(5.5) [T a-ye-1ts< bgz<1 K

< , 2<w< z.
log w log w
w<l<z,LEPN

By Mertens’ theorem [20], the logarithm of the product is log(log z/logw) +
O(1/logw); here one uses 1/({ — 1) = 1/¢ + O(£~2) and partial summation. Re-
moving ¢ | N decreases the product, and a larger fixed K covers bounded w. This
proves (5.5). For z > 2,

(5.6) %ﬂ@?llﬂlﬂ)fl<ﬁwjiy) II %Eé

<z 2<l<z 2<l<z,L|N
Hence, uniformly for z > N¢, fixed ¢ > 0,

(5.7) Vi (2) = 26_;:§£]V)(1 +o(1)).

The tails are 1 + O(1/z) and exp(O(w(N)/z)), so 2¢~7 occurs once. The
primitive-character large sieve [Z1, (2.19)] is

2

(5.8) SN DT enx(h)| < (Q+ Hus)llelf3-

4<Qx (q) |h<Hvrs

Here m ~ M means M < m < 2M. We use the complete-support convention
[Z1, (2.15)—(2.17)], power-log Siegel-Walfisz [Z1, (2.21)], and PNT with the de la
Vallée Poussin error. Through Siegel-Walfisz, the threshold is ineffective. The
convolution estimate is proved in §5.4.

5.2. One prime-BYV calculation for three rows. One application of prime BV
covers the three negative rows. Put

110
5000 7 1149

7109 57 249
P - Dty iy
280007 ST 224 Y= 950

50
ﬁ - %7
For a permitted squarefree prefix b, define
(5.9)
Ay ={m:bm = N — po, po < X prime}, Sp(z) = #{m € Ay : (m, Pn(2)) = 1}.
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Dropping the condition (m, Nb) = 1 gives an upper bound. The three negative
rows are

Rpv = > Sp(p3),
b=p1p2ps, (r1,r2,r3)ERL
(5.10) T5 = > Sp(N®),
b=pePn, Nt*x<p<NTSs
Ts = > Sp(N®),

b=pEPn, NTS<p<N1/3
where r; = logp;/L and 15 < ro < r;. Put
(5.11) AgZ{UST3<T2<’P1<B}, Rlegﬂ{T1+2T2+4T3>H}.

All prefix primes belong to Py. The radial condition is eN < bm < N; the
product bd has no radial cutoff. For x € {0,107}, put
(5.12)

Q=N'"*"*L7P  Dy=Q/b, 6x=BlogL/L, ax(r)=1/2—rk=Y r;

For R1 put 2z, = +/Dp; for T5 and T6 put z, = N. In all three rows, let
sp = log D/ log z,. The parameter checks are as follows.

Row Uniform positive margins before the vanishing o5 loss

R1 a, > 3/206 — k; 2r3 — a, > 63823/309000 + k; 3 >
13147/103000 > u

T5 ay > 55/224 — k; t, — a = 5368241/32172000 > 0; ap/a €
[12639/4480, 7917759/2800000] C (2, 3)

T6 a, > 1/6 — k; Ts > a; eventually (a, —dn)/a € (1,3)

For R1, the linear forms are evaluated at its closure vertices: (3,8, 0),
(H/7,H/7,H/7), (8,64441/463500,64441/463500), (B, 3,13147/103000). Thus
zp < p3 and Sp(p3) < Si(zp), and we apply (5.4). For d < Dy, its primes lie
below those of b. Hence (b,d) =1, (bd,2N) =1, and

Li(X)
p(bd)

The source mass is Li(X)/¢(b). For R1, b consists of the three largest primes of
q = bd. For T5 or T6, b is the largest prime. So each row counts each modulus at
most once, including d = 1, although different rows may share moduli.

For a half-open source cell C, put vc(q) = > pec. pa—q A (d). Then |ye(q)| < 1,

q < Q, and ||yc|l1, |vcll3 € Q. The absolute remainder obeys the same multiplicity
bound. Choose A > 2, then B. By (5.3),

(5.14) Z Z Irp.a| <ae NL™* +Q = o(Uc).

b d<D,

(5.13) |(Ab)a| = < (X5bd,N), rpa =7 (X;bd, N) —

The strict endpoint costs (). For x > 0, one may eventually take B = 0. By
(5.7) and the formula for F' above,
4C(N)

(5.15) Vi (z0)F(sp) = (1 + 0(1))m-
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For R1, s, = 2. PNT and partial summation give >- p  (p—1)""d10g p/r. — dt/t.
The convergence is uniform away from zero. Removing p | N costs O(w(N)N %),
and replacing 1/¢(b) by 1/b costs a relative O(N~%). The domains are bounded
Jordan polytopes. Since a,; stays positive, the kernels converge uniformly. Thus

dridrad
Rpy <41 —e)UcJri(k) +0o(Uc), Jri(k /// Tt 7“3
R

1 ?"17’27"3%

(5.16)
T; <4(1 — e)UcJi(k) + o(Uc),  Jj(k) = /C m

where Cs = [t«, 7s) and Cs = [7s,1/3). The R1 contribution is —Jg; in D, and
its raw comparator is 4Jp1.

5.3. Comparators, endpoints and finite losses. This subsection evaluates the
comparators and collects the finite losses. Put IBV =4Jg1, A=1/2— Kk —1r1 —ro,
and ¢ = (H —r1 — 2r9)/4. Then

2 4 d'f’g 4 T2 (A — g)
5.17 = lo ,
( ) \/g 7‘1T2T3(A — 7“3) 7“17“214 & f(A — Tz)

and the outer limits are H/7 < r < 3, (H —r1)/6 <1y < ry. Forc, =2e77,
the S2 replacement is

(518) S2canonical = PreﬁX - C'vafull - C'yJPF + (c’yVB - IBV):

where V5 integrates 1/(r172r3) over R1. The cutoff in Jpp is g = r1+2rg+4r3 <

H. Thus R1 is replaced once by IBV, with coefficient —1 in (5.18).
For lower labels t;, put ¢ = 1 + 7, and
(5.19)
by =11 +2t+ (4+27y)t3, K =H+27,0, Fa,=1{l;, <K}, B, =1{l; > K}

The half-open cells partition the source, with PF C Fj,, and B, C R1. The
region between them satisfies H < g < ¢,K. Here 7y = 7 = 0%; the estimates
hold for 7, < 7. The PF-side cost in D is (2.75 - 108 + 9680)7, = 2750096807
(Appendix A.4). The PF estimate and the full S2 row are proved in §3. At g = H,
(p1p3p3)?°Y = N2%9 forces p; | N, so such a point is absent from the permitted

source. Parent-grid faces follow the half-open convention. For S5 and S6,

t ] 110
1/2—-t], ~’ 57

The disjoint domains are [1/4,t,), [t*,Ts), and [7g,1/3). The first is treated
directly, the other two by BV. A prime equal to Nt, N7s or N'/3 divides N, so
permitted primes avoid these rational endpoints. The S5-top raw value is 4J5(0) =
0.0365816642384326. Its row coefficient is —1, so its D entry is

0.0365816642384326 . . .
(5.20a) —J5(0) = — 1 = —0.00914541605960815 . . .,

before the level loss. It is obtained by dividing (5.15) times Li(X)/@(p) by
4(1 — €)Ug; see Appendix A.6. The sources are specified in Sections 2-4, and the
errors are summed in Section 6.3. For finite N, the denominator is a, — dy. If
on < amin/27 then

(5.20) 4J5(0) =8 {log 4Js(0) = 8log —

1 1 1 oN
5.21 n<—— - < ——
( ) Tk — 61\7 Qr G Qmin — 5N
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Let Eng(N) > 0 collect the adverse vanishing errors: sieve O(L~1/3), (5.14),
endpoints O(Q), and Euler/PNT conversion o(1). By (5.21), it tends to zero
uniformly. Its logarithmic part obeys Ei,, < 18.030x5 in D. By (5.21), (5.17),
(A.13) and (A.14), the R1, S5-top and S6 contributions to Fi.g/0n are respectively
< 2.169459, < 0.074494 and < 15.778471, using row minima 3/206 — 1075, 55/224
and 1/6 — 107°; hence their sum is 18.022424 < 18.03. We use x = 1076 for R1
and S6, and xk = 0 for S5-top, whose positive-x increment is zero. For S6,

(5.22) Ese = J5(107%) — J5(0) < 0.000006484294227956901

in D units. S5 keeps its vanishing logarithmic loss. Appendix A.6 gives the
outward enclosures.

5.4. A common complete-support convolution lemma. Both applications
below need a mean-value estimate of Bombieri-Vinogradov type [16, 17] for a con-
volution with complete supports. The form used here is stated and proved in this
subsection.

Lemma 5.1 (Bilinear mean value for complete supports). Put M Npox = x, L =
logz. Fiz 1, Bgiy > 0 and assume " < M < 21" and 27 < Npox < 2877, The
supports are (M,2M] and (Npox, 2Nbox|. For every As > 0, assume

(5.23)

1 ) _
S g 2 b < bl N 27 (d) P (1o (2Nbor)) ™2,
n=l(k),(n,d)=1 ® (n,dk)=1

uniformly in x,d, k,1 and the coefficient family, for d,k > 1 and (I,k) = 1. Then,
for every A > 0, there is By such that
(5.24) > max [Aqu(g,r) < lall2||bllzz/2L=4, Q< z'/2L7B1,
<@ "=

Here A is as in (5.2). The constant By depends on A,n, Baiy and the hypothesis
constants.

Proof. Put A(x) = >_,, amx(m) and B(x) = _, bnx(n). Orthogonality gives

(5.25) Agun(q,7) = @ X;ﬂ xX(r)A(x)B(x)

Write ¢ = ef, with primitive nonprincipal ¢ (mod f) inducing x. Since ¢(ef) >
w(e)p(f), the left side of (5.24) is at most

1 I
(526) Z (6) Z m wz(;) |A6(¢)B€ (w)|a

e<@ P\ 1cr<q/e

where A (1) = 3, )21 amtb(m), and B is defined likewise. Split the conduc-

tors at F' = L. For f < F, subtract the principal average on each reduced class.
By (5.23),

|Be ()] < ()bl Ny o7 (e) P (log(2Npox)) ™42

Cauchy—Schwarz gives Z;’L |A.(¥)| < @(f)M'/?||all2. Thus small conductors
cost at most F27(e)Bav | allz||b]laz'/?(log(2Npex)) 2. For V < f < 2V, use (5.8)
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and Cauchy—Schwarz:

() 1%

v<f<av
There are O(L) conductor blocks, and » ., 1/¢(e) < L. The divisor-weighted

sum obeys > .o r(e)Bav Jp(e) < L2 +1 After division by lal|2]|b]l22/2, the
bound is

(5.27) Z ﬁ Z |Ae Be| < (loglog x) (V + VM + VNoox + ‘/5) lall2[|b]]2-
P

(5.28) < n—A2£2C+23div+1—A2 +£3—Bl +£3x_”/2 +£3—c.
Take C = A+3, By > A+3, Ay > A+ 2C + 2Bav 1. This proves (5.24) on
the full supports. O

The next lemma verifies that hypothesis for primes in short intervals.

Lemma 5.2 (Prime interval coefficients). Fiz Hi,c,C > 0. Let N <Y < N¢
and Nypox = Y/2. If J C [Y/2,Y] has length |J| < Y L™ Hint then b = 1pn; satisfies
(5.23) with Baiy = 1, uniformly in J.

Proof. Endpoint PNT gives
bl = v L=,

Fix Ay. Put s = Ay + (Hint +1)/2 and R = YL™® — oo. The target bound
is then comparable to R7(d). For k < L€, use endpoint power-log Siegel-Walfisz.
After removing the primes dividing d, it gives

|A| <B.c, YL78 + w(k) + 7(d).

Take B > s + 3; then the first term is O(R). Also w(k) < logk/log2 =
Oc¢, (log L) = o(R). Since 7(d) > 1, the bound is O(R7(d)), uniformly in d. For
k > L, positivity gives

Al < J[/k+1+7(J])/p(k)-
The function loglog(3t)/t eventually decreases. Since 1/¢(k) < loglog(3k)/k,

sup 1/p(k) < L~ loglog(3L°).
k>LC

Using |J| < YL Hint and 7(J) < YL~ Hne=1 in the displayed bound above, we
get

|J|/k+1+7(J)/p(k) < YL Hn=Co 4 q
+ Y L Hm=1=C0 o0 10g(3L°) < R.
Here R=Y L% — 00, and Cy > s+ 3. Hence (5.23) holds with Bg;, = 1. O

In (5.26), one takes d = e, k = f, ef < @, using (5.23) for f < F and (5.8)
otherwise. The two applications use these parameters:

Source Hipt Ty n
01 2 [eN/8,2N] 0.08
G4 Hy=A+4+4 =N 1/4

The G4 partition has equal widths, including its last interval.
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5.5. O1: signs, full convolution and mass. This subsection proves the upper
bound for the switched excess. We use the finite source and the thirteen-row weight
of §1. Put

(5.29) Sew = > max(W3(n),0).
neA., Q(n)>3, P~ (n)>N«

Let N;j(n) count the permitted source pairs, j = 11,12,13, with their exact
indicators from §4. Let k; denote the four bin counts defined below. Set mp(v) =
#{u; : u; < Bo1(v)}. For squarefree (n, N) = 1, the pointwise identity is

Wis(n) = R(n) — 2N11(n) — Ni2(n) — Nis(n),
R(Tl) =3+ 1p,=0 — 2k — 2ko — k3

+ (l{;) + ZmB(vj),

For k > 5, all three negative source counts vanish:

(5.29a)

Row Obstruction

S11  Five factors > N*; 5\ > 1.

S12  One factor > N® and four > N1/3.

S13 Three remaining factors would have product
> (N/papy)®’? > N/paps, contradicting e < N.

Thus Wi3 = R. For k = 3,4, put t; < --- < tg, s = >_t;. Take N such that
0 < 1—5< 1073, The following conditions guarantee pairs.

Condition Guaranteed count
G11 : kjl = ](}2 = Nll Z 1
0, kg >1

G12 :ZC4 = k — ngzl
1, k1+k2+k3:1
G13Zk:3,k1: NlSZ]-
0, k2 =1

In each case the pair consists of the two smallest prime factors. Its upper pair
constraint follows from 1 —¢; > s —t; = tg + -+ + tx > 2t5. All remaining factors
exceed the second prime. For G13, t3 > 1 — s gives the square-root cutoff. Extra
S13 pairs, including radial endpoints, carry a negative coefficient. Put
(5.29b)

k *
U(k) =341k, —0—2k1 —2ka — k3 + ( 21) +kik2, U™ (k) =U(k)—21c11—1lgi2—1gis.

Since mp(v) < ki, Wig(n) < U*(k). Apply (4.9)-(4.12) on eN < n < N, and
discard vectors with > k;infI; > 1 or > k;supl; <1 — 1073. The remaining ten
vectors for k = 3 have U* < 0, and so do the nineteen for k = 4. Hence their
positive weight vanishes.

For the remaining cells put u = 25/128, A = 93/400, and

57 11 6408241 ~2(Cy — B)

Oy = 20 1t = 22ee _=to=0F)
0= %1 T 5% 91920000 ° 5
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B, B <v< g,
Co—5v/2, vg<v<A

(5.30) Boy(v) = {

Here 2(Cy — «)/5 > A, so the lower clamp is inactive. For 5 < k < 11, the
coordinate bins are I1 = [a, 8), Io = [, ), Is = [\, 1/3), Iy = [1/3,1]. A cell is
specified by the following data:

Counts ki+--+ki=k

Order Uy < - < Uy, <V <o <KV, KWy < v s < Wy < 21 <
oo < Zk4

Ranks kr>my>--->my, >0

Flat branch  v; <wvg, m; = k;
Slope branch  v; > vg, Um; < Co —5v;/2 < Um; 41

The last line uses infinite outer sentinels. Each nonempty cell is convex, and each
of its inequalities involves at most two coordinates. Its weight is

k
(5.31) we = 34 1p,—0 — 2ky — 2ky — ks + <21> +Y my.
J

Let C be the set of cells with wg > 1; their weights are at most 36. They
partition the ordered prime vectors, with the stated face conventions. Define
Oy =Cn{l—log(l/e)/L <Y ti <1},
dty -+ dtrp_1

Vo(s) = e
(5.32) c(s) /Cm{zti—s} PR
Iy = chVc(l).
C

The radial interval is exactly eN < e < N. Put g(e) = > - wcac(e), where
ac selects permitted squarefree factorizations in C. Squareful or non-coprime
rough exceptions number O(N'~%L). Each has at most eleven prime factors. So

each one-prime row is at most 11, and each two-prime row is at most (121). Thus
‘ng‘ S 455, and

(5.33) Sew <Y g(e)1p(N —€) + O(N'~°L).

Full-support majorant. Put Ag = 14+ L™2, h = logA¢/L < L73, and J; =
[N“Aé_l, N‘IA%). Let T} be its exponent interval. A box j = (j1,...,jx) is outer
for C if Tj, x -+~ x Tj, NCn # @. Let 1j(e) count labelled prime factorizations
with factor ¢ in Jj,. Put

(5.34) i)=Y we,  fHe) =) ciijle).

C': j outer for C k=5 j

Then g < f*. For J = J;, put

11
(535) by = 1pnyg, aJ(m) = Z Z C(j)(l]P’ﬂsz O 1IP’ﬂij)(m>'
k=5j: j1=3
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Thus f* =", ayxb;. For fixed m, k = Q(m)+1, and each labelled factorization
fixes one interval tuple. There are at most (k — 1)! such factorizations, so

. < < Kpox := —1)! ,
(5.36) 0<ay(m) <Ky 522;11(147 1) Cze; we
k

uniformly in IV, J. Every original cell constraint remains, and outer boxes satisfy
> tie[l—log(l/e)/L —kh,1+kh], t1 € [o,1/5+ h]. For J =[Y/Ay,Y), split a;y
dyadically at M; then, eventually,
log(¥/2)

(5.37) xp, = M(Y/2) € [eN/8,2N], n=0.08 <
log xy,

Sl_na

and there are O (L?) blocks. Their norms satisfy |las |2 < Kpox VM, [[bs]l2 <
VY L73/2, The interval lemma gives (5.23) with Hi,, = 2. Use saving 6 and a single
level D = NY2L=B B > B;(6) + 1. Each block then costs O(NL~'/2), giving

5.38 max |Ap+(d,r)] <. NL™9/2,
(5.38) C;)(Jll s+ (d,7)]

Each cofactor has at least four rough prime factors, and the sieve divisors remain
outside the convolution. All block scales are comparable to V.

Sieve and mass. Sieve {N — e} with multiplicity f*(e) at z = v/D, and put
Xt =3 f*. Ford| Py(2),

(5.39) rq = Ap+(d, N) Z e
(e d)>1
Every e has at most eleven prime factors, all > N%. Put

Ruci= ) 2. I

d<D SO( (e,d)>1
d|Pn (2)

For squarefree d = ¢r with prime ¢ | (e,d), (¢,7) = 1 and ¢(d) = (£ — 1)p(r).
Hence

LTI DI DI ”

le 7‘<D/€

(5.40) ,
<oxtyeY £ (") « x+N-oL.
r<D 90(7‘)

Here 1/(¢—1) < 2N~% eventually. By (5.42), the normalized cost is O(N~*L?);
it is included in Eg_, . By (5.33), source exceptions cost O(N1~®L) before normal-
ization. Since Uc > N/L?, their normalized cost is O(N~“L3). Primes N —e < 2
in g cost at most 36z. Outer-box multiplicities remain nonnegative for nonpositive
N —e. Apply (5.4) to the finite multiset. Each box has mass

H T((JJZ)

Uniform PNT approximates it by

/T' N2t Hdti/ti
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with exponentially small relative error. The excess of the outer boxes lies within
Vkh of the facets. Radial facets cost O(hN). Every other facet has at most two

nonzero normal coordinates, and its normal is not parallel to (1,...,1). Each
radial slice has excess O(h), costing O(hN/L). Thus the total weighted excess is
O(NL73).

The slice mass Vi (s) is Lipschitz near 1. All coordinates exceed «, so denomina-
tors and derivatives are bounded. Changing s shifts each two-coordinate inequality
by O(|1 — s|). If a constraint uses the eliminated coordinate, its gradient has at
least k —2 > 3 identical nonzero entries. Thus the slice change is O(|1 — s|). Radial
integration gives
(5.41)

Lrrdt N log(1/e)
[ W% Htizﬂl(l_g)vc”” | e ve—om Vet

Hence

(5.42) Xt =

~| =

{(1=e)gr + OE(L_l)}.
Thus (5.40) is O(N'=%) = o(U¢). For s = 2, F(2) = ¢” and logz = L/4 —
(B/2)log L. By (5.7),

8C(N)
L
Equations (5.33), (5.38)—(5.42) and the sieve give

VN (2)F(2) = {1+O0(ogL/L) + o(1)}.

(5.43) | Sow <801 —)Iur +o(1)]Uc |

The errors are O(UcL~Y/3), O(N'/*), O.(NL=%/?) and O(N'~“L), including
the radial and box errors. Each is o(U¢). Appendix A.6 encloses (5.32). The low-Q
cells are handled by (4.9)—(4.12) and (5.29a)—(5.29b).

5.6. Weak G4: interval partition and injection. This subsection bounds the
remaining balanced semiprimes. Fix a with 3/2 < a < 2 and “T_l —e> % Put
a—1 1

bgg= —— —€> —.
G4 a © 3

For a = 9/5, this is the cutoff in (1.3). Count ordered prime pairs by
(5.44)

gn(e) = #{(m,p") : m,p’ prime, N*¢* <m < VN, eN <mp’ < N, mp' = e}.

Unique factorization gives gy < 2; both orders and all coprimality types are
included. For A > 2, put H; = A+ 4 and

1/2 —bga)L .
(5.45) R= [Mw €= NW2ba/R -y Nbasgd

Partition into the intervals [u;_1,u;), with the last upper endpoint closed. Each
relative width is comparable to L= and there are O(Ls*!) intervals. For an
interval with upper endpoint Y, take by = 1pn s and

(546) a:‘]—(p/) = ]-p’ prime, eN/Y <p’<NE&/Y> a; (P/) = ]-p/ prime, eN§/Y <p’<N/Y -
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Then g~ < gy < g, with g* = ZJbJ*af For h = gt —gn, 0 < h < 2.
Its support lies in [eN/&,eN) U [N, NE), a set of length W < NL=#s. PNT or
Brun-Titchmarsh gives > h < NL=Hs=1 Thus
(5.47)

2 max A (g,r)] < 3 ( Wig+2)+ (> h)/(p(q)) < NL-Hotl 4 Q.
9<Q

Write Ay = Ay+ — Ay, and split a into O-(1) dyadic pieces (M;, 2M;]. Here
xp = M;Y/2 <. N and log(Y/2)/logzp € [bga — 0(1),1/2 4+ o(1)]. Thus n = 1/4
is admissible. The norms are ||a;||2 < VM; and ||bs|l2 < VY L=(Hat1/2 The
interval lemma gives (5.23) for every exact interval. With Apjoex = A+ Hy/242 in
(5.24), each block costs O(N L~ Avtecx=(Ho+1)/2) "and their sum is O(NL~4-3/2),
A single level Q = N'/2L~5 works throughout, with B > Bi(Apiock, 1/4,1) + 1.
Together with (5.47),

(5.48) Z (mf)iic 1Ay (q,7)] €aae NLT4.

For example, one may take A =4, H; =8, Apiock = 10. Apply this to
(549) G3(bg4) = Z S(Am§ PN7 m)a

mePn, N*ca<m<V/N

with the conditions P~ (c) > m, (¢, Nm) = 1. A counted term satisfies N —pg =
me, po < X. Eventually,

1 <eVN <c< N/m< Nbes <« N2bes <2,

A composite ¢ would satisfy ¢ > m?2, so c is prime. The designated m gives an
injection into (5.44), with multiplicity one in all ordering and coprimality cases.
The closed lower endpoint covers e > N, and the square and endpoint conventions
cost O(V/'N).

Sieve with multiplicity gy (e) at Ds = Q, z = /@, s = 2. Primes py < z cost at
most 2z. Put X, =" gn. For d | Py(2), N is reduced and

(5.50) |Ba| = Xg/p(d) +ra,  Ta=A0gy(d,N)— ﬁ > gnle).
(e,d)>1

Eventually both prime factors exceed min(N%3* ev/N) > N'/3 > 2 so the non-
coprime term vanishes. For comparison, at y = z = @ one has s = 1, F(1) = 2¢”
and log@Q = L/2 — Blog L. Thus (5.7) gives

Vr(@F() = i1+ o(1) = S 1+ o)

Since @Q1(1) is bounded and K is fixed, the correction in (5.4) is

Va(Q)eVE Q1 (1) (log Q)% = Ok (C(N)L™*/3) = o(C(N)/L).

Hence the sieve factor has the same leading constant. The G4 bound below uses
z = +/Q as above. By (5.48) and (5.4), the remainder is o(U¢c). Uniform PNT gives

(5.51)
. 1/2
Xy = {m(N/m)—m(eN/m)} + o(N/L) = < L ol zt(ldi t)

m bga

+ o(N/L).
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Endpoints cost O(v/N). PNT is applied to the inner count, then partial summa-
tion to the outer sum. Since log(N/m) = (1—t)L, the integral is log((1 —bga4)/bga)-
Also VN (vVQ)F(2) = (8 4+ 0(1))C(N)/L. Hence

(5.52)

po prime

Y an(N —po) < [8(1—¢)log

1 —bga
bga

+ 0(1) Uc .

The injection gives G3(bga) < 32, prime IN (N — po) + O(v/N), which proves
weak G4. Sections 2—4 give G1 and the nineteen OL estimates.

5.7. One signed allocation. Theorem 4 and §6.3 give (1.21), with Xy = ¥ and

Tg(N) = 0(1).

For general a, the pointwise bound and (5.52) give

(5.54)

D(lva)(N) > |:(1 - 5) {Dcert - 810g

L~ b } - 0(1)] Ue.

bca
Cancel the common positive factor 1 — e. For a« = 9/5, ¢ =
1/10000, bgs = 39991/90000, the criterion is then (1.22): Deet >
810g(50009/39991) = 1.788388483459608.... The raw bad-count coefficient

is 8(9999/10000) log(50009/39991), that is, 1.788209644611262.. ..

Its limit is

8log(5/4) = 1.785148410513678. ... The fixed-¢ construction here uses (1.22). For

fixed a € (3/2,2), put po = (a —1)/a and r. = 1/(1 + exp(Deert/8)).

The same

source argument works if

(5.56)

e=10"1%,

po —107* > max{1/3,r.}.

Then bgy = po — 107% > 1/3 and Deery > 8log((1 — bga)/bga). With & kept
fixed, require N > e~ (@=1/(a2) and the analytic threshold. The signed allocation

is as follows.

Term

Position and multiplicity

Full R1 comparator
4JRr1

PF/BV selected cells
S5 BV top

S6 level increment
Finite BV errors
AA3T7 perturbation

O1 main term

O1 errors

Weak G4

One replacement in (5.18). Appendix A.4 includes the
R1-x comparison in S2. The extra allowance in (6.6) is
conservative.

The PF-side loss of (5.19), once.

One replacement on [t., 7g) in the split row.

Esg of (5.22), once.

Eng(N) > 0, including the logarithmic loss; Eng(N) — 0.
CroWap/4 < gaa by (1.27), once in (6.6). Cutoff and
selection costs are in (6.4).

—Sew/[4(1—€)U¢] > =211 —o(1), inside D. Its enclosure
enters once.

Es_, = o(1) from (5.43): box, radial, exceptional, small-
prime, non-coprime and BV. The non-coprime cost is
O(N~2L?); finite-source exceptions cost O(N~*L?).
G3(bgy) is subtracted once outside D in (5.54).

Sections 24 and 6.3 prove the source and profile bounds. Each fixed cost enters
once, and direct low-prime removal costs O, (L~2®) after normalization.
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6. PROOF OF THEOREM 1

6.1. One signed assembly. Put L =log N, p =1+ 7 and Wyorm = 4(1 —€4)Uc.
This scalar differs from the pointwise weight. The signed source is

WnormDsrc(N) = 351 + SQ - 2S3 - S4 - S5 - Sﬁ - S’?

6.1
(6.1) + Ss + Sg 4 S10 — 2511 — S12 — S13 — Sew-

Theorem 4 (Signed assembly). Fiz one actual construction with w = 1/500, a =
100/1149, B = 50/309, 0 < o < 10~1°, 7 = ¢° and £y = 53/412 — 1/20000 > 0.
Assume four conditions.

(1) The nineteen row chains and outer chains cover (6.1). They retain exact
source maps, multiplicities, half-open domains, selectors and restrictions.

(2) The source, AA87, comparator, detection, boundary, Class-I, Class-1I, mea-
sure and profile estimates below hold. They retain actual domains, signed
modulus sums and norms. Uniformity holds after the displayed family
count.

(8) Directed endpoints bound their specified profiles. S1, S2-T8/4 and G1 en-
ter jointly, once each. The S1-3 prefactor comparison is separate from its
dynamic cutoff.

(4) FEach fized loss enters once under the paired tail convention. The AAS37
perturbation fits gaa. The explicit selector, cutoff and peel bounds remain.
Parameters follow the order below.

There are finite signed terms a;(N) and slacks s (N) > 0 with
Dsrc(N) - Bmain + Za](N) + Z sk(N)v
J k
Dsrc(N) > Bmain - Fpers - Evan(N)7 Evan(N) — 0.

(6.2)

Hence the fized-€ 4 threshold holds eventually when
(63) Dlower < Bmain - Fper57 Dlower >T.

Proof. The signed row coefficient is included in @, ;. All quantities below are in D
units.

Stage Quantity

Qro Actual signed master source.

Qr1 Declared row source after its exact identity.

Qr2 Low /upper cuts, source tags, squarefree/ coprime restoration.

@r3 Exact selector, dynamic-cutoff and peel partition, with main-
comparison error terms.

Qra Actual-level AA37 main term, fixed/asymptotic perturbations and
remainder.

Qr5 Exact comparator decomposition.

Qr6 A/log detection, proper powers and LOG freezing.

Qr7 Boundary, II, I-1 and I-2 partition.

Qrs Continuum mass after prime-measure/Euler conversion.

Qro Sign-correct specified profile after domination.

Qr.10 Directed endpoint with the paired tail convention.
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Finite telescoping yields

10
(6.4) @ro = Qr10+ Z(Qr,kfl — Qrk)-

k=1
For S2 we use (3.3)—(3.4):
F=An{h<K}, B=An{h>K}, Rl=An{g> 249/250},
A=PFU(FNRL)UB.

Here h is evaluated at inherited labels, and K differs from Ky. S10 Ret/Drop, S5
low/top and S4/S7 A/B retain their half-open endpoints. The modulus masks are
1— Kr, Kr(1 — Kp) and KrKpliough square- Lhey give, before the signed row
coefficient,

(643«) RAA - Sslot + NCsf - Z EunionAP + Z E'allowcd(AO - AP)

The first two masks split Zunion disjointly, and the third gives Zanowed- NC uses
the remaining squarefree moduli. A failure of both conditions belongs to the tail.
For O € {S1,52-T8/4,G1}, put Qo9 = ), co @ro and Qo,10 = Eo. Then

> Qro=Qo10+ (Qoo—Qo.10)
64d)

9
+ Z Z(Qr,kq = Qrk)s Qo,9 — Qo,10 = 0.

re0 k=1
Signed differences are kept and favourable slacks are discarded. FEach tuple is
assigned to its first failed condition. The low direct primes, the upper G1 cut, the
excluded factors and the squarefree/coprime restoration are removed. The source
is then retained. The unique D1 Lemma 2.1 and the G1 cut-measure comparison
prove these changes.

A box meeting a source face is a boundary box. Otherwise the largest eligible
lower-endpoint exponent is chosen for II. Ties are broken by the fixed variable
index, and then I-1 and I-2 are used. The DIRECT preparation lemmas verify
(SH1)—(SH5) [Z1, §3.11, (3.98)—(3.101)]. Every G1 coordinate exceeds N¢, and its
two Class-I families are empty by the product-source proof. The tables bound every

adverse difference, and the fixed-parameter argument gives F,, — 0. This proves
(6.2). O

6.2. Sources, local inputs and directed endpoints. The map fixes each sign
and domain. Positive terms use lower endpoints, and negative terms use upper
endpoints.

Contribution Source and endpoint direction

35 (2.19): coefficients (3,—3,3,—3), orbits 1,2,6; one joint
38, from (A.4).

So Four terms; PF, FNR1, Bin (3.4). Whole-K uses II; strict
complement uses BV-R1. One lower drg from (A.7).

—283, S5, Sy Absolute single-prefix profiles with level reduced by u =
1/500.

-S4, —57 A/B partitions within each row; upper endpoints.

—Ss S5-low on [1/4,t,) and disjoint BV-top; upper endpoints.
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—S6 Separate BV-S6 upper estimate.

S10 Ret U Drop, with its directed lower estimate.

—28511 — S12 — S13 G1 chain (4.18), separate cutoff peel; source weights
(2,1,1) occur inside AZ*. Child signs (—,+,—,+) give
upper/lower /upper/lower profiles; one joint Fqy.

—Ssw O1 (1.9), (1.12), upper 2H[, ypper-

The master coeflicients are (3,1, —-2,—-1,—-1,—-1,—-1,1,1,1,-2, -1, -1, —1).

D1/G1 replace the sources before Buchstab/HB, with their signed corrections.
DIRECT uses Lemmas 2.2 and 2.1. G1 uses (4.14), the monotonicity N/2 — N#
and its cut-measure comparison. Sections 2—4 verify the actual source and local
hypotheses of [Z1, Theorem 3.2, (3.13)] and the packing of [Z1, Theorem 4.1]. The
complete-weight prime-source theorem has a different coefficient family. For AA37
we apply [Z1, Theorem 2.6, (2.30)—(2.33b)] with

D=L, z==z, R=1 e=0, 05=1=0".

Section 1 supplies the density and sieve mass. Sections 2—4 supply the levels and cut-
offs. The three terms of this theorem are ¢, XV (2r) My (sk), —|ck| Xe VN (2k) Es i
and agRaa k. Outer contributions and adverse source differences complete (6.1).

The nineteen applications are indexed by k = (r,b,C), that is, by row, parent-
prefix cell and signed remainder. The remainder R4 j is taken before the exterior
coefficient ay. It includes the source coefficient and the AA37 sign once, and it
excludes the orbit M. For G1, a = (2AR)vk, with v, = +1 for upper remainders
and —1 for lower remainders. The quantities Ci, NCst i, Zuk, 24,x are formed
before this sign. Put v = Ci/Csior, k- By [Z1, (2.32)-(2.33)], (3.8) and (4.22)-
(4. 26)

1 arC.
ZakRAAk—W b SIOth% )Ap k(g
norm norm k'
1 -

k.q

ZakuAk )(Dok = Apk)(q).

norm

This identity is finite at fixed N. Here r(AY',d) = Ag(bxd) by (2.17¢) and (4.21),
with the AA37 remainder convention of [Z1, (2.32)—(2.33)]. For S2 we use the per-
block terms underlying (3.8). The DIRECT comparator differences vanish, while
G1 keeps their bounds. HB is applied to the first term. Its Class-II factor is

arhi,B  cpspr
(6.4c) AL Skp -
Here hy, p comes from the HB/log/box expansion of the same source. Division by
Cslot leaves this factor once. The other terms enter the boundary, proper-power,
LOG, I-1 or I-2 classes. Each block keeps its tested measure, grid, coefficients,
cutoff and normalization.
The hypotheses are checked as follows.

Input Actual-source check
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C1-C5, LEN H1-H5 of [Z1, Theorem 3.2]; Sections 2—4 check coefficients,
packing, shift, norms and scales. a = N, N/L?' < X < N,
g < X% Cpox = Cy = 334, Kyeate = 31. Direct preparation
gives tested measure and integer intervals; G1-LOCAL uses
the plain cut measure, fixed majorant and doubled support.

H6 Source-wide freezing and boundary bounds, separately; Sec-
tion 4.4 includes proper powers.
H7 Both direct families have exponent 2012; G1 has envelope

Ky = 8042. The finite sum preserves it, including represen-
tation multiplicities [Z1, (3.91)].
Sources and Sections 2.1-2.5, 3.1-3.2, 4.1-4.2; D1/G1 replacement; (6.4a)—
masks (6.4Db).
Profiles and cut- Sections 3.5, 4.6; (2.22), (2.38)—(2.40), (3.21), (4.45)—(4.57).

offs Squarefree/II: (4.64)—(4.65), (4.68)—(4.69). BV: Sections 3.5,
5.2-5.9.

Joint endpoints  Appendix A and the next two comparisons; signs from (6.1).

Fixed losses (1.26)—(1.29), (6.6), parameter order below.

The repeated-prime bound is 232AUC’UN*Z°"2(1 + L)%, proved in (B.1)-(B.7).
Thus the four assembly hypotheses hold for these families.
For G1 set

Egi = Lg1 —0g1,  6c1=4.98-107%%,
500103

100433627766186892221372630771322662657637687111424552206336’
—54
Lgi — Rg1 <4.98-10 s FEc1 < Rai.

Here Rg1 sums the four exact row lower endpoints. We insert Lgy from (4.84) in
Bain and dgi in Fpes, once each. Their difference is Eq; = Lg1 — 01 in (4.85).
The signed allocation underlying the row endpoints is (A.9). The row bounds prove
(6.4d). S1 and S2 enter only through their joint endpoints. Sections 3.1-3.5 assign
all four S2 terms, the three pieces, the selector and the tail.

The S1-3 coefficient is —3 in (2.19). Its single p3 — FE5 replacement is (2.20).
The single comparison with ® is (2.21)—(2.22). Thus E4 pref Occurs once, at Qs1-3,9,
with adverse value 0. Its cutoff cost lies inside 625007, and S2-3 has its own FEj.
The correction Fy sr changes S1-1 from f to F' instead.

Lgi — Rg1 =

6.3. The complete error sum. Every entry below is a nonnegative bound in D
units or a proved zero. The finite logarithmic exponents C are chosen after the
earlier constants. They may differ by row.

contribution Scope and exact error term Bound
Source identi- The 19 signed identities, (6.4b) 0
ties
Source restora- Squarefree and (n, N) = 1 restora- O, (N %O+ L3)
tion tion on 15 direct sources, before
AA37
Direct  lower Original p < N/L3° tail, counted O,(L2®)
cut before boxes
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contribution Scope and exact error term Bound
Switched Actual e > N(1 — L'~) strip O, (L3~ + L%/N)
upper cut
Source end- The original p < (1 — €a)N source 0; straddling boxes belong to
point face boundary
Exceptional Direct p | N or switched tagged fac- O, (L?/N + N~/?+o(1)

source factors
S2 selector

S10 selector

S1
cutoff

G1 cutoff peel

dynamic

G1 profile
boundary

gBV

dc1

gr

Fixed sieve
perturbation
Asymptotic

sieve perturba-
tion

Squareful

tail, repeated
prefix, al-
lowed  rough
repetition
Squarefree nor-
malization

Comparator
density
Direct
powers
Switched

prime powers

prime

Logarithm
freezing
Logarithmic
identity

tor dividing NN, at first removal

Extra selected cells and dynamic
comparison

Dropped whole cells

S1-3 cutoff and dynamic compar-
isons; prefactor excluded

G1-3 four-prefix peel, never HB-
expanded
Matched-profile
strips; peel separate

modulus-label

S5-top Es,. = 4-107% plus an ex-
tra allowance gr1 = 5.71- 1076; this
allowance is not the corner bound:
drs already includes the R1 corner
at k= 1076

Joint-versus-row G1 comparison
above
Replaces the four selec-

tor/cutoff/peel bounds above

Integrated absolute AA37 error on
all rows

Remaining AA37 perturbation

Disjoint masks of (6.4a): first for-
bidden tail equality; first prefix rep-
etition after allowed tail; retained
rough repetition. Tests: Ap, Ap,
Ao — Ap.

Retained squarefree full moduli only

wp(p®) = p/(p — 1) for every k; dis-
crepancy in the preceding two rows
Tested-side proper prime powers

At most four tested coordinates,
each at least N

Exact log™!-freezing difference over
all disjoint boxes

Freezing is selected; Laplace trunca-
tion is unused

2750096807

7.160T
625007

145664566.4567T
0 adverse

0.00000575, once

4.98 -107%4, once

2- 107247 once

gaa = 0.00002853328, once
0-(1); rate unspecified
Theorem 5: OU(N%O"QL‘*)

separately and  together.
Third term 0 on DIRECT.

Direct 0 on the operative
tested-prime  source; G1
O-(N"*L?)
0 additional

OU(N71/2+0(1))
OU(N725/1149+0(1)L5)
Gl OU(L1667CZ,);

OU (LQO—Cb)
0

direct
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contribution Scope and exact error term Bound

Switched All four switched rows, one grouped 3.6 x 101000N1ab(0)(1 +
boundary contribution L)163L2’C”/ 2

Direct bound- All 15 direct rows, one grouped con- 3.94 x  10°C, Niap(o)(1  +
ary tribution L)1 [2=C/2

Class I-1, Class First-failure direct classes; count Kr OU(LK1+27A1')

1-2 before choosing A;

Class 11 All actual blocks with absolute ex- Both terms of (6.5), once

Prime-measure
Euler-
con-

and
product
version

Profile
parison
El,pref

Er¢r

S2 infinite tail

Directed enclo-

sure

R1 BV remain-
S5 BV
S6

der,
remainder,
BV remainder

S6 level incre-

ment
Switched-

€excess error

com-

terior coefficients

PNT, Li, radial/product prime mea-
sure, sieve product and large p | N
factors

Signed domination of the specified
profile at the actual level

S1-3 prefactor, (2.20)—(2.21), at
@s1-3,9; dynamic cutoff excluded
S1-1 correction; the S2 correction is
already inside its joint endpoint
Joint S2 A=1 tail beyond the finite
prefix

Directed numerical enclosure of the
specified profile

Three actual BV /sieve bridge errors

Selected S6 x = 107° increment
over the nominal S6 baseline

Full O1 (5.33)—(5.43): source ex-
ceptions, outer boxes, prime/radial
mass, noncoprime correction, small
primes, sieve error, level/Euler con-
version and product BV

0-(1) each; §3.5, §4.6 (4.76)—
(4.78), direct-BV terms in §5.
01 (5.33)—(5.43) enters Essyw-.

0 adverse by the row com-
parisons in §§ 2—4; favourable
slack discarded

0 adverse, once
One error 1073

One error 1/20000, already in-
cluded when drsg is used

0 additional

o(1), including O(L™/3),
Oa(L**) and the recorded
O(log L/L) measure conver-
sion

One error
0.000006484294227956901
Esew = o(1), once; product

BV costs O(L~%/?).

We take Hy, = Iy, the coordinate measure and t; of (5.30)—(5.32). Set W =

Wnorm and pUt

Then

ESSW(N) = maX{O, SSW(N)/W — 2IHL}

—Ssw/W > =21y, — Essw, and Iy, < Hp ypper gives the sole main term

—2H], ypper- For fixed geometry and BV exponents, (5.43) gives

log L

Esew <c, L7Y3 4 —+ L'+ L2 +np(N) +ng(N)

+ L2 N7 L NTOLE = o(1).
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Here np,ng — 0 are the prime-box PNT/Euler errors of Section 5.5. The radial
and outer-box masses contribute L=, L=2. By (5.40),

12 (r)
Ry <22XtN—©@ Z B« XTNTOL.
r<D 90(7’)

Since X+ < N and Ug > N/L?, its contribution is O(N~®L?) = o(1). It enters
Esgw once. The N~®L3 envelope covers (5.33) and (5.40), including source excep-
tions, and N—3/4L? covers the 36z endpoint. The direct-BV conversions and the
outer errors below are kept separate.

For Class II put ¢, = £y02/4 > 0 and C = C(0,Cy, A’,31,Csc). By [Z1, Theo-
rem 3.2, (3.13)],

|SB| Ko,31,04,A47 Core XL + X7 LC.

We sum the exterior coefficients < Lo, use X > N/L?' and divide by Wyopm:
(6.5) En(N) <, LFot2=4" 4 N=¢o [ KotCpout2,

Here Cpow = C + 3lc, absorbs the fixed factor from X > N/L3!. Both terms
are kept. The cited proof contains GR, colouring, cross-copy coprimality, CRT,
zero mode, moments, Poisson, W-prime norm, Theorem T and endpoints [Z1, The-
orem 3.2, §§3.5-3.9]. The actual-source H7 sum includes them once [Z1, §3.10,
(3.91)-(3.92)]. The outer errors are O(N~*L?3) for rough exceptions, O(N~1/2L?)
for squares/source factors dividing N, and o(1) for G4. They enter (6.9) once,
separately from O1.

6.4. Selected endpoints and persistent costs. We use the adverse endpoints
of Appendix A.2—-A.6. Terminating decimals are rational.

Input Certified value or enclosure Use

S7 at A = 93/400: canonical raw value 2.299260427561925683718... in
[2.299209653294856, 2.299402520476652]; use the upper endpoint.

S1in D units: 351/4 > D,, the lower endpoint of the S1 ball in Appendix A.2.
Selected S2 endpoint: drs > d,.
Independent S2 enclosure: T8/4 € [1.62063469556829, 1.62071322785677].

S2 refinement: PF 0.000944946137955914, corner 0.000058392441251611, tail 0.00005.
The sum differs from the endpoint improvement by less than 2 - 1075,

Switched integral — Hp upper = 0.0778506 —2HT, upper = —0.1557012.

Signed reference Bain = 1.83403742109459478063.

sum

Persistent errors Foers < 0.000040767574227956903; de-

composition (6.6).
The two lower endpoints used above are

D, =9.6765387489412441290823874931869409094969802156943270964 — 6.00 - 107,
dy = 1.61958135698908352559133404332105729220076714081650.
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The printed reference sum is the following thirteen-term sum of the adverse
endpoints in Appendix A:

U. U Usiow U
-Bprintzgl'FQQ_iA_74_’71_77

2 4 4 4
Lsa L L T T
- Z + ZA +%+LG1—Jﬁ_']G_QHLNPP‘”'

Here D, is the lower endpoint of the S1 ball in Appendix A.2, and d, is the selected
S2 lower endpoint printed above. The four U endpoints and four L endpoints are the
adverse directed rational endpoints printed in (A.7), (A.10), and Appendices A.2—-
A.6. The upper endpoints for the two remaining integrals are

i 0.03658166423843258896399704402764682632822246022922592990 + 8.84 - 107°7

5 = )
4

Je = 1.3148581959157321533513247276782285310758770468886237619585.

They come from (A.14) and (A.13), respectively. The switched-integral endpoint
is Hp upper = 0.0778506. Every summand is a printed rational endpoint; the
sum uses no unrounded analytic integral value. Exact rational addition gives
Bprine > 1.83403742109641331345957914542194044932304169727869681073064.
We take the smaller rational By, = 1.83403742109459478063. Thus Bpain is
obtained from the printed endpoint data.

We use the net-tail value drg of (A.7). Put drg = 1/20000; this tail is already
inside drg. The persistent sum is

Iy = 0.000006484294227956901 + 0.00000575 + 0.00002853328

6.6
(6.6) +4.98-107°* +2-1072* + 1073 < 0.000040767574227956903.

The order is the S6 increment, ggv, gaa, the G1 reconciliation, g,, Ei fr. By
(1.27), CroWana /4 < gaa. The exact BV decomposition is
gsv = 0.00000575 = 0.00000004 + 0.00000571 .

Es5 x 9gR1

Here F5, = 4-107% is optional and conservative. For comparison, Appendix A.6
bounds the hypothetical S5-top increment at x = 107°; the selected S5-top uses
zero shift. The selected S2 corner already uses £ = 107% and its increment by (3.19)
and (3.22). The extra gr; > 0 is conservative. Both terms enter (6.6) once.

The four selector/cutoff/peel bounds sum to

(275009680 + 7.160 + 62500
+145664566.4567) T = 420736753.61677
< 4207367536167 x 10782 < 2 x 10~%4.

The deliberately looser bound 4.201 x 10'27 also covers this sum. The allowance
2 x 10724 enters (6.6) once. The independent S2 enclosure includes every tail:

(6.6a) T8/4 > drs.

Its lower bound improves drg by about 0.001053338579. The input table gives the
three improvements and the rounding error. Sections 3.1-3.5 and 6.2 prove the
actual-source arithmetic, non-II, cutoff, AA37 and joint comparisons.
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The equivalent pre-tail convention transfers only drg:
S2pre = S2pet + 078,
(6.6b) Bpre = Bret + 078,
Fore = Fhet + 018 < 0.000090767574227956903.

Thus Bpre — Fpre = Bnet — Fnet €xactly. Here
S2pre > 1.61963135698908352559133404332105729220076714081650.

The net value is smaller by 0.00005, and all other endpoints and error terms agree.
We use the net pair and subtract each error term once. Then

Binain — Fyers = Buet — Fuet
> 1.83403742109459478063 — 0.000040767574227956903
= 1.833996653520366823727
> 1.83399665352036682372
> 1.78838848345960807361670991333 > T.

The strong outward margin exceeds 0.04560817006075875010 D. We retain the
smaller safety margin Diower — T — gaa > 0.04557963678075875010. This spends
an extra gaa = 0.00002853328 in the final vanishing-error threshold; it is a re-
serve and is not charged a second time in (6.6). The computation uses the full-
precision (A.7), Hp, upper and the single G1 correction. The displayed endpoint sum
is 1.83403742109641 . . .; its excess over the conservative base is 1.82-10712. Shorter
intervals are outward summaries. By (6.2) and (6.4b),

Diower = 1.83399665352036682372, Dgo(N) > Diower — Evan(N),

(6.32) Eyan(N) — 0.

6.5. Fixed parameters, then the limit. First fix the source geometry and the
classical constants. Theorem 6 gives Wap < W, = 1014, uniformly in tail-label
counts. The constant Cg is absolute [Z1, Theorem 2.6, (2.31)]. Choose

_10 4gaa
0<o <107, JSCEW*
Since 77,/2500 = 4 - 107® and AA37 has depth R = 1 [Z1, Theorem 2.6], the
omitted restrictions o < 77,/2500 and o < 3~ are automatic. When Cg = 0, only
0 < o < 10710 is required. Then 7 = ¢ fixes the labels, factorial bounds and
positive power savings. Appendix A holds for 0 < ¢ < 10719 and 0 < 7 < 107,
By (4.20), with Ay = 53/256 — nz, — ST,

b, > maX(Ao — i3, 2t3) > 2A0/3 > 1379/10000 > f.

Fix A,aw = 3, Cp = 334 and then
(6.7)
Ko=24Cy +26 = 8042, A’ = Ajaw + Ko +2=28047, Ayorx = A +4=8051.

The G1 boundary exponent is 165 — Cp,/2. The condition C, > 330 gives decay,
and the choice 334 gives O,(L~2). The three slot-shell sums cost at most three
logarithms, which leaves A’. After counting the full Class-I family, we take A; >
K; + 4. Choose the exceptional-cutoff and moment precisions by (4.67), including
Cx > Cpre + 2, so that all bounds in (1.29) hold. The SW/BFTI precisions are chosen
next. The width 334 makes the source-wide boundary and freezing errors vanish.

if Cg > 0.
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The selected local precision gives the Class-1I logarithmic term O, (L™3). The
resulting rates are

Error Gl DIRECT

Boundary O, (e'®/LL=2) O, (L=1%9)

Logarithm O, (L7'%8) O, (L—314)
The upper G1 cut is O, (L7331 + L?/N); Class I is O,(L~?); the logarithmic term
of (6.5) is O, (L~3). For fixed v > 0 and finite B,

log(N"YL?) = —vlog N + Bloglog N — —oo.

Theorems 5 and 6, with (6.5), give vanishing row errors. The PNT/Mertens,
BV /sieve and asymptotic AA37 errors are o,(1). The finite identities and the
complete error table cover the sum. Finally choose Ny. The choice includes all
local theorem thresholds and requires X > N/L3! and log X > L/2. The endpoint
slack conditions are

202(31log L + 1) < oL, 202log(2*/e4) < oL,
202 -30log2 < oL, oL >2"%%og L +1).

The last is the short-interval threshold (4.32a). We also impose the GR roughness
condition 1/(loglog X)3 < fp0? and all fixed short-interval moment and Brun-—
Bonferroni thresholds. The choice also includes (1.14) and the final slack in (1.23).
These are eventual conditions at fixed positive . For fixed k > 0, C > 0, d > 0
and real B, the quantity CN~*L?P is at most d when

L > max{1, (2max(B,0)/x)?, (2/k)log"(C/d)}.
This follows from log L < v/L. It shows directly that the power errors in (1.30) are

bounded by the last threshold choice.
For N > Ny we also require

Eyan(N) < 1(0.04557963678075875010).

The weaker allowance is Diower — 1 > 0.04557963678075875010. The last threshold
choice may be ineffective.

6.6. From positive weight to a representation. The results of Sections 3-5
hold for each fixed 0 < e4 < 10~%. Choose €4 = 107%, a = 9/5 and
a—1 39991 1—b 50009

b — —_ = — = .
4= 90000° b 39991

The exact threshold satisfies
1.78838848345960807361670991332 < T = 81og(50009/39991),

T < 1.78838848345960807361670991333,
Diower — T > 0.04557963678075875010.

We fix o before the limit. By the definition of Xy in (1.9), (6.1) gives Xy =
Whorm Dsre(IN). Theorem 4, (6.2) and (6.3a) give

(68) ZW Z [4(1 — EA)Dlower - O(l)]UC

The pointwise sieve inequality subtracts the rough exceptional-set error. Then
the count is at least [(1 — €4)Diower — 0(1)]Uc. The fixed-e4 G4 bound costs
[8(1 — €4)log((1 —b)/b) + o(1)]Uc. Since 1 —e€a > 0, Digwer > T, and Uz — o0,
the integer count is eventually positive.
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For a surviving semiprime n = rq > € 4N, with distinct primes r < g and r < N?,
one has ¢ > e, N'~? and

(1-b)(a—1)—b=aea > 0.

Thus r < ¢* ' = ¢*/° for N > eg(afl)/(a”). For a prime survivor, r = 1. The
positive integer count gives (1.1) in the quantitative form

(6.9) Good(N) > [(1 = €a)(Diower — T) — 0o(1)]Uc, T = 81log(50009/39991).
This proves Theorem 1. [

APPENDIX A. NUMERICAL CERTIFICATES

The source comparisons hold by Sections 2-5. Section 6 uses each selected
inequality once, with the signs of (6.1). The tables give full rational certificates
and independent checks. Their directed interval calculations use Arb’s midpoint-
radius arithmetic [23]; rational endpoint checks are given explicitly.

A.1. Exact interval and normalization conventions. Each terminating deci-
mal is an exact rational, and each endpoint includes its displayed radius. The extra
digits fix the direction of each bound. Set

(A1) B(e,r)=lc—rc+7].

Shorter intervals are rounded outward. The numerical-certificate supplement
archive paper-ii-public-certificates-v11l.tar.gz has SHA-256 cb9d7b96ce
1323¢9118d845f4dd701a0d830e8c610090deec88bd8792648e100. Each printed
file SHA-256 is the digest of that file in the archive. An endpoint certificate bounds
its endpoint, and a functional enclosure bounds the integral. Paths are relative to
the extracted numerical-certificate supplement.

The common parameters are

we L g 00 g 50
~ 500’ 1149’ 309’
25 93 57
(A-2) P=Tog0 AT 00 ST mn
7109
* 728000

The parameter-family certificates require 0 < o < 107'% and 7 = ¢° < 107%.
They apply to the same source and scalar profile. In Section 4 the G1 source width
is Cp = 334.

The two numerical outputs and their component manifests are:

endpoint-recert/out/compare_hp.json, S1, row and G1
SHA-256: cff4d6dc0168e66a29a915473c3391¢c383c168fb81ac7lecec87e90016
331b£f8

Manifest SHA-256: 8760a5a78fff44ca739cd12660d3a86765dd2f3d6872eaelll
d933£354£54730

s2-joint/outputs/ASSEMBLY. json, S2

SHA-256: 21083883403f3903fff3ce781e086a26f931dd809e445578cfcbab4629
5e%ebd
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Manifest SHA-256: d26488e736e5798544e758338acb299d417b74a309568f5ce2
0£738e399cf96d

Certificate paths are relative to the supplement root. The root SHA256SUMS lists
each retained filename and digest, including the selected S2 components. The true
F/f profiles are computed by endpoint-recert/code/tm.py, with SHA-256 d3
4b11£02353473f714d00dbb02d73f9a91be5275d9589f cOdbldel3aa851ec16. The
exact comparisons are in endpoint-recert/out/compare_hp.json, with SHA-
256 cff4d6dc0168e66a29a915473¢3391¢c383c168fb8lac71lecec87e90016331bf8.
The bounds come from Taylor models and directed quadrature.

Throughout, Us = C(N)N/log® N, with C(N) as in § 1. The signed master

coefficients, in the order Si,..., S13, Ssw, are
(A.3) (3,1,-2,-1,-1,-1,-1,1,1,1,-2, -1, -1, —1).
Thus S1 contributes 351/4 and S3 contributes —S3/2. The multiplier is —1/4 for
S4/S5/S6/S7 and 1/4 for S8/539/S10. The joint S2 and G1 values are already in D
units. The G1 source multiplicities (2,1, 1) sit inside its source weight, so they add
no DIRECT-row coefficients. The switched term contributes —Sgs,/W. Up to its
stated vanishing error, this is bounded below by —2H .

Each selected endpoint has an independent check, and each row and joint con-
tribution enters once.

A.2. S1: joint enclosure. For the joint profile in Section 2,
3
(A.4) 12.9020516 < 57 < 12.9023390, 151 > 9.6765387.

It covers S1-0 through S1-3 and includes the first —F subtraction. The subtraction
uses u and so = 19037/64. The integral of Section 2.3 satisfies

I, < 2161.074150710003.

Both bounds refer to the joint profile of Section 2.3.

The selected enclosure is computed by si-tail/certify_s1_corrected_tai
1.py, with SHA-256 da9f572cbb28ca06a00e050785eefd9cd4£499269a627deaaa
9a593c4ab210a3; its output sl-tail/corrected-certificate.json has SHA-
256 ebf20d49c73cbf7ael11314e3a1e7e82005a75c42a6c2fe91547698£877011f4f.
The infinite factorial tail is

(m+2)? _ 42% 39
A. = 38
(A.5) mZ;O (m+ Lym! = 4140!38’

since the ratio of consecutive summands is at most 1/39. The endpoint (A.4) is
used.

Ezact outer intervals containing the computed bounds

S1 lower bound
B(12.9020516652549921721098499909159212126626402875924361285, 4.64 - 10~°%)

S1 upper bound
B(12.9023389323670212025588110758944404798760246915400198042, 3.39 - 10~5)

D lower bound from S1
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B(9.6765387489412441290823874931869409094969802156943270964, 6.00 - 10~°°)

Infinite-tail majorant Jypper

B(0.000255821764915303175726784912190615770902363950678941419476, 3.34
10701

Prefix deficit
[0,7.792 - 10*383]

The prefix deficit is subtracted before computing the lower endpoints in (A.4).
Thus (A.4) includes the deficit once. The source-to-profile comparison is in § 2.3.

The independent calculation is endpoint-recert/code/sl_cert.py, with SHA-
256 718e495fb18ea71ef0538c73ac03f96a0cac77£2274ffbe5c1a093b76605a508.
It re-derives the cancellation and tail bound from the delay equations. Its output
is endpoint-recert/out/sl_cert.json, with SHA-256 £16972e2b73258532182
357454193b5002b553dc465b829f9af9b2c0680d4137. It gives the sharper bounds

3
(A.5a) Sy € [12.9020760, 12.9023390], 151 > 9.6765570.

The computed lower-bound ball is
B(12.9020760472276414637285015429505331626940241680712780695, 4.38 - 10~°%),
and its 3/4 multiple is
B(9.67655703542073109779637615721289987202051812605345855210, 5.80 - 10~°°).

These bounds imply (A.4) and its tail estimate. They also give I, <
2161.074150710003. The selected endpoint is (A.4).

A.3. The seven separate profile endpoints. The seven directed endpoints be-
low come from three certificate groups. Option-A gives the absolute S3-A/S8-
A/S9-A values. Direct-row gives S4, S5-low and S7, and Retained-row gives S10-
Ret. Each endpoint has an independent comparison. For S4, S5-low, S7 and S10
the final sum uses the adverse endpoint of the first printed interval; the following
ball is an independent check. For the three Option-A rows it uses the displayed
ball endpoint in the adverse direction. S7 is taken at A = 93/400. S10 uses the
source-trimmed upper inner boundary.

Row; coefficient giving its D contribution; certificate group.

Raw-profile outer interval; next line: independent endpoint comparison.
S3-A (Option A) -1/2 Option-A
B(10.45234847108890216860085651838875393044983358511004,5.69 - 10~°1)
Upper endpoint verified in the archived comparison record

S4 —-1/4 Direct-row
[3.336569865049636, 3.336975348289866)
B(3.33672680275562584206999257242, 4.25 - 10~30)

S5-low —1/4 Direct-row, direct cells [1/4,t,)
[0.238854512468062, 0.238888433191047]
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B(0.238875420270830663069285634601, 4.07 - 10~31)

S7 —1/4 Direct-row, A = 93/400
[2.299209653294856, 2.299402520476652)
B(2.29926042756192568371844970138, 1.46 - 10~30)

S8-A (Option A) +1/4 Option-A
B(2.36595898835331722398869549955202092760264561327680, 6.59 - 10~51)

Lower endpoint verified in the archived comparison record

S9-A (Option A) +1/4 Option-A
B(1.341531658234294936348198541015408702983637197761145323037489950, 4.21-
10764)

Lower endpoint verified in the archived comparison record

S10-Ret +1/4 Retained-row
[0.858847455777940, 0.867486588163666)
B(0.862377086132397387439154957615, 6.98 - 10~32)

Direct-row

Source code and SHA-256: row-enclosures/cert_s4_s7.py: d98866b45f1ddb8f
3£93411bfe09cb11c62569cc80fa775a77a3eablad4384aa

Output and SHA-256: row-enclosures/result. json: Oeb5fa52ed180a071633e5
0£f0d099f5c4e1f9bb001add71765fe1c2f033b87a; S4, S5 direct cells, S7

Option-A
Source code and SHA-256: option-a/arb_enclose_optionA_independent.py:
9¢1880609692d30be9£282a218280c291dbb782a7d7cfab35732e9203687c36b

Output and SHA-256: option-a/arb_enclose_optionA_out.json: 5a8786a27d
a1ab52550eb0c077ael11c48072aff6d1765cebbad25b24e2a556b27

Retained-row
Source code and SHA-256: s10/arb_s10_exact.py: 74a130143e5c9e40ac530dd6
88526e63acde93a95f5e8271b0£07984afc5a98f

Output and SHA-256: s10/s10-s10. json: £6£fba094d222f362341bc63ba0388cbf
6a7556accdd14d5b28b882d7e0626cf6

Direct-row uses 192-bit Arb with 7 € [0,107%°]. S5-low sums two direct cells on
[1/4,t.), with outward rounding. The BV-top cell is disjoint from them. The in-
dependent calculation endpoint-recert/code/rows_cert.py has SHA-256 8b2e
£756bbdd5530£f614a66b8c5eb5dddd179225565d979515b1ca85876064bch. It pro-
duces all seven results in endpoint-recert/out/rows_cert_hp.json, with SHA-
256 456d03d3ea9954bb71fedc8e20ea35cd463454bb9a0919b3ace9f64e09£54464.
The exact rational comparisons are in endpoint-recert/out/compare_hp.json
of Appendix A.1. They include the selected S8/S9 directions. S3/S4/S5/S7 include
the adverse 7 = 10790 effects, and S8/S9/S10 use the actual-coordinate profiles.
Their fixed-7 comparisons are proved in Sections 2.4-2.5, especially (2.40).



THEOREM (1 + 1.8) ON THE GOLDBACH CONJECTURE 83

The independent S10 retained-strip bound is 4.827 in D units. It lies within the
single separate 7.1607 bound.

The absolute Option-A rows use one source, with the subtraction at © = 1/500.
These rows give the three selected absolute endpoints.

The independent comparison gives

S3.0ptA €
B(10.45234847108890216860085651838875393044983358511004, 5.69 - 10751),

and the matched change is
(A.6)
ADoptA c

B(—0.0110499568842910017666362322996150028835154631047,9.53 - 10~°7).

Equation (A.6) is a comparison value only. The signed sum uses the three absolute
endpoints.

A.4. S2: one four-row endpoint. Let P_, J, and C_ be directed endpoints.
They bound the prefix below, PF above and the BV corner below. On A = {u <
rg <ro <r < S}, set

drydrydrs  log(B/u) — 2log(B/u) +2 1
Vian =V = = -3
A

r1rers 2u B

An outward evaluation gives

Vil € [3122.423962424988515509469383070552351626538598751986375091552742,

3122.423962424988515509469383070552351626538598751986375091552743].

The endpoints in (A.7) are

P_ = 3513.1687300568893335013223065223679611140065161989243,

Jy = 0.359440819140453278302418897934329259372468992946659201284,

C_ = —0.0574908755554524530180814901226778275854309897822443970870.

Use four times the printed interval for 1/(2¢7) below to bound 2/e”. Define drg by
P —(2/e")Voun — (2/€7)J4 + C_ 1

A. .
(A7) drs 4 20000

The directed assembly gives
(A.8) drg > 1.61958135698908352559133404332105729220076714081650.

Let k_, ky be the printed endpoints for k = 1/(2¢7) below, and let V_, V be the
endpoints above. Exact rational interval arithmetic in (A.7) gives

drs € [P-/4 =k (Vi + J4) + C_ /4 —1/20000,
P_/4—k_(V_+Jy)+ C_/4—1/20000].
This is the selected joint lower value in D units. It covers S2-0 through S2-3(K/PF)
and includes the tail 1/20000 once. The term 2750096807 is separate, and so are

AA3T7 and the other finite-N errors. The grid is the global one, 7, = 7 = 0. The
selector and PR costs satisfy

(275009680 + 7.160 + 62500 + 145664566.4567)T
= 420736753.6167T < 4.207367536167 - 1082,
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The BV corner is ¢, Vp — IBV from (5.18). IBV is the R1 kernel (5.17) at x =
107% in § 5.3. The independent nested Arb source is s2-joint/code/corner.py,
with SHA-256 7cbc5d276b54b52d657fc52622db1a3542c5079d72a39e3bel3d12eec
1ddb21£2. Its line 11 sets x = 1076, Tt gives

¢, Vg — IBV € B(—0.057257305790446009369486009082468758, 4.67 - 10~°7).

The output is s2- joint/outputs/corner. json, with SHA-256 360841b6008cb08b
e571d23177887df 14be286ebde7bal3f3fe2c7571f31be9d8. This value exceeds C_
by more than 2.3356 - 1074, so C_ is a lower endpoint at x = 1076, Increasing
k decreases 1/2 — k — r; — 79 — r3 and lowers the corner, so its k = 0 value is
larger. For the R1 level increment, the S2 corner uses £ = 1075, so dpg includes
this increment. Section 6 keeps an additional conservative R1 allowance.

Corner increment bound. R1 is the tetrahedron {rs < ro < r; < 8, r1 + 2rs +
drg > H}. Its vertices are (8, 5, 8), (H/7,H/7,H/7), (8,z,z), and (8, 5,y), where
x = (H—-0)/6 and y = (H — 33)/4 = 13147/103000. On R1, r; > y and ap :=
1/2 —ry —ry — 13 > 3/206. In D units,

T (k) — T (0) = /

Rr1 M7T2rs ag(ag — K)
vol(R1) k

Ty s (5as — K)

=5.74468...-107% < 5.745 - 1076

For k = 1075, vol(R1) = 2.53345... - 107°. Its exact rational value is the absolute
determinant of three edge vectors at a vertex divided by 6. This bounds the actual
R1 increment, which is already included in dpg. The extra allowance gr; = 5.71 -
1076 in Section 6 is a separate conservative subtraction; it is not used as a bound
for this increment.

Kkdr

FEzxact outward enclosures

Prefix, n=600
3513.1687300568893335013223065223679611140065161989243,

Pe 3513.1687300568893335013223065223679611140065161989248

Source code SHA-256: s2-selected/sources/numeric/split_prefix_exact.py:
492ef149b0460£59732102ddeb252fa8fb30£fce03df2£d953376ad4fb5417ada
Output SHA-256: s2-selected/sources/numeric/prefix-u-n600-corrected.
json: 01c72d03c23f£51eb903e299ecb63a90496485c0e6549e05c3818077£2e88e
08

PF outer, n=1536
0.352576588183432872639904522863463727436871987468524955851,

7€ 0.359440819140453278302418897934329259372468992946659201284

Source code SHA-256: s2-selected/sources/numeric/exact_outer_s2.py: 1c
£453£317366d9c0b191aacb5457b518fae48b54d7321da80bf577d1aabf69f0; s2-s
elected/sources/numeric/arb_pf_replay.py: e99d81397544d0814b49c8263d
61a4a9389dc6688488f4ee0359cc1fc76bfcb2

Output SHA-256: s2-selected/sources/numeric/outer-n1536-truepsi.json:
431d567fe714e412dabbab28b02cabl0e251cbb616aalfd8d9c8allefcab7d323
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BV corner, n=2800
— 0.0574908755554524530180814901226778275854309897822443970870,

—0.0570237847462003399142149129742403275854309897822443970868
Source code SHA-256: s2-selected/sources/numeric/corner_arb.py: 7d5586
c43d7951cecd86fdb85fca277efc91e7cf9b85fbd75adabfb01726d861
Output SHA-256: s2-selected/sources/numeric/corner-arb.json: 2bc56db0
d72ab6afbd88aac711lafc2f2eaal6aat5a4c509a96107765415afc3

Ce

Tail above 12, in D

[0,0.000047391848857364673265889344422276912]

Source code SHA-256: s2-selected/certify_tail_seed.py: 42565c0188066a45
c1f166a49a8fb64c95d6bd43874047bade6af9f856428fef

Output SHA-256: s2-selected/TAIL-SEED. json: 0363a93ec43884b70calbb4e
06e71eaBa64210c64910e4e4a3bc3a366df04c53

Rowwise prefix-repair allowance, in D

[0,1.154 - 10754]

Justification:

The preceding tail majorant, within the single 1/20000 allowance

Joint lower-value assembly

Outward enclosure assembled from the printed inputs in (A.7):
1.6195813569890835255913340433210572922007671408165057072212979,

1.6195813569890835255913340433210572922007671408165057072212983
Full-precision assembler source SHA-256: s2-selected/verify_interface.py:
fae4b0cb684502ed7d1d75537cb5456868ba83094eb9157£14e30c£58574de71
Output SHA-256: s2-selected/INTERFACE-VERIFICATION. json: 839dbd7£3d75
d39£52aca3920325d63dd33dcc4346479£0871720d93194fc469
This output uses the retained full-precision prefix endpoint, not the shortened P_
in (A.7); the printed-input enclosure above is evaluated directly from (A.7).

Independent quadrature. The calculation recorded in s2-joint/outputs/ASSEM
BLY. json, SHA-256 21083883403f3903fff3ce781e086a26£931dd809e445578cf
cbab46295e9e5d, independently evaluates the PF and corner integrals in the § 3
functional and gives

(A.8a)

T
Zg € [1.62063469556829, 1.62071322785677] D units,
1.62063469556829 — dg > 0.001053338579.

Interval (A.8a) covers the continuous functional and the infinite tail. The selected
dps uses coarser adverse quadrature endpoints and also includes the 1/20000 al-
lowance. The three improvements are

2e Y
(T4 ot — T mew) = 0.000944946137955914,

1
w ~ 0.000058392441251611,

tail allowance = 0.000050000000000000.
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Here Jy olg and Jy new are the printed upper PF endpoints. Similarly, C_ o4
and C_ e are the printed lower corner endpoints. For the new ball we take
its outward lower endpoint. Because of endpoint display rounding, the sum dif-
fers from 1.62063469556829 — drg by less than 2 - 107, The difference exceeds
0.001053338579, so the continuous lower endpoint exceeds drs + 1/20000. The
independent prefix-only assembly gives Pger < 1.1-1075. The coarser joint prefix-
and-tail bound is 10~4°. The rowwise repair allowance 1.154-107%* in (A.7) covers
its own tail-majorant correction and is already inside the single 1/20000 allowance
used in dpg. These independent deficits are not added again. Section 6 bounds the
finite-IV corrections, including the selector and AA37 terms. The selected value is
(A.8).

The component sources are:

True F/f, 320-bit Arb Taylor models

Source code SHA-256: s2-joint/code/ff_models.py: 7a6b137417573bale717ff
a4444e7fb6671cb1b325f£826cac26630591bd4624

Output SHA-256/result: s2-joint/outputs/ff_report.json: cfb7d637cb6235
90478e3069b14a2fa2b85aeableb296985523b1ccf60£56£01; E(s) < 1.302-107°
for all s > 33

PF directed quadrature, 24,000,005 leaves

Source code SHA-256: s2-joint/code/jpf.c: ebad680d2ababdbed93bf8628dae
78acabc79bd66bbfcbc6a526ca03c£564973

Output SHA-256/result: Jpp € [0.355795040748992,0.356074784134854]; four
shard output hashes below

BYV corner, rigorous nested Arb integration

Source code SHA-256: s2-joint/code/corner.py: 7cbcbd276b54b52d657fc526
22db1a3542c5079d72a39e3be3d12eec1ddb21£2

Output SHA-256 /result: s2-joint/outputs/corner.json: 360841b6008cb08be5
71d23177887df14be286ebde7ba3f3fe2c7571£31be9d8

Joint directed assembly, including prefix deficit and full tail

Source code SHA-256: s2-joint/code/assemble.py: 4b521ael19ef7742e3bcbbd
eb28a0f48c2a161195c5ab0e9b4£8456ba6ddf5c45

Output SHA-256 /result: s2-joint/outputs/ASSEMBLY. json: 21083883403£3903
fff3ce781e086a26f931dd809e445578cfcbab46295e9e5d; (A.8a)

All paths in this table are relative to the supplement root. The hashes
for s2-joint/outputs/jpf_shard0.json through s2-joint/outputs/jpf
_shard3.json are, in that order, 14b67605807cfcef9ec96b134fe50b9c8e
4b4319c3£33abebf99a8eab0cf3c67, d163c9c8d8d90dbfab603b49£379867df0
912a87e088£0e71924300500bf0fee, e6f4077dcc2c05317eb2alb26e4bbab19d
c7b98cb1960038a2a4885a8bblflde, and 623eebd522d2b99122cf4395cfe760
b0d10cc89ec31acbca8a70009e8c729b6d. The bundle manifest SHA-256 is
d26488e736e5798544e758338acb299d417b74a309568f5ce20£738e399¢cf96d, and
the manifest contains 16 entries.
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The independent assembly gives Pjot < 1.1-107°L. It also bounds the no-growth
tail after s = 33, and checks the classical A=1 tail argument. Its PF and corner
enclosures are independent of the primary quadrature; the prefix term P and full
volume V are shared inputs. That section proves the source comparison and the
Class-IT bounds. It also bounds the selector, the AA37/G2 terms and the other
errors. The joint four-row endpoint enters once.

A.5. G1: signed allocation and radial multiplier. For the exact allocation in

§4,

_ 2In+hip+ I3

(A9)  Kg o

3
P:=-KeT,, > T,=0G.

r=0
Here P, is a pure profile target. The corresponding arithmetic contribution is
Qc1-ro(N); its lower comparison, including the fixed and vanishing errors, is
(4.85). The allocation identity (A.9) does not assert equality with that arith-
metic contribution. The multiplicities (2,1, 1) enter K¢ once. The source code is
gl-endpoints/certify_signed_endpoints.py, with SHA-256 eOeb449e97eedc
leabaaB8ab40de847albaec1e8316271bf873ead904d845a864. Its output gl-endpo
ints/outputs/result.json has SHA-256 0a940b64e5f762fbfc1439709a3092de
9749ecfdf448ef467ff52248e1794c69. A separate exact rational calculation ver-
ifies the retained source intervals. Its output is gl-rational/exact-rational-c
heck. json, with SHA-256 7d7048c800af14d06963bd8fcf4f17ff45517e41fa9fd6
82bc583ddfb88dd4b6. The outward decimal enlargements of these intervals and
their product are displayed below.

FEzxact rational outward intervals

111, including four-prime correction
r0.2208790666923091612026153538231208031879235648368125703408,7

_0.2208790666923091612026153538231208031879235648368125703424_
I
10.5740619734452483407647685136781950850886922314288474504985,7
| 0.5740619734452483407647685136781950850886922314288474504987 |
I3
10.4052907329856379464660009714315655397835085202678768274511,]
| 0.40529073298563794646600097143156553978350852026 78768274513 |
Kg
0.3989480791070578466390443009830933753748442947478110112211,]
| 0.3989480791070578466390443009830933753748442947478110112223 |
G
[6.0884403625974206828946573628908904359431953974002641181857,7
| 6.0884403625974206328946573628908904359431953974002641131858 |
Joint —Ko@, in D

[ — 2.4289715874161197464056136533483979571384269074906618794340,
i — 2.4289715874161197464056136533483979571384269074906618794266
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These intervals certify G1-0 through G1-3. All four targets are in D units. The
exact row endpoints below use the narrower exported dyadic K and T intervals
from the retained source.

G1-0 K endpoint for lower bound: upper

—19564356883289720593180343123839226092697830325553783422353
98079714615416886934934209737619787751599303819750539264

—626059420265271058981770979962855234966330570417721069513945
3138550867693340381917894711603833208051177722232017256448

Ezact lower endpoint:

Ezact upper endpoint:

G1-1 K endpoint for lower bound: lower

179266388678009569180357614458786189164679660590048624716243
196159429230833773869868419475239575503198607639501078528

17065554712038276721430457835144756658718642360194498866525
784637716923335095479473677900958302012794430558004314112

FEzact lower endpoint:

Ezxact upper endpoint: <

G1-2 K endpoint for lower bound: upper

—821300653301490295585240971954986923239672986567876292003797
392318858461667547739736838950479151006397215279002157056

—821300653301490295585240971954986923239672986567876292002013
392318858461667547739736838950479151006397215279002157056

FEzact lower endpoint:

FEzxact upper endpoint:

G1-3 K endpoint for lower bound: lower

t: 270036186059109561485627059871971764166199228966336131972949
: 196159429230833773869868419475239575503198607639501078528

FEzxact lower endpoin

. . 135018093029554780742813529935985882083099614483168065986769
Ezact upper endpoint: = s e TS 11 68869319312097376 1978 77515993033 19750539264

The exact joint reference value is given below.
(A.10)

I 243950428265194656254206921939947762868871361874409552095097
Gl =

©100433627766186892221372630771322662657637687111424552206336

Let Rg1 be the sum of the four exact row lower endpoints in the table. The exact
difference is

Lci — Ra
B 500103
T 100433627766186892221372630771322662657637687111424552206336
< 4.98 -107°%.

Put

Sc1 = 4.98- 1074, Eci = Le1 — dci.
The printed decimal intervals are rounded outward separately from the narrower
source intervals used for the exact row certificates. For an exact check of the
endpoint arithmetic, enclose 1/(2¢") by

0.2807297417834425849120716073954403933828551934625765840770795380225439,
0.2807297417834425849120716073954403933828551934625765840770795380225440 |

This rational enclosure comes from the Arb constant evaluation of the retained
source, at 256-bit precision. We multiply its lower endpoint by 2111 1o+ 112,10+ 113,10,
and its upper endpoint by 2111 ni + l12,hi + 113,01 Exact rational multiplication and
outward rounding to 1078 then give the displayed K interval. Its upper endpoint
exceeds the upper product by less than 9.17-107°%. The joint interval also contains
the displayed interval product. Put K, = Ky; from (A.10d). Exact multiplication
gives

0 < Lg1 + KupGhi < 9.36-107°% < 6¢1.
Thus Eg < fKupéhi. The exact difference also gives Eg1 < Rgi1. The rational
row endpoints keep their independent, sharper certificates. The selected endpoint



THEOREM (1 + 1.8) ON THE GOLDBACH CONJECTURE 89

is the joint one, Eg1. Section 6 includes Lgi once, and its error sum includes
01 once. The four row values certify this comparison. The final sum uses this
joint lower endpoint. The primitive (A.10c) is an earlier alternative. No completed
validated complex quadrature check of its analytic neighborhoods and branches is
used for the selected endpoint.

A separate implementation computes the four-prime correction in two ways
and checks the same K directions. Its source endpoint-recert/code/gl_K.py
has SHA-256 £d749f9a795f6876c9852c516789a9bbf937ec667c76a06f5662fedd
80aabb2e; its output endpoint-recert/out/gl_K.json has SHA-256 e3eab971
ab26c195ea33e7eb6b7b0c756d77fa1e0560d3b83eedf 1785536cb07. The output
confirms both K directions. Its residual source endpoint-recert/code/gl_J.py
has SHA-256 e7e6f75367c3af5d2e97a0c653d866328df962caef8791305203a6
eel8beb715; the output endpoint-recert/out/j_final.json has SHA-256
7ad65327cda9adf324a5325b664ce3788d6119€a40£31c0c007eb2416£42069¢c. It
proves the exact-rational residual enclosure, rounded outward:

(A.10a) J € [0.964498,0.967120], J < 0.968435989360.

The residual-profile 7-effect is at most 5 - 10%7 < 5-10785. The selected residual
slack absorbs it. The comparisons give all four T allocations and lower targets,
with signs (—, 4+, —, +). The K directions are (upper, lower, upper, lower), with the
weights (2,1, 1) entering once. Section 4 proves the source application for C, = 334
and its error bounds.

The 4096-cell upper-corner calculation. This paragraph gives the 4096-cell trape-
zoidal calculation of G used in (4.79). The residual enclosure (A.10a) comes from
the separate Taylor-model source and output identified above. The true delay func-
tions are

¥ ¥ _
Fe) =2 <558, f()=0(s<2), fio)= 2Bl

and thereafter (sF') = f(s — 1), (sf) = F(s —1). On open integer intervals,
their second derivatives are bounded by 12. The quadrature uses trapezoidal pan-
els of width 27'6 aligned at integers, with integral remainder at most k3. Arb
carries all propagated radii, and outward rational rounding uses the 27'2% lattice.
Monotonicity encloses ®(a) = [;'(1 — f(s))ds. Beyond 30, its tail is bounded by
(a —30)(1 — f(30)); no constant table extrapolation is used.

For fixed rational ¢1,t5, the t3 range is split at each kink, activation switch and
pairwise affine crossing in (4.70). On each segment as = ¢/t3 + k, and

(2<s5<3),

(A.10b) (c # 0).

/q 1— f(c/t+k) g — O(c/p+ k) —P(c/qg+k)
» t2 c

The constant-argument case is direct. Each segment integral lies between 0 and
1/p—1/q. The residual ©,—t; —to—t3 is nonincreasing in t1, to. Its affine derivatives
are negative, and the 1) active sets are down-sets. Hence the inner integral is
nondecreasing in both outer variables. The outer integration uses ¢t = ue”, outward-
enclosed logarithmic cells, and upper and lower corner sums. Diagonal triangles
have half the squared cell width. On a grid of 4096 cells, the outward-rounded
sums are accumulated as exact integers. This proves the directed enclosure (4.79).
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For an independent evaluation of the four-prime correction, put z = v/(1 — t).
A primitive of log((1 —22)/2)/(2(1 — 2)) is

P(z) = —Lix(2z) — $log” z — $log”(1 — z) — log 2log(1 — 2)

(A.10c) . i
— Lis(1/[2(1 — 2)]) + log zlog(1 — z) + Lia(z2).

The formula is checked by differentiation. The analytic neighborhoods and the
real branches would require a validated complex-quadrature check before this prim-
itive could serve as an endpoint certificate. Nested integration of the original double
integral gives an independent enclosure. At 200-bit precision, the signed enclosures
are:

Iy
Abbreviated centre: 0.22087906669230916120261535382312080318
Width less than: 1.476 - 10757

I
Abbreviated centre: 0.57406197344524834076476851367819508508
Width less than: 6.348 - 10759

I3
Abbreviated centre: 0.40529073298563794646600097143156553978
Width less than: 3.672 - 10759

Kg
Abbreviated centre: 0.39894807910705784663904430098309337537
Width less than: 8.588 - 10758

These centres are not directed endpoints. The source-derived widths above refer
to the narrower retained intervals. For the printed decimal integral intervals, the
exact outward upper endpoint is

(A.10d)
Kpi = 0.3989480791070578466390443009830933753748442947478110112223.

G1-0

Abbreviated centre: —199.47403966257515881115583710023774090
Kq direction: upper

G1-1

Abbreviated centre: +913.88106797076246277430172018777105602
K¢ direction: lower

G1-2

Abbreviated centre: —2093.45188381184444127509736016826295322
K¢ direction: upper

G1-3

Abbreviated centre: +1376.61588391624101756554586342738124014
K¢ direction: lower
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The narrower source-derived two-sided joint width is below 5.248 - 107°7. The
exact gap is the fraction displayed after (A.10).

A.6. Switched mass, BV endpoints and finite threshold. Write Hy, := Iy,
as in (5.32), equivalently (1.12), with the parameters and cell weight (5.30)—(5.31).
The measure is the coordinate measure dt; - - - dty_1, where tp, = 1 =5 ._, t;. It
carries no factorial or Euclidean surface-measure factor. Then

i<k

(A.11) 0 < Hp, < 0.0778506, —2Hy, > —0.1557012.

Both implementations cover every positive-weight stratum 5 < k£ < 11, and the

coverage is exact rational. Their upper endpoints lie in
(A.12)

[0.0778505820459738841964296666351, 0.0778505820459738841964296666353].

The selected source is switched-mass/original/scripts/refine.py, with SHA-
256 83ff0a33baf95be8400a69c466965baael130b3cd788acd2d83b83fd2cc45398b.
The separate calculation encloses the same switched mass. The independent
source switched-mass/independent/independent_replay.py has SHA-256
c275b1904b506c£82315d4e27£44£1949487e67044923501£d0628738a7744ad.
Their common compact output switched-mass/replay_summary.json has SHA-
256 £0dac63f31707d0ecfe9ffd08fdfe21d4e5b2718b19a83af713bab18d2077e06.
Exact rational coverage and overlap identities give the scalar input for the switched
term of § 5.
For the S6 BV row, put

1/3 dt
0= ey

S

Exact logarithms and independent Arb arithmetic give the enclosures.
J(0) €
1.3148581959157321533513247276782285310758770468886237619584,
{1.3148581959157321533513247276782285310758770468886237619585} ’
J(107%) €
(A.13) [1.3148646802099601102520747017315401230927649569798117109688,}
1.3148646802099601102520747017315401230927649569798117109689 | ’

—[J(107%) — J(0)] €
— 6.48429422795690074997405331159202 - 10~°,
— 6.48429422795690074997405331159201 - 1076 |

Here Sg = 4.J, so the nominal D contribution is —J(0). The increment in (A.13)
enters once at level 1/2 — 1076 of § 5. The source row-enclosures/cert_s4_s7.
py has SHA-256 d98866b45f1ddb8f3£f93411bfe09cb11c62569cc80fa775a77a3ea
blad4384aa; its row-enclosures/result.json has SHA-256 0eb5fa52ed180a07
1633e50£0d099f5c4e1f9bb001add71765fe1c2f033b8f7a. The independent 256-
bit calculation is bv-increment/checks/charge_check.py, with SHA-256 1a7be2
Olefe55e801c2ea7c2dc0807ac543d323838165f259p982a064e460ac6, and its out-
put bv-increment/checks/charge_check.out has SHA-256 €99ef910bb85c1bd
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2119314c37a0deddcf1bc11f43c1d4fe50e8aaf956748015. It verifies the exact-log
enclosures in (A.13).

S5 BV-top normalization. The moved-cell value is enclosed by

(A.14)

B(0.03658166423843258896399704402764682632822246022922592990, 8.84 - 10757).

This raw row is 4.J5(0), with master coefficient —1 by (5.15)—(5.20a). Its D contri-
bution is —J5(0), with exact interval

(A.14a)
—J5 (0) S
1 {0.03658166423843258896399704402764682632822246022922592990,
_EB 8.84-107°%7 ’

which is about —0.00914541605960815 D. Section 5 proves the normalization. S5-
low uses its direct-cell endpoint, and S5 BV-top uses the moved-cell exact-log value
(A.14). Their supports are disjoint at ¢, and each contribution enters once.

For comparison, if S5-top used x = 1076, its negative coefficient would require
an upper bound for Js(x). Since t > t, and 1/2 —¢ > 1/2 — 73,

0<J(/<)—J(O)—/Ts r dt
=B = SO | e —naz—t—w

< (s — tu)k

- t*(1/2 — Ts)(1/2 — T — KJ)

25088
= <3734-10%<4-1075.
672010919285 ~ > o4 10T <410

Thus —J5(k) > —J5(0) — Es ,, with E5 ,, = 4-107% in D units. Section 6 subtracts
this error once. The separate conservative BV allowance is ggy = 5.75 - 1076 =
Es, +gr = 4- 1078 4 5.71-1075. The R1 increment itself is already inside the
selected S2 endpoint. Equations (A.14)—(A.14a) give the nominal x = 0 value.

For an independent exact-rational S5-top certificate, the logarithmic ratio in
(5.20) is R = 392787/390995, so z = (R —1)/(R+ 1) = 896/391891. Define

15
22k+1 162’33

Ps=16Y ———, Ry=-——" .
° kZZOQkJrl’ P 33(1 - 22)

Then P; < 4J5(0) < Ps + Ry by the positive atanh series. Exact rational compar-
isons give Ry < 3.447 - 10~®® and

[Ps, Ps + Rs] C
B(0.03658166423843258896399704402764682632822246022922592990, 8.84 - 10_57).

This proves the directed —1/4 normalization. The printed rational series is the
certificate. Section 6.3 proves its source application and arithmetic error bounds.
The finite-epsilon target is

(A.15)
50009
T'=8log 35507

1.78838848345960807361670991332 < T' < 1.78838848345960807361670991333.



THEOREM (1 + 1.8) ON THE GOLDBACH CONJECTURE 93

It is proved by exact rational arithmetic. For z = 5009/45000, set

23 2k+1 16249

poty 2 gl 16
£ 2k + 1 49(1 — 22)

Then P < T < P+ R, and exact rational comparisons give (A.15). This series

and its tail bound certify (A.15), and its upper endpoint enters the final strict

comparison.

A.7. Selected numerical endpoints. The table below lists the selected values.
The full endpoints and proofs are in A.2—A.6.

Contribution Selected value and direction

S1 Joint lower endpoint (A.4), with multiplier 3/4
52 Joint lower value (A.8), including the 1/20000 tail
S3/S8/S9 Absolute Option-A endpoints; signs —, +, +
S4/S5-low/S7 Direct-row upper endpoints; multiplier —1/4
S10-Ret Retained-row lower endpoint; multiplier 1/4
G1 EGl = LGl - 5@1, once

S5-top Raw-to-D factor —1/4; separate error Fs

S6 Nominal value —J(0) and increment (A.13)
Switched term —2H;, > —0.1557012 by (A.11)

Threshold Upper endpoint (A.15)

Sections 2-5 prove the source applications, and Section 6.3 combines the terms
with the signs of (6.1).

APPENDIX B. AUXILIARY ESTIMATES

B.1. Repeated-prime terms. This subsection shows that terms with a repeated
large prime are negligible. Fix 0 < ¢ < 107!° and put

=0, lo = 53/412—n1, /2 = 264897/2060000, Ly =logN, wuy=N%",

Ounly the normalization W = 4(1 —e4)Uc of (4.2) is used. The signed sum is that
of Theorem 4 and Section 6.3.

Blocks, masks and signs. A block ¢ fixes a row, a literal parent prefix cell and,
if present, its whole-cell selector. It also fixes an AA37 sign v, and finally RY
or D € D”(L.). The labelled prefix intervals are clipped sets [N%, N*%). Put
L.= NZC, where £, > fy, and u. = Lg2. Let m. count all labelled rough positions,
prefix and tail together. Put M. = [[, |Gp|! and write C.(g) for the unrestricted
coefficient. The nineteen rows and their coefficients are

rows Cr T(r)

S1-0-3 3,-3,3,-3| Ap
S2-0-3 +1 Ap

S3-A —2 Ap

S4, S5-low, S7 -1 Ap
S8-A,S9-A, S10-Ret +1 Ap
G1-0-3 2ARp = £1 Ag‘t
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There are fifteen DIRECT rows and four G1 rows (§§ 2-3, § 4.2). On DIRECT
rows, ¢, includes the O1 coefficient and the Buchstab sign. The G1 weights 2,1,1
are part of AZ'" in (4.16).

The masks are those of C1 on DIRECT rows and (4.22)—(4.23) on G1. Define

EU,c(q) = M Z/\d 17KTKP a= dH P’

(Bl) full

Eaelq) = -+ Z)\dKTKP]-q a[1, v, 14 not st-
full
The full sum runs over d and every labelled prime tuple. Call ¢ active if some
realization has Ay # 0. Otherwise both coefficients vanish, including for empty
intervals. On DIRECT rows, Ey . = Z¢/M. + Zp, because 1 — KrKp = (1 —
Kr)+ Kr(1 — Kp) is a disjoint decomposition. For S1-2, S1-3, S2-2, S2-3, S8-A,
G1-2 and G1-3, orbit invariance gives O, = C./M. — ZEy,.. For the other rows the
same identity holds, since M, = 1. Thus Oc1; not st = E4,c in every row.

Define Af{"’, Al by (4.21). By C1 and (4.23), (4.26),
(B2) &q= ZCT(C)VC{ Z:Uc )AL (g) + Z Eacl)(AY ~ Ag))(Q)]'

Here v, = +1 is the AA37 remainder sign. Both terms use the original tested
measure, before HB expansion. The first contains the forbidden-tail and forbidden-
prefix parts, the second the allowed repeats. Ounly the C1 7-term (Class II) uses
HB expansion, dyadic shells, short boxes and Ky of (4.66). The terms NCy and
> We(Ao — Ap) are treated separately in (4.65). Both vanish on DIRECT rows.

Coefficient and test bounds. The first lemma records the support, roughness and
finiteness facts used below.
Lemma B.1. For sufficiently large IV, depending on o:
(1) Every nonzero-weight full realization has ¢ < Q := N3/% and (¢,2N) = 1.
(2) ue > ug > 2, and every labelled rough coordinate is at least u..
(3) On active blocks, m. < M, := [3/(5lp0?)]. Hence m.!/M, < M,! = C,,
the constant of (4.25).
(4) Each row has finitely many blocks Niapb (o), independently of N.
Proof. The final cubic constraint and decreasing labels give [, D; < L.. For a

single coordinate, use D; < L};/Q; the empty product is 1. Let T, be the sum of
prefix lower exponents. The literal intervals and d < L give

q< NpTch+a < Npto)(Tette) < N(153/256)(147+0) - N13/5.

Here T, + ¢, = ©, — n;, < 153/256; use (4.20) for G1. This covers R} before both
masks, with empty tail. All primes lie in P(N) ={p >2:p{ N}, and d | P(u.; N),
so (¢,2N) = 1.

Next, u. = Nteo® > Nboo® — ug. Tail intervals start at D; > LgQ. Prefix
coordinates satisfy p > N*/? > u, by § 2 and (4.20). For any active block, choose
a nonzero-weight realization. Then ugy™ < ¢ < N3/5, s0 melyo? < 3/5. The
argument does not use C, # 0.

Each prefix coordinate has at most G, := 1 + [log(p/u)/log p] grid labels on
[u/p,1]. The endpoints w,a, 5, u, A, 1/4,t,,7s,1/3,tqq,vp split any such grid in-
terval into at most twelve literal pieces. Clipping can only reduce this count. Set
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B, := 12G,. There are at most three coordinates and two signs. Tail vectors
number < 68‘7_3, besides R;. Thus one explicit bound is

Niapp(0) <2P,T,, Py=1+B,+B2+ B3 T,=1+[e '],

with B, = 12G, allowed in this upper bound. O

Put Ho = {qg < Q : p* | q for some prime p > ug}. Set B. = m.!/M,. on active
blocks, and B, = 0 otherwise. The next lemma shows that both coefficients are
supported on integers divisible by the square of a large prime.

Lemma B.2. For every block and integer g,

(B.3) 1Z20,e(@)] + [Ea,e(q)] < Belyy(q) < Coly,(q).

Proof. Inactive blocks contribute nothing. Write ¢ = g<g> at the cutoff u..
The support d | P(uc; N) and roughness force d = g« uniquely. The multiset
g> = Hp per fills the m, positions in at most m.!/ Hp ep! < me! ways. The two
masks in (B.1) are disjoint indicators, so [A\g| < 1 gives

M:(|12v,c(@)] + 1Z4,c(q)]) < #{full tuples: g = de Pt < mel.

A forbidden tuple has p; = p; > u.. For an allowed nonsquarefree tuple, d is
squarefree and coprime to ¢g>. Thus in either case p? | q for some p > ug. Each
multiplicity enters once, through ep!, and no graph factor occurs. O

The tail argument is [Z1, Lemma 4.8], with prime-source cost [Z1, Appendix B,
(B.5)—(B.6)]. Lemma B.2 also covers arbitrary Goldbach prefixes and G1 masks.
The next bounds use their actual tested measures; for the test functions a trivial
bound suffices.

Lemma B.3. Put A,,,, = 100. For every row and ¢ < Q,

(B.4)
r r r N N N(2+L )
IAD @), (AL — AD)(q)| < Amax(; 14 @) < Amax(TN +1).

The second discrepancy vanishes on DIRECT rows.

Proof. The tested measures are supported in [1, N], since v < N on DIRECT
rows and e < Neyy < N on Gl. For Gl, the tested variable is the product
e; the condition e = N (mod ¢) forces (e,q) = 1, while Y5(q) retains that co-
primality restriction. By (4.6), Ap < 1 and AZ"® < Ag < 72 < 100. Thus
C(q) < Apmax(N/qg+1) and 0 < Y(q) < X < ApaxN. Use |[Ap| < C +Y/p(q) and
|Ag — Ap| = (X —=Y(q))/¢(q). For the distinct primes p; < --- < py of g,

(3/5)L

N
<1+ Ly.
log2 — +hn

q i+ 1
—— < — =k+1<1+4+logyqg<1+
¢(q) H i ?

On DIRECT rows, v > N/L3 > N3/ > ¢ is prime, hence Ya(q) = X4. O
The exceptional set of integers with a repeated large prime is sparse.
Lemma B.4. For ug > 2,

1 _2(1+L 2

Z < M, #HHo < Q

B.5
( ) q uo Uo

q€Ho

Proof. Write ¢ = np? and overcount over p > ug. The harmonic sum is then at

most (1+10gQ) > > 1y k~2. The count is at most Q 2 k> [uo] k2. For K = [uo],
this last sum is < 1/(K —1) <1/(ug — 1) < 2/ug. O
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For either test function, (B.4)—(B.5) give

(B.6)
2N(2+ L 1+ L 2 Apax N (1 + Ly)?
Z ‘T(r)_test(q)lgAmax ( + N)( —+ N)+ Q < 6 a ( + N) )
Uo Ug
q€Ho

Here @ < N and 2(2+ L)(14+ L) +2 < 6(1+ L)?, equivalently 422 +6L > 0. These

lemmas combine into the main estimate of this subsection.

Theorem 5 (Repeated-prime estimate). Fiz 0 < o < 107'° and put A, =
> ler| Nab,r (o) over the nineteen rows. For sufficiently large even N,

5 kol 3 (Ere@A? @)

+ Eacla)(a - AP (a)])

< 2320,C, N7 (1 + Ly)™.

(B.7)

This bounds |Esq|, separately and jointly for the three parts in (B.2). Their size
is Oy (N=%"LA)), and also O,(N~27" LY39T) for fized Ksq > 0. The allowed-
repeat part vanishes on DIRECT rows.

Proof. Disjointness in (B.3) bounds the combined integrand by Cy1%,(q)Amax
(N(2+4 Ly)/q+1). By (B.6), each block contributes at most 6Am.xCoN(1 +
LN)2/U,0. Also

W =4(1 —e4)C(N)N/L% > 4(1 — e4)CaN/L3 > 2.59N/L3;.
Here C(N) > Cy > 13/20, since

1 1 13

> ] 1 —— V(1= —) > =,

2= ( (p—1)2> < 2000) ~ 20
3<p<2000

p prime

The finite product is compared in rational arithmetic. For the tail, [[(1 — a;) >
1= a; and Y, <0001 M 2 < Y0001 (m(m — 1))t = 1/2000. The weighted
block count is A,. Finally use 600/2.59 < 232 and L%, < (1 + Ly)2. O

Fix o, hence A,,C,, and take N last (§ 1.6). Then Esq = 0,(1). Above Ny(o)
the saving is fpo?/2, and the proof gives Ksq = 0. Prefix multiplicities enter
Lemma B.2; while row counts enter only A, .

B.2. Sieve remainder mass. This subsection proves (1.26), with the normal-
ization (1.27). The AA37 input is [Z1, Theorem 2.6, (2.30)—(2.33b)], taken from
[11, Theorem 4] with R = 1. For a finite nonnegative sequence, write | A4 =
Xw(d)/d+r(A,d), with X > 0. The density is multiplicative and nonnegative on
prime powers. We require 0 < w(p) < p, K > 2 and L, > 1. The product and
prime-power hypotheses are [Z1, (2.24), (2.27)], for z > w > 2. Substitute

log D
D=L, e=0<1/3, 6,=0"=1, s=-—2_"
log 2z
G(D) = {D°"0+7” . j > o1,
The supports in [Z1, (2.32)—(2.33)], including RY, are
d<D?, d|P(D”), Py)= [[ » Di<pi<min(D",2).
p<y,pcP
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Positions with equal labels are distinct, and the nonincreasing labels obey [Z1,
(2.29)). Thus Dy < D'/2 and [D¥(D)| < €% . Also |¢4],|\4(D)| < 1, indepen-
dently of A, X,w. The upper and lower ranges are 2 < z < D and 2 < z < D/2,
By [Z1, (2.31)],

E, < Cgo + Cgo 8efttle (log LC)_1/3,

with absolute Cg.

For a source block Ay, take X,., = X,./¢(b) and w(p*)/p* = 1/p(p*) on permit-
ted primes (§ 4.3, after (4.21)). The prime-power sum is Zw§p<z,p€73(p —1)72
Mertens gives the product bound after the primes dividing Nb are omitted. The
source checks give the density identity, the prefix exclusion and the cutoffs. Here
X, = X4 =) ,Ap(v) on DIRECT rows, and X, = Xg = Y, A%"(e) on G1.
Each error is X,V (2,5)Es, with no factor F or f. Hence

CEU CE0786K+LQ,
( ) EEA < TWAA(N) + WWAA(N),
B.8
Waa(N) := Do lerl 225 XrpV (2rp)
' (1—-ea)Uc ’

The sum runs over the nineteen rows and their actual prefixes b. Each prefix lies
in one parent cell, and the empty prefix is b = 1. The labels D, R;/R", 68073,
M,!, HB patterns and boxes occur only in the remainder, so they add no factor
to Waa. For DIRECT rows, > |c.| = 24: eleven rows in § 2 give 20, and S2
gives 4. The subsequent estimate uses the convenient coarser ceiling 45. The four
G1 coefficients have absolute value 1. The ceiling 45 is a harmless enlargement of
the exact DIRECT coefficient sum 24. The BV pieces S5-top, S6 and BV-R1 are
treated in § 5.

Three uniform bounds. Three uniform estimates bound this mass. Put A = 1/1000.

Lemma B.8 (exponent floor). Every Buchstab prefix prime and AA37 cutoff
is at least N*. Every G1 source prime is at least N* > N".

Proof. The smallest fixed cutoff is N*, with « = 1/500. The others are E3 on S1-
3, E = N' on G1-3, and PF/K on S2-3; all are at least Nu/?° and u/(1+7)% > h.
Other prefix ranges start at N or higher; see (4.4)-(4.5). AA37 tail primes are
not covered by this prefix assertion. [J

Lemma B.9 (density product). Uniformly in N, rows, cells and o, for z > N"
and an absolute threshold N > Ny,

(B.9) v = ] (1 1 1) < 4IC(N) - 4000LC(N).
2<p<z b= 0g 2 N
ptN

Proof. Prefix primes are > z, so P(Nb) and P(NN) agree below z. Since 2 | N
and 1—1/(p— 1) = (1 - 1/p)(1 - 1/(p — 1)?),

V(z)2H<1]1)) ea(2) %, o= ] (1@_11)2)

p<z 2<p<z 2<p<Lz
pIN

By (1.2), the last product is at most C(N)/Cy. Also c2(z)/Cy — 1 and Mertens
gives [[,_.(1—1/p) ~e77/logz. Use 2¢7? < 1.13 <4 and logz > hLy. O
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Lemma B.10 (source masses). For an absolute threshold N > Ny, at every
legal cut,

(B.10) X4 < ﬂ7 Xo < 2560000]\7'
Ly Ly
Proof. Rosser—Schoenfeld [22] gives X4 < w(N) < 1.25506N/log N. For
k = 3,4, count ordered prime k-tuples, with repetitions, whose entries are > N”
and whose product is < N. Fix the first kK — 1 entries, with product Q’. If a
last entry exists, then N/Q' > N" and its choices number at most 7(N/Q’) <
2(N/Q")/1og(N/Q") < 2N/(hQ'Ly). Dropping the other constraints gives

1
Tw(N) < —HE1 Hy = —— <8
k(IV) N Z b1 = 8
Nh<p<N
Also 3 nnepen 1/p = log(1/h) = log1000 < 7 and 3, - nn 1/(m(m — 1)) — 0.
The tuple lengths in Ry; 3, Ri1.4, R12, R13 are 3,4, 3,3. By Lemma B.8, their entries
are > N% and e < N. Using the weights 2,2, 1,1 of (4.4),

Xo <> Ac(e) < AT +2T4 < (4200082 +2-2000- 8*)N/Ly = 2560000N/Ly.

The bound uses no representation ceiling and no factorial. [J
Lemma B.11 (prefix harmonic sum). For each fixed row, the prefix depth
may vary from 0 to 3 across its cells. Hence

3
1 .
(B.11) E WSE H}; <1+8+64+512 =585,
2 :
b 7=0

where the sum covers all actual prefixes in all cells.

Proof. For a prefix of exact depth j, use ¢(b) > [[,(ps — 1) and drop order,
distinctness, selectors and ranges. Its total is at most Hjj\, < 8. Sum the four
possible depths, including j = 0. The parent cells partition the prefixes into disjoint
half-open pieces, including A /B children, Option-A pieces and retained whole cells.
Thus a prefix is counted once and no cell-count factor occurs. [

The three lemmas combine into the uniform mass bound.

Theorem 6 (Sieve remainder mass). There is Ny, depending only on h and the
fized source conventions, such that for every 0 < o < 1070 and even N > Ny, the
bound (1.26) holds, independently of the tail labels and cells.

Proof. By (B.9)—(B.11),
4000C (N) 2N 2560000N
- XooVi(zpp) K ————=585 (45— +4——F
ZT:|C|ZI): oV zne) Ly ( LN+ Ly >
C(N)N
= 4000 - 585 - 10240090%.
N
Dividing by (1 —e4)Uc = (1 —e4)C(N)N/L3 gives
4000 - 585 - 10240090  239618106000000000
1 — 1/10000 N 9999

The last comparison is 239618106000000000 < 9999 - 10** = 999900000000000000.
]

Waa(N) < <101 =w,.
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Corollary (persistent and vanishing AA37 errors). Fix Cg first. For
Cg > 0, choose rational o satisfying (1.27):

o< 4gaa
P CEW*7
Then CroWaa /4 < CroW, /4 < gaa. This bounds the actual AA37 perturbation
on all nineteen rows by one gaa charge. Any further subtraction of the same
numerical allowance in the final error total is an additional conservative reserve.
For Cp = 0 the condition is empty. The selector and cutoff errors retain their
stated 7 bounds. The second term of (B.8) is at most

W,.Crpo 8eK+Lw
4(Lg Ly)1/3
Here K, L, are absolute constants for the formal density, and log L. > ¢oLy. The

bound (1.26) is applied before o is chosen in (1.27). Pointwise finiteness alone
would allow unbounded ¢W (¢); the uniform bound removes that dependence.

gaa = 0.00002853328.

= 0,(1).

B.3. Source and interval references. The source identity is Lemma 2.1, with
its prefix and sifting data kept fixed. Section 6 bounds both difference weights,
including the G1 representation multiplicities.

Hypothesis (5.23) follows from the Prime interval coefficients lemma in Section 5.
Its endpoint power-log Siegel-Walfisz input is [Z1, (2.21)]. Endpoint subtraction
requires

JC[Y/2,Y], |J <YL H  N¢<Y <N€,
with fixed H,¢,C and ¢,C > 0. Then #{n € J : n =1 (mod k)} < |J|/k + 1.
The O1 and G4 supports have H = 2 and H = H, (§§ 5.5-5.6). Thus the interval
hypothesis holds, also with the auxiliary divisor d of (5.23).

APPENDIX C. FINITE SOURCE CHECKS

Here we check source identities and cutoffs on selected instances. The main text
proves these estimates uniformly in N.

The script uses integer arithmetic and fractions.Fraction, with a smallest-
prime-factor sieve through 400000. For each seed

1, 2, 20261022,

the script runs with second argument 150 and Python random.Random(seed).
It draws 150 even integers N = 2 - randrange(5000,60000). Each draw selects
z € {5,7,11,13,17} and V, € {200, 500,1000,2000}. For each of the three prefix
families below, it draws D € {200,1000,5000} separately. It tests the primes v
with 100v < 99N. The plain sample also requires v > V. There are three prefix
families: b = 1; the first at most six primes p € [z,4z), p{ N; and the first at most
six ordered pairs (p1,p2). The pairs satisfy z < py < p1 < 6z and p; t N. Thus the
tested prefix condition is p; > z and (p;, N) = 1.

For the three-step Buchstab identity, each seed gives 30 further even integers
N = 2 - randrange(3000,15000). Here zgp = 5, z1 € {17,23,29} and V; = 300.
The plain primes satisfy V5 < v and 100v < 99N. The switched checks use 30
further even integers N = 2 - randrange(20000, 100000). Set y; € {5,7,11}, zsw €
{7,11,13}, and interval endpoints N/100,99N/100. The ordered triples satisfy
y1 < p1 < p2 < p3, pf < N, p1p2 < N and N/100 < pipaps < N, with the
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coordinate bounds p? < 8N. The tagged triples also have p; f N and p3 # p2. In
these three batches the rational cutoffs are compared by cross-multiplying integers.

Check Finite assertion Recorded result
D1 The literal cofactor row equals 1,350 direct-case batches; all
S(Arp,Pn,z) on each selected direct passed
fibre.
D2 The first-true partition of the ambi- 0 escapes among 3,988,123 am-
ent/plain source differences is exhaustive. bient tuples; CUT-LOW 96,876,
EXC 272, SRC-RESTORE
121,017
D3 The sifted source identity is the signed Exact on every tested fibre
sum of the plain source and its two set
differences.
D4 Escapes of the earlier source-difference 1,295,622 escapes; each has a co-
predicate are removed by the sieve. factor prime < z not dividing IV;
0 exceptions
Db Legendre’s identity uses the remainder of Exact in every tested fibre
the plain tested sequence.
D6 The Rosser 8 = 2 lower and upper Exact in every tested fibre
inequalities [10] hold, with the stated
signed-remainder decompositions.
D7 For plain sampled primes v > Vp, Ag(q) = Exact for every such modulus
Ap(q) whenever q < V5. and prime
D8 The three-step Buchstab identity and its 90/90 cases
cutoff monotonicity hold on the plain se-
quence.
G1 The tagged-ambient/plain-cut weight 90/90 cases; 0 tag escapes;

12,337 coordinate-divides-N tags
and 9,701 repeated-prime tags;
all switching discrepancies occur
athegx/Noerezl

identity, tag partition, switching com-
parison, and plain-sequence Legendre
identity hold.

Each direct-row run has 450 batches. Together they contain 3,988,123 ambient
tuples, and D2 and D4 report the combined counts. In D4, an “escape” is a tuple
missed by the earlier difference predicates. Its cofactor has a sieving prime below
z, coprime to N. The Buchstab and G1 counts also combine the three seeds. G1
counts coordinate-divisibility tags and repeated-prime tags separately, using a first-
true partition: a coordinate-divisibility tag takes precedence over a repeated-prime
tag when both predicates hold.

Each seed also gives five small examples. One further illustration has about 260
digits. The large examples use fixed-base Miller—Rabin screens. Their primality is
uncertified. They illustrate the cutoffs only; neither the proof nor the numerical
bounds use them.

The SHA-256 identifiers are:

e Checker lemma s_ambient_check.py: 81d74731cf82e911eab09e3dceadifct
885e4d3ca06e3d66b53£c749717138fc.

e Seed 1 output: 997cb3e32195d3a31e61557ca87474e8d0d785e3feb396¢ch
d95164c9e3b36fe2.
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e Seed 2 output: 3139f0952534a7072f1a09388305£426092cdfab07eab568
92e8992cf14££09a.

e Seed 20261022 output: a6£69703a169e18£a05cd697399a67132b1fb3cd
8383c¢5£4d10d24¢c84d00d04d.

e Environment record (Python 3.12.3, Linux x86.64): 7f0e02eb4aff3c83
e7e8cacd9a831669782f676ffcbdfec047ce26ca200e5271.

These files are in the numerical-certificate archive; see the Data Availability state-
ment. Its README gives the verification and reproduction commands.
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