THEOREM (1 4+ 1.75) ON THE GOLDBACH CONJECTURE

RUIYI ZHANG

ABSTRACT. Every sufficiently large even integer N has a representation N = p 4 rq, where p, q are prime, r = 1 or
prime, and r < ¢®~! = ¢3/4. In the terminology of Li and Liu, this proves Proposition (14 a) for a =175 ="7/4.
A weighted sieve combines thirteen signed row estimates with a switched upper bound. The directed comparison
gives Dp > 1.967088903489691335582703173494 and cx2,col(b) < 1.966859949178424046530804965344. The exact
margin enclosure is D — cx2 Gol(b) > 0.000228954311267289051898208151.

1. INTRODUCTION

We represent large even integers by two primes and one factor. Write P for the primes. Chen’s theorem represents
every sufficiently large even integer as a prime plus an integer with at most two prime factors [5]. Paper II supplies the
quantitative smaller-factor starting point and the signed sieve sums used here. We change the exterior and switched
coefficients and add retained and sixth-sum gains. Table 1.1 lists their separate costs. We use the terminology
Proposition (1 + a) introduced by Li and Liu [19, p. 2, (1.6)]. Runbo Li proved lower bounds for D1 2(N) [29]; we do
not use that result.

Cai established a small-prime variant of Chen’s theorem [4]. Wu developed Chen’s double sieve for Goldbach
and twin-prime problems [30]. His later paper continues this double-sieve program [31]. Lichtman modified the
linear sieve and studied bounds for the twin-prime counting function [20]. He also proved results on large-modulus
distribution and Goldbach beyond the square-root barrier [21]. Maynard’s first paper proves large-modulus estimates
for fixed residue classes [22]. His second gives well-factorable estimates in that setting [23]. His third treats estimates
uniform over residue classes [24]. Pascadi studies exponents of distribution for primes and smooth numbers [28]. Li
and Liu proved Proposition (1 + 1.9), with a lower bound for D 1.9(N) [19, Theorem 1.1]. The present proof does
not use their estimates.

Theorem 1 (Representation theorem). Let o, be a rational number satisfying (9.14), and let N§ (o) be the threshold
(2.5). Then every even N > Ng(o4) admits

(1.1) N =p+rg, p,q €P, re{1}uUP, r<q* =gt

Section 5 proves the retained comparison (A1) of Table 1.2. Section 6 proves the sixth-sum estimate (A2). Section 7
proves the exterior comparison (A3). Section 8 proves the switched comparison (A4). The constant bounds (A5)
follow from the cited Paper I and Paper II estimates, including Paper I, Theorem 2.6, (2.31) [26, Theorem 2.6, (2.31)].
Hence a rational o, as in the theorem exists; Nj(o.) may be ineffective.

The proof uses Paper I, [26, Theorems 2.6, 2.8, 3.2 and 4.1], and Paper II, [27, (1.7)-(1.12), (6.4)—(6.4d)]. We
restate each input below with its precise scope.

1.1. A positive count. Put

1 7 31 2999993
a=7. b=C -5

1.2 - _ 2999993
(1.2) = 10000° 4 105 — 7000000

Define
Av={N—-p:peP, p<(1—¢)N},
(1.3) Py=PU{rq:r,qgeP, r<gq, r < N},
Gp(N) = #(An N Py).
For a counted semiprime,
g>eNb,
Pt > SANIRe > N S (N > N,).

The transfer parameters are defined in (2.3), and Lemma 9.2 proves (1.4). A counted prime gives r = 1. Hence
Gp(N) > 0 implies (1.1).
Use Paper II’s normalization in (2.2) [27, (1.2), §6.1]. The convergent product gives C5 > 0. Thus W(N) > 0.

(1.4)
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1.2. The comparisons. Use the sums of Paper II [27, (1.7)—(1.11)]. Put
R =381 —25; — 5, — 55— S7+ Ss + Sg + S10 — 2511 — S12 — Sis,
EW :R+52 *SG*sta

(1.5) By(N)= > In_pgep-
r,q€P

Nb<r<v/N

eN<rq<N
Here S5 is the complete Paper II sum. All original coprimality conditions remain imposed. The last sum counts each
eligible ordered prime pair; both orientations are counted only when both satisfy the displayed cutoff, and a square is
counted once. Here R = Rg, and Xy = W in Section 4.

Write Jg for Paper II’s sixth upper endpoint [27, (6.1), (6.3a)]. For the optional sharper arithmetic comparison,

record

1—
I(b) = 1Og Tba

- 6834282367132846348358930380956825846442683629

1045
Both the exterior and switched comparisons use the common coefficient
6836825163875517756286846321650754372931094689

(1.6)

(1.7) CK2,G0 = 1045
Its definition and source comparison are (7.36) and (7.67). Put
Do — 45849916338009170593
17 25000000000000000000°
— 389253
0= 22
5000000
6073714261
(18) M5,internal = 7K}1179 - LG17
10
989598353
9RAJo = o0
ADy, = (2 260) 7
: .

The two mass constants are
% 3989480791070578466390443009830933753748442947478110112223
hi =
1058 ’
243950428265194656254206921939947762868871361874409552095097

100433627766186892221372630771322662657637687111424552206336 "
These are Paper II, (A.10d) and (4.84), respectively [27, (A.10d), (4.84)]. The constant H bounds the switched
integral. It differs from the packing ceiling 153/256. The exact rational co; is (8.60), with Table 8.1. It and ¢ belong
to the optional certificate comparison only; neither is used to price the main count. The sixth-sum comparison uses the
certified floor gra jo. The integral gain is denoted gra, with certified enclosure [0.0989598353353, 0.0989598353355]
in Section 6. Thus gra 1o is rational and gra 1o < gra. It is neither the integral nor its central estimate.

The required comparisons are

(1.9)
Lg1 =

4Gy(N) > By —4By(N) = W(N)Eex(N),
R+ S5 - — 5719
—=>D J 2H
W) ~ n+Je+ + 106
+ MS,internal - E/(N;O-)a
S + Ega(N;o0)
W(N) >~ J6 9RA lo RA ) 3

Ssw CK2,G0 5

< 2607 L B (N:o).

W) S T2 HE BN

These errors are nonnegative by (5.2), (6.72) and (8.71); the first includes the inherited envelope Ey,,. Use the
following error identifications:

(1.10)

AE,(N)
Eexc N) = L,
(1.11) ) W(N)
ESW(N;U):Cswo—'i‘Pstg‘i“/sw(N;O').
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TABLE 1.1. Components of Dp

Component Value Definition
Dn 1.833996653520367  (1.8)
5719/10°  0.005719 (5.25)

Ms internal 0.005874949945026  (1.8), (1.9)
JRA,lo 0.0989598353 (1.8)
—1/10000 —0.0001 (1.14)
ADp3 0.022638464724298 (1.8)

Dp 1.967088903489691  (1.14)

1.967088903489691335582703173494 < Dp
Dp < 1.967088903489691335582703173495

Here E, is (4.12). The switched quantities are (8.61) and (8.71). Their estimates form input (A4). The retained
error includes the conversion errors:

E'(N;0) = Evan(N;0) + Y (1A x|+ |Aj,x)
(1.12) jen
+ [Ag.N]-
The row set H is defined in (5.2). Its two qualified labels denote S5’s lower part and retained Sig. The inherited
error Eyay is (5.11); the saved-array contribution A9 y is included once, as in (5.2). The differences A; are (5.22).
The conversion arrays are (5.35) and (5.56); the equivalent notation A; v = An(4A;) and Ag, v = An(Ag,) is fixed
in (5.3). The saved-array identifications and conversion bounds are proved in Section 5, as part of (A1). The two

finite integral bounds are Propositions B.1 and B.2.
The exterior estimate required is

_4By(N)
W(N)

Its convolution input is Paper II, [27, Lemma 5.1, (5.44)—(5.52)].
Define the constant by

(113) 2 _CKQ’G()I(b) — EK(N;b, 0'), EK(N;b, O’) Z 0.

5719
DB = DII + —+ M5,interna1

6
(1.14) 10

1
o= ——— + ADjys.
+ gra,l 10000 + L3

Table 1.1 records each summand. Its decimals are rounded; the defining formulas are exact.

Suppose the optional six-endpoint estimate is available. Then Proposition 5.10 would add
g6 = 0.0020549454896034927680 . . . of (5.18) to the retained comparison. The assembled retained-count lower bound
below would then increase by gg. Theorem 1 does not use this. Let

1
1.15 &g =FE +F Esw+E Eexca (5err = TAAnN"
(1.15) B = ERA T Bt Bac 10000
Adding the established comparisons gives

4Gy(N

(116) VVb((ZV)) > DB+5err*CK2,GOI(b) 7EB(N;baO—)‘
By (A1)—(A5), Proposition 9.1 proves
(1.17) EB(N;b,0.) < ey (N > Nj(o.), N €27).

Table 1.2 lists the five inputs, their exact statements and their contributions to the final constant. The first-line
source count in (1.10) is (4.13), valid for N > Ny, = 10'2 + 1. Lemma 9.2 gives Ny < Niy < N§ (o).

Table 1.2: Analytic inputs and their contributions

Input Exact statement and use Contribution and error
Al Retained comparison (5.2) with g¢ replaced by 0, Proposition 5.10, at —1—5719/106 + M5 internal; error E'.
0 = 04; used in line 2 of (1.10); proved in Section 5.
A2 Proposition 6.12 at ¢ = o, giving the sixth-sum estimate (6.72) of +gra,o; error Era.
Proposition 6.13; used in line 3 of (1.10).
A3 Proposition 7.4 at ¢ = 0., giving the exterior estimate (7.67) of Propo- —cra,col(b); error AxCanc+ Pro®+

sition 7.5; used in (1.13). rK.
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Input Exact statement and use Contribution and error

A4 The sieve data and the estimates (8.8), (8.53) and (8.62) of Section 8 +AD¢rs; error Cswo + Pew0? + Viw.
for the source (8.3), at 0 = o4, giving the switched estimate (8.72) and
the limit (8.73); used in line 4 of (1.10). This application uses Paper I,
Theorem 2.8, at its stated inner spectral stage.

A5 The constants Cg in (8.25) and Caa in (7.39) are finite, positive and Fixes the caps in (9.14).
independent of o and N, and Cr > CH.

The constants C'r and Ca s are distinct. Here Cg is the common maximum of the switched and Paper II sieve
constants. The four-row K2 error constant is Cap = 4Caa37.
The exact constants satisfy

0.000228954311267289051898208151 < D — cxa.col (b),
Dp — cxa.col (b) < 0.000228954311267289051898208152,
(1.18) 1.749974884137892433433207484622 < af., s,

7
ape < 1.749974884137892433433207484623 < 1

The last constant is defined in (9.26). The rational bounds are shown in Section 9. They need the stated analytic
comparisons; the arithmetic alone gives no positive-count estimate. The value aj, ¢ is a scalar diagnostic for this fixed
b. It does not prove the theorem for smaller a; that would require comparisons at a different cutoff. The optional
sharper scalar comparison (9.29) uses a separate constant Dp .; it does not enter the main count.

1.3. Order of the parameters. Fix b and all absolute error constants first. Choose one sufficiently small rational
4. Then put 7, = (a*)g. Freeze the finite partitions and all coefficient bounds next. Fix every logarithmic precision
before the common threshold. Thus the order is

(1.19) absolute constants — o, € QN (0,107°] — 7, = (0.)°,

' — partitions, coefficient bounds and precisions — N{j(ox) — N.

The common threshold is defined in (2.5). It includes every length, structural and error threshold. Every limit
is taken at fixed o,. These thresholds exist by (A1)-(A5) and Proposition 9.1. The final section combines the
comparisons and the error bounds. For the main construction, the comparison estimates used are:

(1) (A1): the actual retained-source comparison in Section 5, including all saved-array conversions. It supplies
5719/106 + Ms5 internal beyond the original retained bound.
(2) (A2): the sixth-sum distribution and coefficient estimates in Section 6, supplying gra io-
(3) (A3): the actual semiprime-source distribution, principal-term and peel estimates in Section 7, giving the
exterior cost cxa2,col(b).
(4) (A4): the switched-source comparison, packing, distribution and peel estimates in Section 8, giving ADy3 =
(2 —cra,co/4)H.
Each requirement includes its exact nonnegative error estimates and the fixed-o, limits allocated in Section 9. The
source-counting identity and pointwise bound are supplied in Section 4. The list only records dependencies. The
cited sections prove the estimates, with precise scopes and error bounds; the scalar arithmetic here combines them.
The use of AT tools is described at the end.

2. NOTATION AND PARAMETERS

All logarithms are natural. Put L = log N. The integer N is even throughout. Table 2.1 fixes the common
notation.

Table 2.1: Common notation

Symbol Meaning

P The set of primes.

p(n),d(n) Euler’s totient and divisor function. The inherited notation 7(n) = d(n) has an
integer argument; the scalar 7 = ¢° has none.

Uniob (1), p(n) The M6bius function; use p. for the sieve cutoff.

Q(n) Prime factors counted with multiplicity.

P~ (n) Least prime factor; P~ (1) = oo.

1g Indicator of F.

Y, YE Euler’s constant, with vg = ~.

a,b Representation exponent and smaller-factor cutoff.

€ Fixed truncation parameter.

a, B, i, A to, u Fixed sieve exponents in (2.1); cutoff p = u..
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Normalizations in (2.2).
Partition parameters: 7 = 0%, p=1+7.

o, T, p

Oy Ty P Their fixed choices for the final argument.

Ktry Ner Transfer parameters in (2.3).

Oerr Fixed total error bound, 107%.

Opk The parameter in the factor-partition theorem.

ha,h,on Profile displacement hg = 9/5000; h = hg in (5.1), 6n = ha/a.
€s,0s Local sieve parameters, 6 = €2; applications use e, = o.

nL The level margin, 1074; separate from e and Jey;.

r,q In (1.1), g is prime and 7 is either 1 or prime; other uses are locally bound variables.
¢, I(b) Optional sharper coefficient and the logarithm in (1.6).

CK?2,G0 Common K2/L3 coefficient in (1.7).

Cg,Caa Error constants in (8.25) and (7.38).

Ksw(A),Ck2,0,CL3,0

The logarithmic Siegel-Walfisz level and the K2 and L3 coefficient bounds; each is
local to its stated application.

R, Reax The signed sum in (1.5); elsewhere R is a local level or remainder.

Sw, W Equal signed source sums; see (4.5).

Wis, Wis Arithmetic source weight and spectral operator, respectively. Neither denotes W ().
H,Hy, Equal switched-integral bounds, 389253/5000000.

Hpk,ma)n Hmax
D1, Js

Equal packing ceilings, 153/256.
Original Paper II lower constant and sixth upper endpoint; (1.8), (6.59).

9RA,lo Certified floor 0.0989598353, used in (1.14).

E', Evan Complete retained error and inherited envelope; (1.12), (5.11).

j:“;l\]]\; Retained conversion differences, defined in (5.35) and (5.56).

A, AN Joint-profile gain and conversion difference in (5.56). The spelling G1 in subscripts
denotes the same group.

ERA7 Esw, . .

Frc. Eoe Nonnegative complete errors in (1.10)—(1.11) and (1.13).

Ep Their total, including E’, in (1.15).

Dp The constant in (1.14); evaluated in (9.1).

An, Py, Gy, By Shifted-prime source, admissible factors, positive count and exterior count in (1.3),
(1.5).

S1,...,513, Ssw Paper II arithmetic sums retained in (1.5); definitions in Section 4.

gRA, JRA,lo Integral gain and its smaller rational floor; only the floor enters Dp.

98 I]:i ?’lzz:ah Optional six-endpoint gain, shifted-profile gain and mass constants; the main proof

b sets g = 0, see (5.18), (1.8), (1.9).

ADprs3 Switched gain (2 — cx2.cgo/4)H.

G+, Go, Uy, co1 Common unshifted K2/L3 functional; coefficient cap Go = 6088440363/10%; optional
sharper upper certificate Up; its exact coefficient in (8.60).

H, Ag{ N Retained row set and saved-array contribution in (5.2).

E,Ept Pointwise exceptional set and error in (4.9), (4.12).

NG, Nfoor, Te Common threshold, numerical floor and named threshold requirements in (2.5).

¢, apyus, Ex Buffer 107, scalar endpoint and its exponential in (9.26).

Waa,x, We K2 source-weight bound in (7.38) and Paper IT bound 10**; these are distinct.

Ak, Pr,TK K2 error multiplier, peel multiplier and vanishing remainder in (9.8).

Cosw, Psw, Vaw Switched error multipliers and positive remainder in (8.61), (8.71).

L,gaa log N and Paper II’s fixed error allowance in (9.15).

Cusps carry the index a in spectral sums. The switched blocks carry the index b. Partition cells are ¢ or c.
Coefficient sequences are a,,, by,, with dummy indices interchanged when needed. Spectral moduli and cusp numerators
are locally bound variables. They do not redefine the constants ¢ and u. Packing coordinates also have local scope.
Bare T and w are local endpoints or weights; the named saved and root-A scales are Tgave, Ting, and wra. The
exponent Ag > 0 in distribution estimates is a logarithmic precision. The normalization factor is written 2e™7.
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2.1. Fixed parameters. Keep a,b, e from (1.2). The sieve parameters are

100 50 25
=T 7T 3000 T om0

(2.1)
I A
4000 YT 224 ~ 500"

These follow Paper II’s notation [27, (1.5)]; € is €4 in [27, (1.3)]. Put

)

S5
(22) cy=0 I 5=
U
Uc(N) = C(JLV% W(N) = 4(1 — £)Uc(N).

We often suppress the argument V.
Define the transfer parameters by

Htr:a(lfb)—IZL,
(2.3) 4000000
N,y = e (@ D/ker — £—3000000/7

Here a — 1 = 3/4 is the exponent on the larger prime in the bound for the smaller factor. The transfer argument
appears in the final section.

2.2. Order of choice. First fix all o-independent constants in the estimates. These include Cg in (8.25) and Caa
in (7.38). Then choose one rational o, with

(2.4) 0<o, <1070, T. = (04)°, ps =14 7.

The final section gives the remaining upper restrictions. Apply every partition estimate with o = o,. Freeze its
finite partitions and coefficient bounds next. Freeze the resulting finite-family bounds and logarithmic precisions too.
These choices precede the common threshold.

Use the following named thresholds. Each requires its listed statement for every even N above it, at the fixed
o,. The cited comparison propositions establish these statements. The numerical floor supplies none of them. The
resulting threshold exists but may be ineffective.

(1) Tyc: the actual-source identity and first line of (1.10), including the pointwise hypotheses in (4.11) and
(4.13). Include the explicit pointwise threshold Ny, =1 + [max {2/« =3 ¢=1/0=A=H17 from Section 4.

(2) Tiet: the retained comparison, saved-array identifications and nonnegativity of Fy,, in Section 5.

(3) Tra: the sixth-sum comparison (6.72), with every distribution and coefficient bound specified in Section 6.
It also covers the finite source threshold Ng, chosen so that every even N > Ng satisfies

N1/6 > Lmax(B[”Bta;])’ NUR,A*1/3 > LB, €N1/2 > Np,*, NL7333 2 NH*

Thus the operative Tra is the maximum of the sixth-sum comparison threshold and this Ng.

(4) Tk: the actual-source exterior comparison (7.67) and its nonnegative error decomposition, the rx formula
displayed after (7.67).

(5) Tsw: the switched comparison (8.72) and the nonnegative decomposition (8.71).

(6) Tien: all scale-conversion, zero-mode, factorization, packing, interval-length and logarithmic-precision con-
ditions of the preceding applications, with the fixed finite partitions. In particular, require N+ > 2
N600.2712¢ > 12123, (7.61) and (8.46), and include Ndom, Nz 0, NLEN app from (8.75). The remaining
application conditions are exactly those of the cited comparison propositions. The floor implies none of them.

(7) Te,Tv,Teg,, T, Th,,.: respectively the eventual bounds

5 5 5
El< err ‘/;W< err E < err
=20 =20 RA =07
661‘]‘ 6err
< Eexcf .
"K= 0 10

All arguments are (N;o,), or (N;b,0,) for ri.
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These are finitely many requirements after all finite choices. Define the common threshold once by
7; = {Tsrc» Tretv TRA; TK7 TSW) Tlem
TE/7 TV) TERAa TTa TEexc }’

(2.5) N§(ow) =2 [; max({Ntr, Niioor } U 7;)—‘ ,

Noor = 2 [62150/2—‘ .

The floor is a convention added to Paper I’s selected-interval length hypothesis [26, §3.2, length hypothesis preceding
(3.12)]. Tt proves none of the listed estimates. The named application estimates establish this threshold. The resulting
N§ may be ineffective.

This implements the order in (1.19). Afterwards, N is even and N > N (o).

Let €r(N;04) be a real- or complex-valued error function. Write €er(N;04) = 04, (1) if and only if

¥n >0 3N, (0.) YN € 2N,
N > N,(0.) = léenn(N;0.)| <.

All preceding fixed data are suppressed here. The parameter ¢, remains fixed in this limit. Uniformity in other
variables is stated with each estimate.

(2.6)

3. CLASSICAL INPUTS

We use counting-measure £2 norms. Write n ~ Y for Y < n < 2Y. The symbols UMobs A, ¢ have their usual
meanings. Write d(n) for the divisor function. The parameters in each fact are local. Put P~ (1) = oo and
e(t) = exp(2mit). Statements (P1.x) and (P2.x) restate results proved in Papers I and II, respectively, with their
original scope. The structured sieve result is Paper I, Theorem 2.6. Its classical source is Iwaniec’s Theorem 4 [13,
Theorem 4]. The S-form displayed below specializes the Wﬁ estimates of Paper I, Theorem 2.6. It follows from them
by S < W]J{ and S > Wy . Theorem 4 does not state it verbatim. Each new application needs its own coefficient,
support and uniformity checks.

Fact 3.1 ((F1) Prime estimates). For every A > 0, one may take By(A) = A+ 60 in

)714

)

Y
max A(n) — ——| <4 y(logy
(3.1) = 1 nz:y ©(q)

y>3, Q<y"*(logy) .
For fived A,C > 0, uniformly for q¢ < (logy)®,

(3.2) w(y;qmI;fj))+oA,c<y<logy>A>, (@q)=1, y>3

These are Paper I, (2.20)-(2.21) [26, (2.20)—(2.21), p. 9]. The endpoint y is fized. The second constant is ineffective.

Fact 3.2 ((F1') Maximal-endpoint prime estimates). Use the prime Siegel-Walfisz estimate (3.2). For every fized
S >0 and X >3, put Qx = X'/?(log X)~(5+60) " Then

Yy -S
max  sup Aln) — —=| < X(log X)™"~,
1<Ox (a,9)=10<y< X % ©(q)
(3.3) n=a (q)
Li
max sup |m(y;q,a)— iw) <5 X(log X)™%.
(a,9)=10<y<X ©(q)

9<Qx
Here Li(y) =0 for 0 <y < 2. The level is imposed at X ; the endpoints may be chosen separately for each modulus.
An interval difference costs at most twice the bound. This is the classical mazimal form of Bombieri—Vinogradov [6,
Chapter 28]. Removing prime powers and partial summation pass from the von Mangoldt form to the prime-counting
form. The constants may be ineffective through (3.2).

Fact 3.3 ((F2) Full-support bilinear distribution). Let a.,, b, have supports m ~ M,n ~Y. Assume x = MY > 3,
set L, =logx, and fiz e, B > 0. Assume € <logY/logxz <1 —e. For every Ay > 0, assume uniformly in h,k > 1
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and integers £ # 0 with ({,k) =1 that

1 _

(3.4) > b 0] D ba| < Callbll2Y/?d(R) (log(2Y)) .

n=0 (k n,hk)=1

(n,h):l) (
Define

1
Afs(Qa a) = Z Ambp — ﬁ Z by .
mn=a (q) e (mn,q)=1

For every A > 0, some Bgy = Bpy (A, B,€) > 0 gives
(3:5) > max [An(g ) < lallblloa' 21", @ <ML,

ECRS
Both sums use the full supports. The constants depend on the family constants Cya,. This follows from the proof of
BFI Theorem 0(b) [3, (A1)—(A2), p. 206; Theorem 0(b), (1.5), p. 212; proof, pp. 213-214].

Proof. Character orthogonality and primitive induction give

1 1
left side of (3.5) < Z o) Z -

Define B, similarly. Split at F' = LE. Since M > 2¢, large x gives F> < M. This permits the small-conductor
estimate. The hypothesis handles f < F. The multiplicative large sieve handles f > F. Before summing e, the
bounds are
< llallzlbllzz2d(e)PF¥2L %, < Liflallz|bll2(Q + M2 + Y2 4 22/ F).

Choose By with >° d(e)P /p(e) < LB2. In the large-conductor bound, summing 1/¢(e) costs one more logarithm,
since > o 1/p(e) < L. Take K = A+ By +4, Ag = A+ B> + 3K/2+1, and Bgy = K. Since M,Y > ¢, these
bounds prove (3.5). The large sieve is BFI (1.6), p. 207, restated in Paper I, (2.19) [3, (1.6), p. 207][26, (2.19),
p. 9]. |

We do not use BFI86, Theorem 0(a).
Fact (F2) is the standalone full-support bound. Section 8 checks the coefficients, relative levels and rough factors
of the first three switched rows on the actual source.

Fact 3.4 ((F3) The spectral gap). For every congruence subgroup T' C SLa(Z),

975 1 1 7 7
3.6 M) > —— O<A=-—t*<=, t>0=0<t<—, 9=2t<_.
(3.6) 112 J96° SATITU Sy e = =64 = 32
Here A\ (T) is the smallest nonzero Laplace eigenvalue. The implication applies to every eigenvalue X of A on L*(T'\H)
in the indicated range. The first bound is Kim—Sarnak [17, Appendix 2]. The implications are elementary.
Fact 3.5 ((F4) Deligne’s bound). Let f =3_ -, 1¥¢(n)e(nz) be a primitive holomorphic cuspidal newform. Assume
(1) = 1, integer weight k > 2, level M, and character x, with f((az +b)/(cz + d)) = x(d)(cz + d)* f(z) on To(M).
This agrees with Deligne’s convention x(a)~t. For pt M, Deligne proved
(3.7) [Wr(p)| < 2pF 1/
8, Théoréme (8.2), p. 302]. The same source states that the roots vy, By of T> =1 (p)T + x(p)p*~* both have modulus
pF=1/2. Since |ap|? = |By|? = p*1, we have @, = p*~ /oy, and likewise for 3,. With a3, = x(p)p*~*, this gives

«a k—1 k—1
(35 )y = 3% (e 2 ) = vt

Choose 1]12, =x(p), Inp| =1. Thenb, = n;lpf(kfl)/%/}f(p) is real and |by| < 2. WithT = p(k’l)/anZ, the polynomial
becomes

- pkfl

T2 =4 (T +x(p" ™t =" X (Z2° = b, Z +1).
Write b, = 2coswy,, 0 < w, < w. The normalized roots are etr also in the repeated case b, = £2. An earlier
exposition of the modular-form setting is [7].
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Fact 3.6 ((F5) Averaged Kloosterman sums). For C,M,Y > 1 and € > 0,

(3.9) ST D Smnse)| < (CMY)“C(C + MY)

c<C |m<M n<Y

[9, Theorem 14, equation (8.13), p. 275]. The sums run over integers 1 < ¢ < C,1<m <M, and1 <n<Y. Here
S(m,n;c) =32, (o e((mu+nu)/c).

Use the trivial character on I'g(¢)\H. The sum over f runs through a Petersson-orthonormal basis of Sk (To(q)).
The sum over j runs through an orthonormal basis of Maass cusp forms, including exceptional forms. The sum over

a runs through inequivalent cusps with width-one scaling matrices. The measure is dz dy/y?. At infinity, the DI
coeflicients satisfy

Zp] \/>Kzl€] 27T|Tl|y) ( ) /\j — % +K?,
n#0
(3.10) f(z) = nzz:libf(n)e(nz

27Ts|n‘371/2

E4(z,s) = constant terms + \/gjz W@,,OCH(S)KS,UQ(27T|n|y)e(m:).

n#0
For 0 < \j < 1/4, set 9; = 2|Sk;| = 24/1/4 — \;. See Paper I, (2.2)-(2.4) [26, (2.2)-(2.4), p. 5].
Fact 3.7 ((F6) Spectral large sieves). For ¢, K > 1,Y >1/2, and a,, supported on n ~Y, put

Ehol(K,a): Z (47T_k 12 Z nn_(k_l)/2’l/}f(n)

2<k<K n~Y
k even
1 2
YMaa (K, a) = Z m Z anp;(n)|
[kl <K n~Y

EE]SKa Z/

The large-sieve estimates are

EhOl(Ka a)7ZMaa(Ka a)aEEiS(Ka a) < (K2 +Y1+E/q)”a‘”§’

VI 1S anpi(n)] < (L+VYVQ) 1+ VY F/g)llal3, V> 1.

n~Y

These are the specialized forms in Paper I, (2.5)-(2.8) |9, Theorem 2, (1.28)—(1.30), p. 230; Theorem 5, (1.38), p. 232]
26, (2.5)(2.8), pp. 6-7].

For ¢ € C°((0,00)), define
-~ - e > Jgit({E) — J_git(x) dl‘
=) = g 0)

sinh 7t

Z ann ‘Paoon 1/2 + Zt)
n~Y

dt.

(3.11)

>

j exceptional

(3.12) o N -
(t) = %coshﬂt/o Kgit(x)(b(x)d—x, (1) :/0 Ji(z)p(x)—.

X

<

The value at ¢t = 0 is the removable limit.

Fact 3.8 ((F7) Corrected same-cusp trace formula). For ¢,m,n > 1 and the test class above,

(3.13) 3 S(m’qz?qh)¢ (4ﬁﬁ> _ H¢(;n,n) My - M

b
h>1
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where

B *(k — Dok — 1) —
Hy(m,n) = ];2 (TP ;W( )P (n),

E4s(m,n) = Z /R(n/m)itgpaoom(l/Q + it)Pacon(1/2 + zt)g/b\(t) dt.

No extra diagonal term occurs, also for m = n. This is the corrected same-cusp specialization proved in Paper I,
(2.7.T15)-(2.7.T18) 26, (2.7.T15)-(2.7.T18)]. Compare [10, Lemma 4.5, (4.8)—(4.17)], in the DI convention [9,
(1.15)—(1.17)].

Fact 3.9 ((F8) Mixed-cusp formulas). For g =rs, (r,s) =1, use the trivial character and

o1)s = (8\/\/;; 1/?/?) , C(oo,1/s) ={esvr:c>1, (c,r) =1}
DI82 (1.6), p. 224, gives the arithmetic identity |9, (1.6), p. 224]
Seo1/s(m,n;csy/r) = e(ns/r)S(mr,n;cs), m,n € N.
Here ss =1 (mod r) and r7 =1 (mod c¢s). The accompanying trace formulas proved in Paper I, are
Ky = Ho<>,1/s/7T - Moo,l/s - Eoo,l/s/ﬁa K- = (W/2) 00,1/s (1/2) 00,1/s"
Here K4 = Z«/ec 7_1500,1/5(771, +n;vy)p(dmy/mn/vy). The plus terms have the definitions in (F7), with their second

coefficient at 1/s. For M~ and E—, replace qAS by qu and n by —n only in the second Fourier coefficient. The cusps are
singular, and the scaling matrices have width one. The classical width of 1/s is r. For r > 1 they are inequivalent.
The normalization is that of Paper I, (2.13)-(2.14). Compare [10, Lemmas 4.3, 4.5, (4.7)—(4.19)] [26, (2.13)—(2.14),
p. 8.

Fact 3.10 ((F9) Bessel representations). For x >0, n € Z, and |Rv| < 1,

Jo(z) =71 /07T cos(zsinu — nu) du

=i "t /07T e 8 U cos(nu) du,
Ju(x) = (2/7) /OOO sin(x coshu — 7v/2) cosh(vu) du,
Y, (2) = —(2/) /0 ™ cos(z cosh u — m/2) cosh(vu) du,

K, (z) = sec(nv/2) /000 cos(z sinh u) cosh(vu) du.

The infinite integrals are improper. These are DLMF (10.9.2), (10.9.8), and (10.32.7) [25, (10.9.2), (10.9.8), (10.32.7)].
Paper I uses them on printed p. 20, (2.7.1T31)-(2.7.T32).

Fact 3.11 ((F10) Kontorovich-Lebedev inversion). For g on (0,00), the inversion pair is

fl) = 225 [T @k @ L g = [ K@) dy

™

It holds under either of two conditions. (a) g/z € C, with xg and z(g/x)" absolutely integrable. (b) Local piecewise
continuity and bounded variation, with

/1/2 Mlog(l/x) dr < o0, /OO |g\(/) dx < 0o
0 x 12 VZ

Under condition (b), the inverse equality is asserted at continuity points of g. In our applications, the inverse equality
is used only at continuity points of g. See DLMF (10.43.30)-(10.43.32) [25, (10.43.30)—(10.43.32)]. These hypotheses
hold for g = ¢/x, ¢ € C((0,00)). They also hold for g = xKou(x) when |St| < 7/64. Near zero, Kou(x) <4
28U (1 4 |log x|), so the first integral in condition (b) converges absolutely. At infinity, Ko () <; x~ 2™, s0
the second converges too. Both functions are smooth on compact subintervals.
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Fact 3.12 ((F11) Hecke operators on the full space). For trivial character and (k,q) = 1, Paper I proves
I IManss.q < d(R)ET, [ Tillnotq < d(k).

Their proof uses the orthogonal cuspidal representation decomposition of Jacquet—Langlands, Chapter III, §16 [16,
Chapter III, §16]. It also uses the holomorphic oldform classes of Atkin—Lehner [1, Lemmas 6, 13-15; Theorems 3(i),
5]. Atkin—Lehner’s weight k means classical weight 2k. For an unramified normalized newform, the algebra needed is

M) =D ar 7Bl Ap(mn) = Ap(m)Ap(n)  ((m,n) =1).
=0

The Maass Satake bound is ||, |8, < p7/%* [17, Appendix 2]. The holomorphic bound is (F4). Full-space
diagonalization and unitary transport give the displayed norms, as in Paper I, (2.7.T37)-(2.7.T40) [26, (2.7.T37)—
(2.7.T40), pp. 21-22).

Fact 3.13 ((F12) Eisenstein inputs). Paper I uses three classical Eisenstein properties. The Eisenstein family
has a meromorphic continuation, which allows compact Fourier-coefficient extraction. It has an arithmetic Fourier
normalization. There is a complete irredundant cusp set. For the cusp u/w, let dgen be the lower-row denominator
variable in cz + dgen and write the printed variable as d = —dgen. The printed denominator is therefore cz — d, and
the Fourier phase changes with this sign choice. Thus replacing d by —d changes the congruence and the phase
together, not one sign in isolation. The normalization includes the orbit conditions

(C7 d) = 1a (Ca Q) = w, cd = uw (mOd (’LUQ, q))
With ¢ = wry, the last condition is yd = v (mod (w, q/w)). The cusp set has the form
U/'LU, w | q, u (HlOd ('LU, Q/w))v (ua (wa Q/w)) =1,
with admissible lifts chosen coprime to q. The sources are Iwaniec, Chapter 6 and Theorem 3.4; DI82 (1.17),
Lemmas 2.8 and 3.6; and Kiral-Young, Proposition 3.1 and Corollary 3.2 [15, Chapter 6; Theorem 3.4] [9, (1.17),
p. 227; Lemma 2.3, p. 240; Lemma 3.6, p. 247] [18, Proposition 3.1, Corollary 3.2]. These are the conventions used

in Paper I, (2.7.T20)~(2.7.T24) and (2.7.T41)~(2.7.T43) [26, (2.7.T20)—(2.7.T24), (2.7.T41)—~(2.7.T43), pp. 18-19,
22-23).

Fact 3.14 ((F13) Further spectral estimates). For exceptional eigenfunctions, the first line below follows from (F'3),
since 975/4096 > 768/4096 = 3/16 and 7/32 < 1/2. Paper I derives the interval estimate from (F5), (F6), (F7),
(P1.1) and this first line. The last line is its supported imaginary-transform estimate:

/\j23/16, 0<19j§1/2,

> pin)

< (QY)(Q+Y +VYV)Y,
nel

Q,Y,V >1, IC(Y,2Y]|NZ an integer interval,
6(iv)| + |d(iv)]| < B+ |log Z)(1+ Z*)/(1+ Z), 0<v<1/4.

The last line uses the supported test class of (P1.1). The interval argument uses DI82’s proof of Theorem 7, (8.17),
with the corrected same-cusp normalization (F7) [9, proof of Theorem 7, (8.17)] [26, (2.9), (2.7.1732), pp. 6, 20]. The
weaker gap 3/16 is also DI82, Theorem 4, p. 232, which we do not use separately. The reconstruction of the last
estimate uses (F'9).

(q)

9;
11 2ot

2<q¢<Q j exceptional

Fact 3.15 ((F14) Transform identities and interchanges). Paper I proves the following identities and accompanying
interchange bounds in (2.7.T26)-(2.7.T32). Use the transforms (3.12) without rescaling. For ¢ € C°((0,0)), put

Ry(v) = /000 Koy (2)d(x)z™2 dx, ky(v) = %v sinh(27v) Ry (v),

cosh 7t
cosh(t — v) coshm(t +v)’

H(t,v) =
(3.15)
/Rktb(v)K%v(x) dv = ¢(z)/x,

/ vsinh(27m0)H(t, v) K2 () dv = cosh(mt)r Kot ().
R

By (F10), the KL hypotheses hold for both applications, to ¢(x)/x and to xKa;(x). For the latter, the product-
integral condition is |R(2it)| + |R(2iv)| < 1, with v € R. The permitted t are real or exceptional, |St| < 7/64. The
differentiations and contour, limit, sum, and integral interchanges in (2.7.T26)-(2.7.T32) hold in these ranges. This
includes absolute summability after the spectral estimates. For each fixed smooth test family, the decay bound is

Ro(v) <y e ™1 +o)™  (j>0).
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Let supp ¢ C [Z/21,9Z]. The integrations by parts and differentiated estimates retain the five-derivative seminorm
B of (P1.1), uniformly in every auxiliary parameter. For the following bounds U > 0, and the oscillatory kernels
are the normalized combinations in (3.12); these estimates are not assertions about an unnormalized Jo; tail. The
hyperbolic factor in the raw Bessel representation is cancelled only after this normalization. For truncated normalized
oscillatory representations, the tails are bounded by

1+ [t] (1+v)eV ,
- - < = < .
O<xsinhU) (t € R), O< p— (t=iv, 0<v <1/4)

These tails permit the stated limiting interchanges. The derivative and decay constants are uniform in the families
consumed by Theorem 2.8, with the losses prescribed there. The first inversion identity follows from (F10). The

product integral, second kernel identity, and uniform differentiation and interchange steps are proved in the same
passage [26, (2.7.T26)—(2.7.T32), pp. 19-20]. A reconstruction from the individual Bessel representations uses (F9).

Fact 3.16 ((P1.1) Supported real transforms).
For Z >0, let supp ¢ C [Z/21,9Z] and set B = maxo<;<5Sup,-q 2’ |pV)(z)|. Then

- 301+ 160 <« 2B gy, (4 20, e,
o()] < w min{1, ((1+ 2)/1)*}, leN.

The constants are absolute. The minimum at t =0 is 1. This is the real-parameter part of Paper I, (2.7.T31) 26,
(2.12), (2.7.T31), pp. 8, 20]. The real-transform bound uses exactly the Bessel representations in (F9). It does not
cover the imaginary-parameter or interchange steps.

Write 4 for Euler’s constant. The continuous linear-sieve functions are normalized by
sF(s) =2¢" (0<s<3), sf(s)=0 (0<s<2),

(sF(s)) = f(s=1) (s>3),  (sf(s)) =F(s—1) (s>2).

Thus F(1) = 2e™ and f(s) =0 for 0 < s < 2. This is Paper I, (2.23), p. 10 [26, (2.23), p. 10].

Fact 3.17 ((P1.2) Structured linear sieve). Let A be a finite integer sequence with nonnegative multiplicities, let P
be a set of primes, and let X > 0. For a multiplicative function w, set

Pi)=]Ipr  SAP2) = lare)-1

(3.17)

<z acA
(3.18) @) w(p)
p<z p
peEP
Assume 0 < w(p) < p on P, w(p) = 0 off P, and w(p®) > 0. Suppose fired K > 2 and L, > 1 satisfy, for every
z>w > 2,
H (1_ w(p))_1 < log z <1+ K )
wipes P log w log w
(3.19) Per .
Z w(p ) Lw
w<p<za>2 pa IOg(Sw)
pEP

Fiz D>2,0<e¢es <1/3 and 55 = €2. Define

(3.20) G(D) = {D=0H8)" > 0},

Let H(D) consist of the finite tuples D = (D1, ..., Dy) from this grid such that Dy < --- < Dy < D'Y/2. Set
D*(D) = {D € H(D): Dy DuDlyyy <D (0<1< (k—1)/2)},

D-(D)= (D e H(D): Dy Dy DYy <D (1<1<k/2).

FEach of these sets has fewer than exp(8e;?) elements. There are coefficients ¢4 and \4(D), v € {+,—}, with
lo4], Ay (D)| < 1, independent of A, X,w, for which

(3.21)

S(A,P,2) < XV(2){F(s) + Es} + R + R* (2<z<D),
(3.22) S(A,P,z) > XV(2){f(s) — Es} — Ry — R™ (2 <z < DY?),
_logD

s = Tog 2’ E, < €, + ¢, el e (log D)71/3,
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The implied constant in the last line is absolute. The signed remainders are

(3.23) R{ = > ¢4r(Ad)
d<D*s
d|P(D%3)
and
(3.24) R= > Y D) > r(A,dp - ).
DeDv (D) d<D552 Digpi<Di1+5s
d|P(D?) il P(2)

pi#p; ((i,5)€1(D))
Here I(D) imposes distinctness between the equal-label positions in Iwaniec’s construction. Unequal grid intervals
are disjoint. The coefficients may depend on P,D,z,e;,D and these distinctness conditions. We do not claim
that coefficients at different cutoffs agree. See Paper I, Theorem 2.6, (2.22), (2.24), (2.27)-(2.33), pp. 10-12 |26,
Theorem 2.6, (2.22), (2.24), (2.27)—(2.33), pp. 10-12]. Its classical source is Iwaniec, Theorem 4 [13, Theorem 4].

Below, the prime set is Py = {p : pt 2N}. Take the nominal density w(p) =1 on Py, w(p) = 0 elsewhere and
w(p®) = 0 for a > 2. Then the second sum in (3.19) is zero. Mertens’ product estimate gives one fixed absolute
Ky > 2 with

(3.25) [T a-1/p"'< log 2 (1 4+ Ku ) (z>w>2).

~ logw log w

w<p<z

The first product in (3.19) is no larger than this product. Hence K = Ky, L, = 2 are valid for this nominal density.
The factor in (3.22) is then efM+2. See [26, pp. 10-11]. Each actual sequence still needs its own decomposition (3.18)
and error estimate.

For every relative level L. > 2 we use, exactly as in Paper I, (2.33a)—(2.33b), p. 12 [26, (2.33a)—(2.33b), p. 12],

0<o<1071%0, =207, €s=o0, 0s=71, D=L,
G(Le) ={L " sn >0}, d<Li, d|P(L),

Thus the prime intervals, the smooth-divisor support and the level all refer to the same L.. First fix ¢ > 0. Then let
N tend to infinity.

Fact 3.18 ((P1.3) Finite factorization). Let X > 2, K € N, and z > 1. Assume 25 > X. For every integer
1<n<X,

(3.26)

K
(3.27) A(n) = .Z(fl)j*1 <K> Z EMob (1) fivob (1) log m1.

= 3 ey =n
m;<z

This is Paper I, Lemma 2.7, (2.56), p. 13 [26, Lemma 2.7, (2.36), p. 13].
Proof. For Rs > 1, set M.(s) = 3_,, <, ftmon(m)m™* and Y, (s) = ((s)M.(s). The polynomial identity 1— (1-Y,)E =
Z]K:l(—l)j_l(lj()YZj gives

o (e (o

Every nonzero coefficient of Y, — 1 has index greater than z. The last term therefore has no coefficient at n < X < zK;
coefficient extraction proves (3.27). O

For n < 2X,,, choose K =3, z = 2X,%1/3. Then 23 = 8X,, > 2X,,. Any interval partition is imposed after (3.27).
The product condition and all representation multiplicities remain in the resulting coefficients. See [26, (2.36)—(2.37),
p. 13].

For the packing theorem, put u. = 25/128 and define the packing ceiling by

153
Hpmax = ———-
Pk 256
Use this constant in the packing hypotheses below. Put
14+2 32—-34x 57 3
= i _— = = >
Upk () mm{ 5 39 84 2:10} (x >0),

(3.28) Yok(®,y) =2le>y (zE€R, y 20),

132 — 68 153 — 96 1
wpk (21, T2, T3) = Ypk (min{ 3 x3,1—2x2}, —|—x1) .

214 ’ 256 2
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For x1 > x9 > x3 > 0, define

H(x1, 22, x3) = max{vpk(21), vpk(22), vpk (@1 + 2), vpk (21 + z2 + 23),
wpk (T1, T2, T3), wpk (21, T3, T2),
Yk (vpk (1 + @3), 21 + 272 + 73),
Yk (Vpk (T2 + 23), 221 + 22 + 23) },

.ﬁ(x To, T ) = H($1,$27x3)’ Z1 S Moy
b vpk(21), T1 > M-

(3.29)

These are the definitions preceding Paper I, Theorem 4.1, p. 53 [26, p. 53].

Fact 3.19 ((P1.4) Three-factor packing). Let 0 < dpx < 3-107°, 1/2 < h < Hpkmax, d« = h — 26, and
Opk < g <1/3—0pk/2. Leteg > --- > ey >0 be a finite labelled list. Equal values keep distinct labels. The empty
list is allowed. Extend the list by zeros, writing e; = 0 for i > m. Suppose

(3.30) > eit2e, <h-2 (1<j<m),  h<H(e,e,és)
i<j
The rule of Paper I, Section 4.1, partitions the labels as Jy U Jy U J3. With X, = Zier e; and Os, = 7/32,

1<y,
29+ X0+ 2583 < 1 — 40k,
Osp + g+ 31 + 5Xg + 283 < 2 — 40k,
(14 205,)g + 1 + (5 — 2045) s + (2 + 2045)53 < 2 — A(1 + 04p) 5.
The partition depends only on these data. This is Paper I, Theorem 4.1, (4.1)-(4.3), pp. 58-54 [26, Theorem 4.1,
(4.1)-(4.3), pp. 53-54].

Fact 3.20 ((P1.5) Continuous Hecke comparison). Assume the three Fisenstein statements in (F12). Let w | q, put
w' = (w,q/w), and let x be a Dirichlet character modulo w’. Then Paper I, (2.7.T41)-(2.7.T43), gives

Pujwoon(z) = (W /(wg))? Y 7 Y e(—nd/(yw)),

(3.31)

y>1 d (yw)
(v,q/w)=1 (dyw)=1
yd=u (w')
(3.32) Vy(n;z) = Z X(W)Pujw,00n(2),

u (w’)

Vi(kn's2) = x(k) | D x(@)d' = | V(n';2),  (k,q) = (k,n') = 1.
d|k
The first identity initially holds for Rz > 1. The last extends meromorphically. For finitely supported vy, in this
coprime range,
2

2.

a

> v k[ Qe s (1/2 + it)

n’

<d(k)*

a

It holds almost everywhere in real t, for either index sign [26, (2.7.T41)—(2.7.T43), pp. 22-23].

(3.33) >

> v 0 [ pace.nr (1/2 + it)

n

Proof. In (3.32), write the modulus ¢; = wy = ¢{¢f, where (¢}, ¢) = 1 and every prime of ¢/ divides q. CRT factors
the inner character sum as x(c;)Gy(—n;cf)cy (n). Here Gy is the corresponding finite Gauss sum and c,; is the
Ramanujan sum. The outer character supplies another x(c}). The coprime factor is

L9z S Py,
d|n]
(d,q)=1

where L(? omits Euler factors at primes dividing ¢. For (k,q) = (k,n') = 1, its divisor sum factors at n = kn/.
Changing the Gauss-sum variable supplies x(k). Absolute convergence for Rz > 1, followed by meromorphic
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continuation, proves the last identity in (3.32). At z = 1/2 + it, the character multiplier is
Z X k,/dQ 1t
dlk
Its modulus is at most d(k). Orthogonality over the complete cusp set proves the inequality. O

Fact 3.21 ((P1.6) Exceptional parameters on the full space). Apply (F3) to To(q). Every exceptional eigenfunction

in the full To(q) space then has
9; = 24/1/4— A; < 7/32.

The bound depends only on the eigenvalue, so it covers oldforms. These are the parameters in Paper I, (2.7.T32),
(2.7.T52), and (2.7.T56) [26, (2.7.132), (2.7.T52), (2.7.T56), pp. 20, 24-25].

Fact 3.22 ((P1.7) The spectral estimate). Paper I, Theorem 2.8, proves the estimate below. Its proof uses the large
sieves (F6) and the trace formulas (F7)-(F8). It also uses the transform bounds (P1.1), (F13)-(F14), the full-space
Hecke bounds (F11), and the continuous and exceptional comparisons (P1.5)-(P1.6). The normalized unitary cusp
transport, proved in Paper I, (2.7.T33)—(2.7.T40), is as follows. Choose rw — sy =1 and use

_ r —
WTS - v (7"8 TZ) ’ WTSFO(TS)Wrsl = FO(TS)’
prl/S(Tl) = e(ng/r)pFoWrs,oo(n)v ¢F71/S(n) = e(ng/r)¢F‘W'r's;W(n)’

3.34 _
( ) Pa,1/s, n(2) = e(ns/r)gpw,;lu,oo,n(z)’
ThF(z) = k~1/2 Z Z F((hz+j)/d), er,r(n) = Z cr(kn/h?).
hd=F j (d) h|(k,m)
The last line is the Maass normalization, with (k,rs) = 1. For holomorphic forms use the normalized coefficients of

(F11). These formulas fix the normalization of the following theorem.
Let C,D,Y,R,S,Ar > 1 and 0 < ¢g < 1/100. Let ap € Z satisfy 0 < |ar| < Arp. Let b, s be supported on

(3.35) 0<n<Y, r~ R, s~ S, (ar,rs) = 1.
Let g be smooth, supported in (C,2C| x (D,2D] x R2 ,, with
(3.36) 10Vg(c,d,n,r,s)| < Gy (¢ d™"n~ 3 Vs ) 0 (1 € Z2,).

Set X =2+ ApCDY RS and 6y, = 7/32. For every € > 0,

rd
(3.37) Z Z b r.s Z gle,d,n,r, s)e (aan> Le,e0,{Go} xeti®o g (ar),

Sc
(r,s)=10<n<Y c,d>1
(rd,sc)=1

where the inverse is modulo sc, and
_ Z Agjp (n//)Gsp
n//‘aoo
n''<2Y
Y ~
X {CS (n, + RS) (C + DR) + |aT|YRS] lo(n")|3

(338) + [CS(CD\/E)ZGSD(Y +R5>1—95p

x(C + DR)'~2%» + D*Y R] ||b||3,

1813 = 3" sl BB = 3 sl

n,r,s n',r,s
(n',ar)=1

Here n' | a§® means that every prime factor of n' divides ar. It includes n' = 1; when ap = £1, only n” =1 occurs.
The bound is uniform in (ar, Ar,C,D,Y,R,S,b). These are Paper I, Theorem 2.8, (2.38)—(2.43) [26, Theorem 2.8,
(2.38)(2.43), pp. 14-15).

Section 8 checks the masked coefficients, intervals and support of the fourth switched row.
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4. FINITE SOURCE IDENTITIES AND DECOMPOSITION

Throughout this section, N is an even integer with N > 2. Further size hypotheses appear at each display or
just before it. Use L = log NV from Section 2. We prove the finite identities of this section below. They count each
occurrence with its multiplicity. The later analytic estimates are separate hypotheses. Use Ay, Gy(N), e, a,b from
(1.2)—(1.3) and a, B, pix, A, to, u from (2.1). Take the roughness cutoff z; = N from the Root—A scale definition in
(6.1). Throughout, n is a positive source integer. When n € Ay, n = N — p for a prime p. In a source sum, e is the
integer being counted. The letters p, p;, a;,r denote prime variables, ¢ is a positive modulus, and m is the factor
or cofactor specified by its sum. Paper-II counts use n = dm; the marked count of Section 6 uses m = (N —e)/p.
These roles are local to the displayed source. Here Q(n) counts prime factors with multiplicity. For squarefree d with
(d,N) =1, define

(4.1) SM(d;y) =#{n=dm e Ay : P~(m) >y, (m,Nd) = 1}. (2| N, N >2).

Set this count to zero for other d. For admissible d, it is Paper II’s (1.7) count in our notation [27, (1.7)]. The zero
value for other d is our convention. Put z; = log p;/log N. The tenth row uses

57 1 11
C °or - 2
=% 50 5
(4.2) - bcvepn, CINN22).
1A= min{ 3, max{a, C1g — 52/2}}, p. <z <A

Table 4.1 lists all thirteen sums with every divisor and cutoff of [27, (1.6)—(1.7), row table]. All p; in the table are
prime. Each admissible divisor contributes separately.

Table 4.1: The Paper II source sums. Each row sums S™(d;y).

Row Coefficient Divisor and domain Cutoff y

S1 3 d=1 N

S 1 d=1 NP8

S -2 d=p1, a <z < Uy N

Sy -1 d:pl, ,UJ*SZE1<1/4 N¢

S5 -1 d:pl, 1/4§(E1<t0 N«

Se -1 d:ph t0§1'1<1/3 N«

Sz -1 d=p1, ps <21 <A N©

Ss 1 d = p1pa, N«
a<ro <z <p

So 1 d = p1p2, Ne
a<xy <P <y < s

SIO 1 d:p1p27 M*Sl'l <)‘7 N©
a< a9 < Blo(.’lil)

S11 -2 d=pip2, A<z <1/3, D2
1 <x9 < (1—121)/2

S12 -1 d = p1pa, D2
a<z1 <1/3<zy<(1—21)/2

S13 -1 d = p1p2, N/(p1p2)

B<z <A<as<(1—11)/2

Let D; be the displayed divisor domain and y;(d) its cutoff. Define the row occurrences by

(4.3) Vi(n) = > Lp-(n/dy>yi(dln/ang=1- (2| N, N>2).
deD;
d|n
d squarefree, (d,N)=1

Thus S; = ) 4ep, SY(d; y;(d)). Keep every cofactor and endpoint restriction. Define
Si= Y Win) (1<i<13),

neAn
ng(n) = 3191(71) + 192(71) — 2193(71) — 194(71) - 195(77,) — 196(71) — 197(77,)
(4.4) + 9g(n) + Vg(n) + D10(n) — 2011(n) — V12(n) — 13(n), (2| N, N >2).

Ssw(n) = lo(n)>3 max{Wis(n), 0},
Ser= Y sw(n),  wn)=Wisn)—swn), W= > w).

nc€AN neAN
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This is the complete switched source of Paper II, (1.9) [27, (1.9)]. Every divisor prime and cofactor cutoff is at
least N. For Si3 the cutoff exceeds NU=2/4 > N Thus every 9;(n) vanishes when P~ (n) < N, so the extra
roughness indicator of Paper II is redundant. Use P~ (1) = co as in Table 2.1. Finite linearity gives

W =351+ 859 —253 —S4 — S5 — Sg — 5%

4.
(4.5) + Ss + Sg + S10 — 2511 — S12 — S13 — Sew-

(2| N, N >2).

4.1. The representation count. Put
a(e) = #{(p1,p2) €P?>: N®* < p; < VN, eN < pips = e < N},

(4.6) By=Y (@) Incer,  Po=#{ne Ay :Qn) <2}. 2N, N z2).

When e has distinct prime factors and both choices satisfy the first-factor cutoff, both orientations are counted. For
e = p?, there is only the ordered pair (p,p). Hence

(4.7) 0 < gple) <2, P, — G,(N) < By (eN >1). (2| N, N >2).
For the second inequality, write n = rs, r < s, with both factors prime. If n is excluded from Gy, then
(4.8) N <r<n<+VN, gn)>1 (2|N, N>2 eN >1).
Prime squares are counted with their actual multiplicity.
Define
(4.9) E={ne Ay : P~ (n) > zs, nis not squarefree or (n, N) > 1}. (2| N, N >2).
For z;, = N > 2,
#{n € £ : n is not squarefree} < N Z E2< QZN,

k>[2.] °

(4.10) Fn SN P ()2 N> Y St 2]N N2,
(€P, O|N s
0>z
€] < 13N,

The prime divisors in the middle sum are distinct. Their number is at most |1/« = 11.
Set Npt = 1+ [max{2!/® =3, e~1/1-2=A1]

Lemma 4.1 (Pointwise source weight bound). For all N > N, the weight bounds are
wn) =0 (P~ (n) <z), wn)<4lgm<z (n€AN\E),
maX{va(n) —4 IQ(n)SZ} <169 (Tl € 6), Ept =0.

Proof. Start from the roughness observation above. If Q(n) > 3, then w(n) = min{Wiy3(n),0} <0. If (n,N) > 1,
the coprimality conditions force every row occurrence to vanish. For Q(n) < 2 and n € £ with (n, N) = 1, only
n = p? occurs; only S;, S contribute, giving w(n) = 4. For n ¢ £ with Q(n) < 2, a prime has weight 4. For
n = rs, with primes r < s, the bands [a, B), [5, t«)s [+, A), [X,1/3) and [1/3,1/2) for logy r give weights 1,2,2, 3,4,
respectively, directly from the row table. This agrees with Paper II, (1.11) [27, (1.10)—(1.11)]. Here Ny is chosen so
that eN > N2/3 and eN > N8 Then the larger prime exceeds N'/3. The two-prime divisor rows vanish, since
their products are below N A8 for Sg—Sio and below N 2/3 for S11—513. These observations prove all three bounds,

(4.11) (2| N, N > Np).

including the stronger exceptional bound with right-hand side zero. ([l
Put
1
(4.12) By = ; > max{0,w(n) — 41gm<a}. (2| N, N>2).
neé

The pointwise lemma gives Ep, = 0 for N > Ny, within its stated scope. We still record cruder bounds. Summation
gives
169 2197
0< By < —[€] < = =N,
W < 4P, +4E, 4Gy(N) > W — 4By, — 4E,;.

The transfer to r < ¢3/* is (1.4).

(4.13) (2| N, N > Npy).
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4.2. Signed arithmetic sums. Put
Rgx =351 — 253 — 54 — S5 — S7 + Ss + .59 + S1o

4.14 2| N, N >2).
(4.14) — 2511 — S12 — Ss. @] 22)
Then (4.5) gives

(4.15) W — 4By = Rgyx + So — Sg — Sew — 4By. (2 |N, NZQ)

Define
Grows = 2511 + S12 + S13,
(4.16) Cret =351 + 82 — Sy — S5 — S7+ 510 — Grows; (2| N, N >2).
Q= —-253+ Sg + Sg.
Coefficient comparison gives
Cret + Q = Rpx + S,

W — 4By = Cret + Q — Sg — Ssw — 4By,
Substitution proves both equalities coefficient by coefficient. The coefficients 357 and +S19 are fixed. The integer
supports may overlap. These coefficient identities do not depend on later estimates. Take the signed normalized
chains Q) , their index set Z, and the stage index k € {0,...,10} from Section 5. See its “original signed chains”

paragraph and (5.4). Each @, already includes its signed normalized coefficient, so no extra multiplicity factor
enters. Finite telescoping gives

10
(4.18) ZQ]’,O = ZQj,lO + ZZ(Qj,k—l —Qjkr)  (2|N, N2>2).

jeT JET JET k=1

(4.17) (2| N, N >2).

This is the normalized-chain identity cited above. The arithmetic coefficient identities above keep their unnormalized
definitions. Paper IT uses joint endpoints for Sy, S2-Ts/4, Grows [27, (6.4)—(6.4d), pp. 70-72]. Here Ty is Paper II's
stage-eight endpoint in the So chain. The notation S»-Tg/4 is a joint-chain label; it defines no new arithmetic sum.
Their joint endpoint is kept before the differences are split.

4.3. A finite upper decomposition. Each original representation occurrence uses the shifted-prime set of (1.3):
(4.19) Av={N-p:peP, p<(l1—¢)N} (2| N, N >2).

The two arithmetic sources stay separate. Take Ay, Eyop from (7.2) and Sp from the Section 7 definition (7.13); A
from (8.3); Py from (8.1); and ba, Py, Sy, Sa, Fse from (8.6). The ordered prime coordinates a; and their prefix
domains are those of (8.9) and the paragraph before it. Define

hb(n) zAb(N—n), g{,:{pEP:pJ[QN}, EbZE'mp7

hsw(n) = A(N - n); Zow = Pn, E:Vrf = Fge,

Here Ay, Eyop are the Section 7 source objects in (7.2). The objects A, Py, Eg. are the Section 8 source objects in
(8.3), (8.1), and (8.6). Both sequences are nonnegative. No extra 1. o)1 factor enters. The script-font symbols %,

Low, Lx, and %x denote the variable sieve families and their sifted sums. The fixed prime support is written Py.
For X € {b,sw}, write hx, %Lx, Ex for the corresponding line of (4.20), and put

Px(y) = H ¢,

<y

(4.21) tex 2N, N>2).
Ux(diy) = hx () (n/d, Py (5))=1-
dl

(4.20) (2| N, N >2).

Take Ir,, I, J, Jiail; Jt; Zs, m, VA from the Root-A definition (6.1). Take ¢ i from (6.4), and Ry, Riail, Br, Btail, B, cio, I
from (6.6) and its preceding choice of fixed logarithmic exponents. Take Dy, from (6.52). Write Qra for the level
called @ in (6.6). This alias is distinct from every signed chain @; ;. We do not redefine these objects here. Both
source comparisons require the finite threshold Ng of Section 2. It enters the operative Tgra, the maximum of the
sixth-sum comparison threshold and Ng. We do not redefine it here.

Use the common choice 0 = o, from (2.4). It lies in the Section 7 range of (7.1), and the switched comparison uses
it. Take 7, p from Section 7 (7.1); Section 8 uses the same values. We make no new choice or definition of o, 7, p here.
Partition the logarithmic prime ranges into half-open intervals [t;, pt;), with t; = up*:, k; > 0. Clip the intervals at
. Each prime has one cell. For X = b, use the retained cells of the Section 7 (7.19) retained-cell definition and the
cutoff in (7.18). Write them as Ry, 2p.¢, Xp,c- For X = sw, use the Section 8 definitions (8.12) and (8.10). Write them
as Rsw, Zsw,c) Xsw,c- Lhese definitions come from the two source sections. They form no common envelope in this
section. We use no equality between the retained collections of the three sections. The closed-cell infima of Sections 7
and 8 and their endpoint rules apply only within their own source. For X = b, the packing function is H, as specified
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n (7.19). For X = sw, it is H, as specified in (8.10) and its preceding definition of .. The two functions are defined

in Paper II, equation (2.17d), and the paragraph after it. We have H = H only on the stated largest-coordinate
range, and use no equality outside it. For either source write zx . = N, with ¢3 the lower endpoint of the third
coordinate of its cell c. Here zsy . is the object called z. in Section 8; we use only the source-indexed name. The
Section 7 cutoff is defined in (7.18), with the lower-endpoint convention stated before (7.31).

The source index here is always X € {b,sw}. For the b-source the underlying prime support is Py, so Py(y) = Pn(y)-
Both sieve products use primes below y not dividing 2N. For the b-source, the substitution e = N — n identifies the
generic sieve with Sp of Section 7 on that source:

(4.22)  %(d;y) ZAb = 1)L (n/d,Py(y))=1 = Z Ap(e)1(N—e)/d,py(y)=1 = So(d;y). (2| N, N >2).
d|N—e

For X = sw, identify the generic cofactor sieve with the Section 8 sieve on precisely the following rows:
d =1 with cutoff y = N#~, the source-comparison row % (1; N#+) =S4 from Section 8 (8.6);
v=a---aj, 0 <5 <2, with cutoff y = N*%;
v = ajazas3, with dynamic cutoff y = as, or retained-cell cutoff y = 24y = Ntz

® ur = ajazasr on a retained cell, with zgw,c <7 < ag, at cutoff y =7 or y = zgw.c.
Here the empty prefix is v = 1, and all primes belong to Py and have the ordering in (8.9) and (8.11). Let d be
the displayed prefix v or product vr. Every prime divisor of d is at least y, so (d, Psw(y)) = 1. The definitions give
P (y) = Pn(y). Write Sq(y) for the S,(y) of Section 8 from (8.6) with v = d. For d | n, the Section 8 definition
(8.6) gives

(423) sw d y Zhbw n/d Pn(y))=1 — ZbA 1(n Piy (y))=1 = Sd(y) (2 | N, N > 2)
d|n

This identity holds on these rows only, not for arbitrary d,y. These E-terms are unnormalized source-restoration
costs. The two source upper comparisons are stated separately: Here Bj is the prime-occurrence part of By, and
Eiop is the removed-top cost.

Lemma 4.2 (Upper-source comparisons).
By < Ep + U(1; N"), Sew < By + Usw(1; NH+)

4.24
(4.24) for even N > Ng.

Proof. The first inequality follows from Section 7 (7.16) and Ej = E\p; the second is the Section 8 source comparison
(8.7). We do not identify their hypotheses or their restoration costs. O

We invoke the source comparison once, with the named hypotheses displayed above.
For real cutoffs 1 < y < weyt, the least allowed prime gives

(4.25) Ux (diwew) = Ux (dsy) — Y Ux(drir). (2| N, N>2).
Yy<r<wecut
reLx
Write n = dm. If m survives at y but fails at weyt, choose its least allowed prime in [y, weyt ). Exactly one summand
records that prime. Repeated copies remain in the cofactor. Thus the identity also counts prime powers correctly.
Three applications give

Ux(L;NF) =Txo—Tx1+Tx2—Txz3,
Txj = > Ux(ar---a;;N*) (0<j<2),

NU< o <onn N
(4.26) e (2| N, N >2).
Tx3= Z Ux (a1a2a3; as).
N“§a3<a2<a1<N“*
a; €Lx
For j = 0, the sum is Zx(1; N*). The primes are ordered; no factorial occurs. Every multiplicity remains in hx.
For d = aiasa3 in a retained cell of source X, put

~Ux(dyaz) = —Ux(dizxo)+ > Ux(drir)
zx,c<r<as
reLx

< —Ux(d;zx,c) + Z Ux (dr; zx¢)-

zx,c<r<az
reLx

(4.27) (2| N, N >2).

The equality is (4.25). Nonnegativity proves the inequality. Actual cell membership gives zx . < a3. The closed
infimum creates no additional occurrences.
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Let ) . x restrict the ordered triples to Rx, equivalently to xx . = 1. For either source define the peel terms

Rx 3= E Ux (ar1aza3;2x ¢,
ret, X

Px 3= Z Z Ux (a1aza375 2x ¢ ).

ret,X zx .<r<as
reLx

(4.28) (2| N, N >2).

For each source X € {b,sw}, the non-retained depth-three terms are nonnegative and occur with a minus sign, so we
drop them. The retained terms use the dynamic inequality above:
(4.29) —Tx3<—Rxs3+ Pxz. (2| N, N >2).
For even N > Ng, define the two upper expressions and their slacks, one per source. The next comparison proves
their nonnegativity:

Uy :=Tyo—Tp1 +Tp2 — Rp3+ Py 3, Zy =Ey+ U, — By, >0,

4.30 2| N, N> Ng).
( ) U'sw = dsw,0 — T:sw,l + TSW,Q - RSW,S + PSW,Sa st = Essf + Usw - st > 0. ( | ’ o 6)
Hence

Uy, X=b
4.31 Ux (1; NH=) < ’ ’ 2| N, N> Ng).
( ) X( ) )_{Usw, X = sw. ( ‘ ) = 6)

These inequalities assume the two source comparisons in (4.24). They give no estimate for either restoration cost.

4.4. The conditional lower expression. Take Ap,ix from the Root—A definition (6.8), and Zg with its comparison
from Section 6 (6.9). We redefine neither object. This sum uses the ordinary upper Rosser weights ,uj{(D) with the
odd-index cubic gates of (6.3). Their upper-sieve property is the Iwaniec upper-bound lemma [14, Lemma 1, (3.2),
(3.6)] [13, Lemmas 2-3, p. 313]. This section introduces no new weight. The Section 6 comparison gives

(4.32) Se < Amix, Zg >0 (2| N, N > Ng).
For a mark p, put m = (N —e)/p and Pra = Hé<zs,€+2N £. For D > 1, the cited Iwaniec upper-bound lemmas give,
for the upper Rosser divisor sum, [14, Lemma 1, (3.2), (3.6)] [13, Lemmas 2-3, p. 313],

Z (g (D) > Lm, pray=1 = 1p-(m)>=. (2N, N>2, D>1).
d|(m,Pra)

Dropping (m, Np) = 1 enlarges the original nonnegative occurrence count. For even N > Ng, each of Ry, Reail, Qra
exceeds N1/3. Hence take D = RL/p, Rian/p, Qra/p on, respectively, I, x J, Iy X Jiait, Ig X Ji. These pieces
partition the original source: e = N/4 belongs to I, and the shared mark endpoint belongs to Jiaj. Since
p > N > 2, the mark is unique in ¢ = pd. The condition d | m is exactly e = N (mod pd). The original gates give
cr, ik (pd) = p} (R/p). Summation gives precisely Sg < Amix and Zg > 0, with all mark multiplicities. A product-cell
partition only splits these exact sums. It must keep the original pd < R, the cubic gates and every clipped endpoint.
In particular ¢, and T" keep the gates at Qra. Subdivide each of the three marked pieces in (6.7) into cells in its two
displayed coordinates. Let § = L™Pm_ and use half-open multiplicative intervals of relative width at most 1 + § in
each coordinate. Insert all row cuts, the points N/4, 1/3 — 7, 1/3, and the two endpoints of Iy as cell boundaries.
Denote the resulting finite, disjoint cell families by @ﬁL, @gaﬂ, @ﬁ. Use the separate piece index Y € {L, tail, ¢} and
the mapping

(IL7J7RL)5 Y = L7
(4.33) (Iy, Ky, Ry) = § (Ix, Jtail; Reai), Y = tail, (2| N, N > Ng).
(IHaJtaQRA)a Y=t

Thus each C € @ﬁ, satisfies C C (PN Iy) x (PN NXY) and (p,N) = 1, with 0 < (N — e)/p on every included
occurrence. Their unions are exactly the corresponding coprime marked source pieces Iy, X J, Ig X Jiajl, and Iy X J;.
A cell touching a boundary is kept as a boundary cell. For Y € {L,tail, ¢} and C € @g/, define

Ssvic = Y Lperlipn=1Lpn—clo<(N—e)/plectlp-(V—e)/p)2 2 LN ) /p.Np)=1

(e;p)eC
4.34 2| N, N >2).
( ) AY,C’ = Z ]-pEP]-(p,N):11p|N—elO<(N—e)/p]-e€]P’ Z CRy,Ky(pd)leEN (pd)>» ( | o )
(e;p)eC dl(N=e)/p

d|Pra
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Here Ry is Ry, Riai1, or Qra. The corresponding coefficient gates stay in the inner sum. The half-open families
make every marked occurrence belong to exactly one C, including e = N/4 and the shared mark endpoint. The
one-term Rosser inequality at each occurrence gives Sg y,c < Ay,c, cell by cell. Reindexing the finite sums gives

(4.35) Se=>_ > Seve, 3. Y Aveo=Amx (2N, N> Ng).

Y ceol Y ceol
The finite comparison uses these cellwise Rosser inequalities. Thus the displayed comparison is the sum of finitely
many explicit cell inequalities. No product cell, endpoint, or boundary strip is omitted. The later complete-cell
estimates and boundary-strip bound are quantitative inputs only and do not alter this finite identity. The three slacks
below are cited or defined by the source comparisons above, before this substitution. Substitution in (4.15) gives

W — 4By — 4Ept = Ry + 52 — Anmix — Usw — 40U,
—_ E:‘E: - 4Eb - 4Ept —|— Z6 + st + 4Zb
This equality follows from the source identity and the cited and local definitions. The Section 6 comparison (6.9)

gives Zg > 0. The comparisons in (4.30) give Zgy, Zp > 0. For even N > max{Ng, Npi }, (4.13) and nonnegativity of
these slacks yield

4Gy(N) > Rax + S2 — Anmix
- (TSW,O - Tsw,l + TSW,2 - RSW,S + PSW,S)
—4(Tyo — Tos + To2 — Ro3 + Py 3)
— B3y —4Ey — 4B,
The two expanded signs are
_Usw = _TSW,O + Tsw,l - TSW,2 + st,3 - Psw,?n
—4Uy = 74Tb,0 + 4Tb71 — 4Tb72 + 4Rb73 — 4Pb73.
Use one bound for the complete Ssy. Paper II gives its coefficient-eight estimate [27, (1.9), (5.29)-(5.43)]; the
Buchstab upper bound concerns the same occurrence. Sections 7 and 8 estimate these two five-term upper expressions
(four principal rows and their peel term) separately. The displayed expansion fixes each peel term’s sign. The finite
switched-source domination is already in the local Zg, identity above. The remaining distribution and quantitative

estimates for this occurrence are separate hypotheses of the later bill. They lie outside the finite decomposition of
this section.

(4.36) (2| N, N > N).

(4.37) (2| N, N > max{Ng, Np}).

(4.38) (2| N, N > Ng).

4.5. The lower expression with the original Sy. Keep the original So throughout. Use H, Ms internal and ADyp3
from (1.8). Here H is the switched integral bound. The distinct constant 153/256 bounds the packing envelope.
The complete normalized switched error is Eg, (N; o). The source-restoration error EZ is unnormalized. The main
route takes gg := 0 and excludes the optional six-endpoint improvement. Fix this common parameter and an even
N > max{Ng, Ny} throughout the following conditional lemma. Take W, Eyan, A%N, An,Aj, Ag from (2.2), (1.12),
and Section 5, and gra 1o, Era from (6.72). Use the complete switched and exterior errors from (8.72) and (7.67).
The fixed constants are defined in (1.8) and (1.7).

Lemma 4.3 (Addition of the four comparisons). Assume (4.11) and the following four inequalities. Write

(4.39)
Rax + S — — 5719
% Z DH + JG + 2H + W + M5,interna1 - E/(Nv U)a
) o (2| N, N > max{Ng, Ny} (assumed)).
F'(N;0) = Buan(V:0) + 3" (1% | + [ (2)]) + [Ax(Acr)]

JEH
Here Dyp denotes the original Paper II floor. The main route does not use the siz endpoint replacements. Here
H ={4,5,7,10}, with 5 denoting the lower part of S5 and 10 its retained S1o part. Section § gives the hypotheses for
this estimate.
The other three comparisons have the forms

Se —
< _ .
WN < Jo — grA 1o + ErA(N; 0),
SSW T
(4.40) W) <2H — ADp3+ Esw(N;0), (2| N, N > max{Ng, Ny} (assumed)).
4B
W(Ji;f) < ck2,60l(b) + Ex(N;b,0).

All error terms are nonnegative.
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Then the following normalized lower bound holds:

(4.41)
4Gy (N 5719
Wb((]\])) DH + - 106 + MS,internal + gRA lo + ADLS - CK2,GOI(b) - gB(N; b, O’)7
AE (2| N, N > max{Ng, Npi })-
€p(N;b,0) = E'(N;0) + Era(N; 0) + Eww(N;0) + Ex(N;b,0) + W(]p\;)~

Proof. Substitute the four assumed estimates into (4.15) and use (4.13). The terms Jg and 2H cancel exactly. Each
complete upper source is subtracted once. In particular, no additional switched majorant is added.
Using the same retained constant as in Section 9, put

5719
106 + MS,internal + 9gRA,lo —

1 4Gy(NV)
Es(Nibo) S 5000 T W

Dp =Dn+ —— 10000 + ADyps,

(4.42) (2| N, N > max{Ng, Npi}).

> Dp — cia2,Gol(b).
O

5. THE RETAINED SIDE

Keep every original source of Paper II, including the complete sum S. Fix 0 < ¢ < 10710 satisfying Paper 11,
(1.27). Put

9 1
50000 T 10000

The choice of o precedes the limit. Use W from (2.2). Write Rgy for (4.14).
The comparison required in this section is

Rex + S 5719
% > D11+ g6 + J6 +2H 4+ —— 106 + M5 internal — E/(N;O'),

E'(N;0) = Euan(N;0) + Z(\Agm + |Aj,N|) + [Ag, Nl H ={4,5,7,10}.
JEH

(5.1) L =1logN, T=0", p=14r, h=hg=

(5.2)

In H, indices 5 and 10 denote the lower S5 and retained Syy parts. Every displayed error is nonnegative. The notation
agrees with (1.12):
(5.3) Ajn =AN(4)), A v = An(Acy).

The required limit is E'(N;0) — 0. Proposition 5.10 proves (5.2). Its inputs are listed in Remark 5.9. The
six-endpoint lemma is optional: without it, the same proof gives (5.2) with gg replaced by 0. We display the
unchanged comparisons first. Then we specify the five incremental and four saved-array conversion terms.

5.1. The original signed chains. Let 7 = Z,o,, U {T5} index the signed chains of Rgx + S3. Here Z oy is the
set of Paper II’s nineteen row chains. The chain T5 is Paper II’s outer chain for the upper part of S5 [27, (2.28),
(5.10), (6.1) and §6.1, condition 1]. For j € Z, let Q; ) include its normalized coefficient. Paper II uses ten stages [27,
(6.4)—(6.4d)]:

10
(5.4) Qj0 = Qj10 + Z(Qj,k—l = Qjk)-

k=1
The initial expression is the actual arithmetic source. The last expression is a directed rational endpoint. For j = T5
the stages are those of Lemma 5.1: Qs is defined there for £ < 3, and Qs = Q15,3 for 3 < k < 10. For the three
joint groups, use

O € {51, 5-Ts/4,G1},  Qoo=Y_ Qjo,

j€o
(5.5) g
' > Qjo0=FEo+(Qoo—Eo)+ Z Z Qjk—1— Qjk),
jeo cO k=1
Qoo — Eo 2 0.

The joint signs are kept before rounding. The G weights are (2,1, 1).
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Signed sources and parent assignment. Here “parent” records the assignment of an arithmetic occurrence and its
source-restoration share. It does not assert that each Buchstab child is numerically bounded by the unsplit parent.
Let T} » be the nonnegative plain-source terms of Paper II, (2.19) and (3.2). Let A% be its signed source correction.
Then
351 =3(Tvo—Ti1+Ti2—Ti3) + 3AT7C, So=Ts9—To1+Too—Toz+ AFC.

For every third-depth S1 occurrence, E3 < ps gives —3Sp1(b, p3) > —35p1(b, E3). For S2 we make this replacement
only on Paper II’s selected whole-K blocks F, including PF and F N R1. There —Sp(b, p3) > —Spi(b, E5). On the
strict complement B keep the actual ps and Paper II’s strict-BV comparison. The last child of S2 keeps its negative
sign on all three pieces PF, F N R1, and B. The strict BV piece stays in S2.

For the fixed-cutoff rows use their literal divisor domains. Their signed sources are —2S53, —S4, —S5 1ow, —57, +5,
and +Sy, respectively. On each source cell, an upper sieve bound S < U gives ¢S > ¢U when ¢ < 0. A lower sieve
bound L < S gives ¢S > cL when ¢ > 0. These comparisons keep the source corrections and the row’s allocated
errors. Paper II, (2.28), gives the exact assignment identity

-85 = _S5,10W - SS,top7 SS,low = Z S(pa NQ)’ S5at0P = Z S(p’ Na)'

1/4<log p<t t.<logy p<7s

The endpoint ¢, belongs to the upper/BV part. The split precedes the structured sieve or Heath—Brown expansion
and keeps parent labels. S5-low and T5 both have parent S5. Sh-low gets no restoration address of its own. For S10
the source partition S1g = S10,Ret + S10,Drop 1S €xact, with S19,Ret, S10,Drop = 0. Hence +S519 > 4510 ret before its
lower sieve bound.

The joint source keeps the representation weights (2,1,1). Paper II, (4.14), gives, with its stated exceptional-source
and small-prime allowance Eg > 0,

G < 25(Bi1, NY2) 4+ S(Bi2, NY/?) + S(Biz, NV/?) + Eg.

Make its cut-measure replacement with the original signed correction before applying (4.18). The four signed
descendants of —G; then have coefficients (—1,4+1, —1,41) on the single weighted source. Their last positive term is
bounded from below by its retained cells. The change from actual a3 to label base E keeps the signed peel correction
of Paper II, (4.45)—(4.57). The four rows share one joint source parent and one restoration allocation. Thus S1,
S2, S4, S5, S7, S10 and G1 are the seven parents of the sixteen listed retained rows. S3, S8 and S9 keep their
original single-comparison parents, and T5 remains the upper part of S5. These are sign-correct source reductions for
the complete parent chains. They do not discharge the distinct S6, bad-source or switched-source comparisons in
Section 4.

The nineteen original row chains of Z,.y, are the sixteen rows of Appendix B.7 and Paper II’s original S3, Sg, Sg
comparisons. The strict BV piece of Sy lies inside the joint Sy group. The source —Ss of Rgy is split at N,
t, = 7109/28000, before any sieve step. Its lower part is the row Ss-low of Z,o. Its upper part is the chain T5. The
chains of Sg and Sgy, are excluded. Thus the endpoint sum over Z is

(5.6) > Qi10 = Bpwint — 0c1 + Jo + 2H,  Sg1 = 498107,

JET
This follows from Paper II’s printed thirteen-term sum [27, §6.4, immediately before (6.6)]. Its joint endpoint is
Qc1,10 = La1 — 6gi1; the printed sum uses L. The term —J5 of (5.7) is Q15,10, by Lemma 5.1. Apart from
—Jg —2H, every other term of (5.7) is an endpoint. It ends a chain of Z,,, or a joint group. This is a finite coefficient
identity. The printed sum is
Bowins = D, + dy — U;;A B U4+U5;110w+U7

. L + L + L — _ _
(5.7) 4 8 Z’A Yy Loy —Ts — T — 2H
>1.83403742109641331345957914542194044932304169727869681073064.

The letters denote the rational endpoints printed in Paper II, Appendix A.2-A.6 and (A.7), (A.10), (A.13)—(A.14).
The constant Jg keeps its rational definition:

(5.8) Je = 1.3148581959157321533513247276782285310758770468886237619585.
The upper part of S5 has the following outer chain. Put ¢, = 7109/28000, 7¢ = 57/224, and let

— 1
(5.9) Js = 1(05 +8.84 - 10’57), cs = 0.03658166423843258896399704402764682632822246022922592990,

which is Paper IT’s directed upper endpoint for J5(0) = [, t(l/d%t) [27, (5.16), (5.20), (A.14)—(A.14a)].
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Lemma 5.1 (The outer chain of the upper part of S5). Define
1 (03
Qrs,0 = W > S(p1,N%), Qrs1 = —

t.<logy p1<Ts
Q15,2 = —J5(0), Qrs,3 = —J5,
where the first sum is the second term of Paper II, (2.28), and Ty is Paper II, (5.10). Then
Qrs0 — Q51 > —E151(N), Qrs1 — Qr5,2 > —Em52(N), Qrs,2 — Q15,3 > 0,

with Ets 1, Ers2 > 0 tending to 0 at fized o. Both are entries of Evan. In particular Qrso > —Js5 — Ers1(N) —
Ers2(N).

T
W’

Proof. Paper II splits —S5 at N** before the structured sieve or HB. The endpoint ¢, belongs to the upper part [27,
(2.28) and the three lines after it]. The coefficient is —1.

Stage one. For a prefix p; € Py, dropping the condition (m, Nb) = 1 gives S(p1, N*) < S, (N®) in the notation of
Paper II, (5.9) [27, the sentence after (5.9)]. Prefixes p; | N are removed at their first failure. This is the error-table
entry “Exceptional source factors”, of size O, (L?/N + N—/2+o(1)) 27, §6.3]. A prime equal to N** or N7s divides
N [27, after (5.20)]. With the coefficient —1 this gives the first inequality.

Stage two. Paper IT applies the upper sieve (5.4) to each Ay, b = py. Its parameters are X 4 = Li(X)/p(b), level
Q= N'Y2L"B (k=0), Dy = Q/band z, = N* [27, (5.12)]. Fort = logy p1 € [t.,Ts) one has ag(t) = 1/2—t > 55/224,
t, —a = 5368241/32172000 > 0, and

ag 12639 7917759} 2,3)

o € 280 2800000) © %
[27, table after (5.12), row T5]. Hence eventually s, = (ap—0n)/a € (2, 3), where F(s) = 2e” /s [27, between (5.4) and
(5.5)]. By (5.14) the remainders are o(U¢). The main terms are (5.15), and (5.16) gives T < 4(1 —&)UcJ5(0) + 0o(Uc)
with the vanishing logarithmic loss (5.21) [27, (5.14)—(5.16), (5.21) and the sentence “S5 keeps its vanishing logarithmic
loss”]. Since W = 4(1 — €)Ug, this is the second inequality. Its error is the error-table entry “S5 BV remainder” plus
the prime-measure and Euler conversion of that row [27, §6.3].

Stage three. By Paper II, (A.14)—(A.14a), 4J5(0) lies in the ball of centre c5 and radius 8.84 - 10757, so J5(0) < J5.
Paper II also gives the independent rational enclosure Ps < 4J5(0) < Ps + Rs inside the same ball [27, after (A.14a)].

The chain uses £ = 0, so the increment J5(x) — J5(0) does not occur. Paper II's allowance Fj, = 4-1078% is
a summand of ggy = 0.00000575 in (5.10) and stays there once. Paper II, Appendix A, records the hypothetical
increment and its once-booked decomposition. They are in the paragraph opening For comparison, if S5-top
used k = 107 and in the BV-allowance line right after it [27, Appendix A, comparison paragraph and following
decomposition]. Equation (A.14a) gives only the nominal value at x = 0. (]

The chain T5 does not meet the changes of this section. Its three stages use no sieve level ¢, and no saved profile.
They use no Class II, packing or Class I term. Paper II’s prepared Class II, packing and Class I contributions of
this row are zero [27, §2.4, paragraph “S5-top and S6 use BV separately”]. The lift below changes the kernels on Iy,
Is = [1/4,t.), I and Do only. The interval I5 is disjoint from [t., 7). The joint shift changes the G; cone only.
Hence Lemma 5.1 holds unchanged after both changes.

Keep the whole fixed deduction of Paper II:

Fher = 0.000006484294227956901 + 0.00000575 + 0.00002853328
(5.10) +4.98-107° 42-1072* +1073%
< 0.000040767574227956903.
These are Paper II’s six deductions [27, (6.6)]. The first remains paid although its source is excluded. The joint Gy

reconciliation also remains paid. Every adverse row difference has an absolute bound. Keep their whole vanishing
envelope, F.,. The row estimates required here are

10
(511) Z Z(Qj,kfl - Qj,k) > _(Fnet - 5G1) - Evan(N; U)v Evan(N;J) — 0.
JeT k=1

The §g1 part is already in the endpoint sum, so the remaining chain deduction is Fyet — dg1. Their total is exactly
Fhet- The fixed AA37 share is paid under the admissible condition 0 < o < 4gaa/(CgW.) of Paper 11, (1.27) [27].
See Paper I, §6.5. This condition is part of the fixed-parameter choice made before the limit. The analytic inputs are
Paper II, (6.4b)—(6.5), and its direct and G; estimates [27, (4.66)—(4.69), (6.4b)—(6.5)]. Their logarithmic parameters
are

(5.12) Ky = 8042, A = 8047, Agork = 8051, Ky+2—- A =-3.

These are Paper II, (4.66), for the original coefficient families. This section leaves them unchanged.
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Lemma 5.2 (Inherited chain errors). The bound (5.11) holds, and Eyan(N;0) — 0 as N — oo at fized 0. Each row
or separately listed stage difference used below has an allocated nonnegative share in Paper II’s error table. Denote it
by £;. Paper II, §6, charges these shares once. An entry may be grouped across rows, so the lemma claims nothing
for arbitrary subfamilies and does not claim pairwise disjoint entries. The only omission bounds used are those for
the whole chains or stage differences named in the proof below.

Proof. The signed-assembly theorem of Paper II proves Dgyc > Bmain — Fpers — Evan With Ey,n — 0 for the source
(6.1) [27, §6.1, (6.1)—(6.2), (6.4)—(6.4d)]. Its proof bounds every adverse stage difference by an allocated share of
Paper II’s error table, §6.3. Each entry is a nonnegative bound or a proved zero; some entries are grouped across
rows. Paper II assigns each tuple to its first failed condition and charges each difference or part once below [27,
§6.3]. The fixed entries are the six deductions of (5.10), that is Fpers = Fpet [27, (6.6)]. The others tend to zero at
fixed o, and their sum is Ey.,. The rows of Z are rows of (6.1). The Sg level increment is still deducted when that
chain is omitted. The dgq part is already in (5.6). This gives (5.11). For T5 the differences and entries are those of
Lemma 5.1. Separately listed entries cover the omissions used in this chapter. The whole Sg and Ss,, chains use
the S6 BV remainder, S6 level increment and Eg_, entries. The whole G chain uses the §4.6 table and (4.85) of
Paper II [27, §4.6, (4.85)]. The stage-nine strip for the retained part of S1g uses the S10 selector entry. These bounds
apply to the named whole chains or stage difference after allocating their shares. No arbitrary omitted subfamily is
asserted. For the direct rows, the stage-nine entry “Profile comparison” is zero adverse. The stage-ten entry “Directed
enclosure” is zero additional [27, §6.3]. For the retained part of Sjg, the strip between the retained cells and Dy is
the entry “S10 selector”, 7.1607. The term g, = 2 - 102 replaces it [27, §6.3, rows “S10 selector” and g,].

The entries rest on the following inputs, all used by Paper II on these same sources. The linear-sieve main terms
and remainders are Paper I, Theorem 2.6, (2.30)—(2.33b). This is the structured form of Iwaniec’s Theorem 4 [13,
Theorem 4, p. 311}, applied with D = L., ¢, = 0 and 05 = 7 [27, §6.2]. Before the exterior sign, applied once, each
block remainder splits as
(e Ap) + NCute — (Zes Ap) + (Eaer B — Ap),
with Z4 . = Ocly not squarefree [27, (6.4a)—(6.4b), (4.23)]. The term NCg vanishes on the direct rows, where
Ao = Ap. On Gy it is O,(N~*L5) by Paper II, (4.64)—(4.65). The terms =y and =4 are bounded jointly, once, by
232AUC’ret7gN*£0"2 (14 L)*, with £5 = 264897/2060000 [27, (B.1)—(B.7)]. Here Cyet,, is the retained-side combinatorial
constant; it depends on the fixed o and not on N. The persistent part CroWaa /4 of Paper 11, (B.8), lies in gaa; only
its secondary part belongs to Fya,. The Class IT estimate (6.5) of Paper II applies Paper I, Theorem 3.2, (3.13), with
the precisions (5.12). The spectral input of that theorem is Paper I, Theorem 2.8; see Fact 3.22. In the large-norm
case of Paper I, (3.48), its mean-square input is Lemma 6.5(ii), in place of [3, Theorem 0(a)]. Lemma 6.5(ii) applies
under the Paper I hypotheses and selected parameter box stated there. It uses neither the optional six-endpoint
lemma nor any broader BFI86 scope. Its premises are checked for these sources as follows. In Paper I, conditions
(3.1), (3.2), (3.6), (3.8) with the length condition, and (3.11) display its hypotheses (H1)—(H5). Paper II verifies them
for these same sources, coefficients, boxes and scales [27, §6.2, hypothesis table, row “C1-C5, LEN”]. Paper I proves
condition (3.25) for every selected factor of this form. The proof uses the prime Siegel-Walfisz theorem (2.21) [26,
(3.25) and its proof]. Conditions (3.26)—(3.27) are the definition of A, and the Cauchy—Schwarz step of that proof.
They hold under (H1)—(H5), with |A.| < 7(r) from the roughness in (H2) [26, (3.26)—(3.27)]. Stages one to eight are
unchanged, so these are Paper II’s own checks. The prime-measure and Euler conversions are the prime number
theorem, Mertens’ theorem and Paper II, (4.76)—(4.78). The profile lift and the shifted joint profile below act at
stages nine and ten only. They change no source, cell, level, mask, box, norm or precision at stages one to eight.
Hence E.., is Paper II’s own envelope for these rows. O

Paper II's rational floor satisfies

45849916338009170593
5.13 B rint — Fne Dy = ;
(5:13) print t 7 HI = 55000000000000000000
see [27, (6.3a), (6.6)]. The selected S2 endpoint used in this floor is drg. Paper II’s tail reserve is
1 P_— (2/€V)‘/vfu11 — (2/€’Y)J+ + C_
5.14 opg = ——— drs = -0
(5.14) T8 = 350007 T8 1 T8

Thus drs is deducted once inside drg, as in Paper II, (A.7)-(A.8). It is not a second deduction from Dy;. The
separate fixed term 2750096807 remains outside drg in the S2 estimate [27, (3.22)—(3.23), (A.7)]. Combining the
preceding estimates gives

Rex + So
5.15
(5.15) W

Z DII +76 + QF - Evan(N; U)'

This deduction uses the individual signed chains. Its analytic input is (5.11).
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5.2. Six improved endpoints. Let

(5.16) J =1{1,2,4,5,7,10}.

For j € J, let P; be its Paper II profile integral. The indices 5 and 10 keep the preceding conventions. Let O; and
N; be directed lower endpoints. The required numerical comparisons are

(5.17) P> N; 205,  Pj=0;=(N; = 05) +(P; = Nj).

The old and improved directed endpoints are the following exact terminating decimals. They are given in the

normalized D contributions used by the signed sum. For S4, S5-low and S7 the sign —1/4 is included; for S10 the
sign +1/4 is included.

Endpoint source Directed contribution in D units
S1, [27, (A.4), (A.5a)] 01 = 9.67653874894124412908238749318694090949698021569432709634
N1 = 9.676557035420731097796376157212899872020518126053458552042
S2, [27, (A.8), (A.8a)] 02 = 1.6195813569890835255913340433210572922007671408165
N> = 1.62063469556829
S4, [27, Appendix A.2-A.6] 04 = —0.8342438370724665

N, = —0.8341817006889064605174981431060625
S5-low, [27, Appendix A.2-A.6]  Os = —0.05972210829776175

Ns = —0.05971885506770766576732140865035175
S7, [27, Appendix A.2-A.6] O7 = —0.574850630119163

N7 = —0.574815106890481420929612425345365
S10-Ret, [27, Appendix A.2-A.6] 19 = 0.214711863944485

Nio = 0.21559427153309934685978873940373255

The rational endpoint differences sum to
96 =Y _(N; — 0y)
(5.18) jeg
= 0.002054945489603492768011383006854970322770769542631455702.
Exact rational addition of the six entries above gives the displayed sum, and each entry satisfies /V; > O;. The values
O; are Paper II's directed endpoints, and P; > O; is proved there [27, (A.4), (A.5a), (A.8), (A.8a), Appendix A.2-A.6].

The values N; are lower bounds read from Paper II's printed independent enclosures. The following optional lemma
states them.

Lemma 5.3 (Six directed endpoints from Paper II; optional). For each j € J = {1,2,4,5,7,10}, the Paper II profile
integral Pj, with its signed normalized coefficient, satisfies P; > N;, with N; as tabulated above.

Proof. For j =1, Paper II, (A.5a), gives the printed 3/4 ball; its lower endpoint is N;. For j = 2, Paper II, (A.8a),
gives the printed interval whose lower endpoint is Ny. Paper II states that this interval covers the continuous
functional and the infinite tail. The dps deduction in (6.6a) is released once in Ny — Oy. The term Fo in (6.6b)
contains no drg [27, (6.6a)—(6.6b)]. For j = 4,5,7, the Appendix A.3 balls include the adverse 7 = 1079 shifts. Since
the profile function is nonincreasing, the shifted raw integrals are at least the 7-free ones. Their upper endpoints
with the negative coefficient therefore give P; > N;. For j = 10, the Appendix A.3 Sip-Ret ball encloses the 7-free
actual-coordinate profile on Dyg. Its lower endpoint gives Pyg > N1g. The separate D, 7 strip is paid in the Sy selector
estimate. These are the printed enclosures in Paper II, (A.5a), (A.8a), and Appendix A.3. Its numerical-certificate
section records the adverse-shift and actual-coordinate conventions [27, (A.5a), (A.8a), Appendix A.3]. The remaining
directed endpoints O; are unchanged. O

With O; in place of N;, (5.17) is Paper II's own endpoint comparison and gg is replaced by 0. Only the endpoint
changes in (5.4). All earlier signed differences remain unchanged. Thus (5.17) adds g once. The S5 upper part
remains separate. The joint G; endpoint is absent from 7.

5.3. Four stronger profile comparisons. Use the sieve functions of Paper I [26, (2.23), immediately before
Theorem 2.6]. Put

. F - 57
1 - -1 _20
(5:19) F=ger =3 K=gv
Define
K —5z/2 K —-5z/2—y
(5.20) s(z) = a0 q(z,y) = T a7

By(z) = min{S8, max{«a, K — 11a/5 — 52/2}}.
The domains are
Iy = [pe, 1/4), Iy =[1/4,7109/28000), I7 = [tts, N),

(5.21) Dio={(z,y) : s <2 <\, a <y < Bo(z)}.
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These are Paper II’s domains [27, (2.27), (2.29), (2.31), (2.38)—(2.40)]. Set

~

Aj:/‘ﬁ@u»—F@u»+Wapm G

. ax
(5.22) ’ R

Am:/D Fla(z,y) + h/a) = Jla(e,y)

azy

dx dy.

The three upper rows carry a negative sign. The lower S1g row carries a positive sign. Their original coefficients are
included in these gains, so there is no further factor 1/4.
Paper II’s actual levels give

1
. > h4+ —— | =4,5,7),
> as(x) +h+ 10000 37 (J 5,7)

(5.23) | 5

o> aq(z, (22 i =10).

l.> aq(x y)+h+10000 (2 +3>7‘ (4 =10)
See [27, §2.4, proof of (2.26)—(2.31); §2.5, proof of (2.40)]. The exact split behind the displayed reserve is

19 9 1 1

(5.24) == To000 ~ 5000 * 10000 ¢ * To000

After the hg lift, Paper II's S4, S5-low (including its B branch) and S7 comparisons leave 1/10000 — 37. Its
S10-Ret comparison leaves 1/10000 — 7(5A/2 + 3). Both are positive for 7 < 107%. The G1-3 shift leaves
gs = 1/10000 — (225/256)7 > 2u, 7 and the p. crossing leaves 1/10000 — (75/256)T > 0, by [27, (4.72)]. These are
pointwise profile-numerator inequalities. They do not change the actual level £., the level D, or the masks, boxes,
Class-IT and AA37 inputs. The other level conditions of Paper II remain pointwise and unmodified. They include the
G1 guard, S1-S3, S2/S3/S8/S9, and the whole-K margin. See Paper II, (2.21), (2.40), (4.72), and (4.19). Decreasing
F gives the first three comparisons. Increasing f gives the fourth comparison. These operations leave the actual levels
unchanged. The HG6 lift and the M5 shift act only at stages 9-10, after Class II at stage 7. They change no Class-II,
AA37, box, mask or precision input: £, = ©. —nr — >, t; contains no saved profile, and (5.12) remains unchanged.
Proposition B.1 gives finite integral enclosures. With the directed calculation of the computational appendix, they
prove the following. Its exact rational interval is
[0.005720047094327988714222991186379229149381887590042773120871489672965022499 + 7.09 - 10~7¢]. This is a ball
for the sum of the four rowwise lower bounds, not for >, A;. We use the terminating credit 572004/ 108. Tt lies
below that exact lower endpoint and leaves the existing 1072° allowance intact. This allowance is conservative; it is
not an additional gain in the final constant.
57120()804 Ayt As b Art A < 606486 572004

The unchanged S strip also satisfies

10987/10000 (50 .\ A—p.  21137254516197687
T8 I000 (oA - 137 < 7.160.
1a? (2 +5) /. 4120000000000000 ~ 13T < 7100

The lifted Sqp argument satisfies ¢ + h/a < 11519839/3200000 + h/ov < 4. Thus f < f(4) = 2e” log 3/4 throughout
the strip, as used in this density bound. These are finite bounds, including their stated domains. The retained cells
also leave a reserve. Put

5719
-1 —20 -
108 T T/

(5.25)

(5.26)

1 21 9 1 1
Rig=|=-,— R — 10 =
(5.27) 10 {5’100} % [100’10}’ 107 500000
: 1 76, 1 146689 21137254516197687

r>10"".

Ci0 = Ci0 —

a 480 210 320000000000’ 4120000000000000
Lemma 5.5 uses (5.26) and (5.27), so its comparison over the whole of Do needs no deduction. Paper II's S selector
entry 7.1607 is replaced in Paper II by g, = 2- 10724, a summand of (5.10). The fixed g, amount is deducted once.
The retained reserve above eliminates the Sig selector deduction in this comparison. The inherited G; peel and its
label replacement are jointly covered by that same summand.

We next define the finite profile arrays. Let Xy = [u, 1]. On this compact interval, use the zero extension of the
profile outside its displayed domain, and put

dlog dt
2 -y e =2
(5.28) my b1 m(dt) ;
pEP, p>2, pIN
NU<p<N
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The symbol §, denotes unit mass at z. Define

(5.29) ()= ][ <1—1)7

p<z, peP p= 1
ptN
and
Xp = Z 1n/L30cv<(1—e)Ns
(5.30) ver
r _ QGVQXDVN(NQ)
D,N W .
For j =4,5,7, set
1;. ~

K@) =~ pa))

(5.31) @
h _ 1y (*) ~

kj(z) = —TF(S(Z‘) + h/a).

For 57 = 10, set
1  ~

Ho(z,y) = = fla(z,y),

(5.32) 10‘
Dio 7

kio(z,y) = = fla(@,y) + h/a).

Put e; =1 for j = 4,5,7, and e;o = 2. The original and lifted arrays are
P = /kg d(m®), SN = TD’N/k? d(m%),

(5.33)

Shy = rD,N/ky d(my), Bjn=SIy—5).
The powers denote product measures. These formulas use P; from (5.17). Write d; = k‘? — k‘?. For j =4,5,7, and
then 57 = 10,
11]' (J?) b= -
dj(z) = ——[F(s(z)) — F(s(z) + h/a)],
(5.34) 1 @
dio(z,y) = %[f(qm y) +h/a) = flq(z,y))].

Thus A; = [djd(m®). Define the two conversion errors:

(5.35) Ay =8 y—-P, Ajn=Bjn—4; (jeH).

Lemma 5.4 (Finite profile shift). For the arrays above,

(5.36) Spn =P+ AN+ 85+ Ay > P+ A = A v = Ay N

Proof. Substitute the two definitions in (5.35). O

Both absolute conversion terms appear as separate summands of E/. We do not assume that Paper II’s original

envelope contains the saved-array error. Its stage 8 converts the actual-level array before stage 9 domination [27,
§6.1, stage table]. The arithmetic application uses the preceding level domination.
Restoration. The four rows of H are Paper II’s rows Sy, the lower part of S5, S7 and the retained part of S19. Their
stage-two source-restoration shares are assigned once to the source parents Sy, S5, S7 and S19. The literal S5 split at
7109/28000 is made before the structured sieve or Heath-Brown expansion, as above. Both parts retain the parent
S5 for this restoration accounting [27, (2.28), §6.1, stage table and the list of S10, S5 and S4/S7 endpoints]. There is
no separate restoration for the lower part of S5. The upper part of S5 is the outer chain T5 of Lemma 5.1, which the
lift does not change. Each tuple of an actual source is assigned to one entry by Paper IT’s first-failure rule [27, (6.4d)
and the two sentences after it]. This section changes no source and no stage from one to eight, so the assignment is
Paper II’'s. Appendix B.7 lists the finite correspondence between these rows and Paper II's error entries. It is an
index of that assignment, and each entry occurs once.

Lemma 5.5 (Lifted direct comparison). Let j € H, and let Q; s be Paper II’s stage-eight quantity for this row. It is
the continuum mass of the actual-level main term after the prime-measure and Euler conversion. There each actual
cell carries its actual relative level .. Put Qg = Pj+ Aj = [kl'd(m®). Then Q;8 > QM.
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Proof. Stages one to eight are Paper II’s. Paper II passes from Qs to Q;9 = P; by pointwise domination of the
actual-level integrand by the specified profile. The cells and the continuum measure are the same [27, §6.1, stage
table; §2.4, after (2.31); §2.5, after (2.40)]. We repeat that domination with the lifted profile. For each B-labelled
parent contributing to Sy, S7 or Ss-low, we first rederive the buffer used below. Write

m(t) = min 1+t5—7—% t -
- 2 '64 2 447 32(1 4 3p)

Paper II gives ©. > m(t;). The branch comparison is the exact identity

14+ 57  3pt1\  1+3p
2 (64 2 ) 2
Thus the decreasing branch is active exactly when t; > tqq. Equality is assigned to A, where both bounds agree.
This active branch test is applied to every B-labelled parent. The branch is never inferred from the largest completed
coordinate alone. Paper II keeps the inherited label through clipping. In S4 and S7 the B parents are separate
intersections of their respective row domains with ¢; > t3q. No common parent interval is asserted. S5-low has
1/4 < r < t, = 7109/28000 and t; < r < pty, so t; > 1/(4p) > taq because p < 8. It is therefore entirely B.
Let a parent in S4 or S7 be A-labelled. Then t; < tqq, and Paper II’s first branch in (2.17f) [27, (2.17f)] gives
©. > (1+t1)/2. Take an actual exponent r € [t1, pt1). The S4 and ST row domains are clipped by r > p. [27, §2.1,
fixed-cutoff rows], and the retained bin gives r > ¢;. The residual is therefore

(t1 — taa)-

1
S(r—t1) > 0.

) = 2(r — ) + :

2(t1 — ps) + 5

25 5 19 5 19
b (28— Y s = 22 e —t 2ty — ) + 2 — 1) > —.
(64 “ 2) —he =g F 2t gl —h) = g 20— ) + 50— h) 2 5

Here u, = 25/128 is the retained cutoff parameter; the symbol u(n) elsewhere denotes the Mobius function. Thus the
A pieces also have the required 19/10000 — 37 buffer. This is a row-local calculation. It does not merge the distinct
S4 and S7 parent domains. For any B parent, Paper II’s floor gives

57 3 57 5r 5 3 19
(5.37) 602@75pt1, €c<64u2>Z(u77L)+2(rt1)27't1210000
The first bound is Paper II’s linear branch of the full-anatomy floor [27, (2.17d)—(2.17f)]. Using 4. = ©, — n, — t1,
r > t1, u—nL = 19/10000, and t; < t. < 1 proves the second line by direct subtraction. The B pieces of S4 and S7
use the same row-local calculation. Their parent intervals stay distinct.
For j = 4,5,7 the row coefficient is negative. At a point = of an actual cell, the actual sieve argument is ¢./« and,

by (5.23),

L. h  107* —3r h

—>s(z)+ —+ ——— > s(x) + —.

e e @ e
These are Paper II’'s margins 19/10000 — 37 for Sy, S7 and the B branch of the lower part of S;. Here h has
moved into the profile [27, §2.4, display before “The S4/S7 A/B levels give the same buffer”]. Since F' is decreasing,

—F(l,/a) > —F(s(x) 4+ h/a). For j = 10 the coefficient is positive, and on the retained cells

EC > o y)+h 107* — (BA/2 4+ O)T

»Q

h
> Q(xvy) + )
« «

T
which is Paper II’s a(sjive — sb(wed) > (u—
(2.40)]. Since f is nondecreasing, (E /o
these comparisons [27, §2.4]. For j = 4,
gives Q8 > [kl dm = P; + A;.
For 7 =10 the retamed cells need not cover Dyg. Let R, C Dig be their union, put a19 = 5\/2 + 5, and write
f I k: . Then

o
7((5/2)\ + ) with h moved into the profile [27, §2.5, proof after

«

) =
> f(q(z,y) + h/a). Paper II uses the same monotonicity of F' and f for
7 th

)
9, e cells cover I;, and integrating the pointwise inequality against m

1 = 2
Qo8 a re;ﬂed/cf(gc/a) d(m”).

Strip. Let (z,y) € Dio \ R, lie in a cell with labels t; < x, t3 < y. The cell is dropped, so y > t2 > sel(t;) >
By(t1) —a107 > Bo(x) —ayp7. This uses the two deficit bounds of Paper I1, §2.5, and the fact that By is nonincreasing
27, §2.5, proof of (2.40)]. Also y < Bo(x). On Dyg one has 11/5 < g and g+ h/a < 4, so f(qg+h/a) < f(4) = log3/4.
With y > o and f:\* dx/x < (X — p)/ i, this gives T, (D1 \ Rr) < D7, where D, is the constant in (5.26).

Reserve. On a retained cell the margin in (5.23) satisfies 107% — ajo7 > 1/20000, so £./a > q + h/a + §19. Here
2<qg+h/a<qg+h/a+dp<4. For2<s<d, f(s) =log(s —1)/s and

> s/(s—1)—log(s—1) ~ 4/3-11/10 7

7 o -
Fis)= 52 “ T 16 180
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since log3 < 11/10. As f is nondecreasing, (é Ja) — (q + h/a) > 7019/480 at every point of R,.

A fized retained rectangle. Let (x,y) € Ry, in a cell with labels t; € (x/p,z], t2 € (y/p,y]. Then p, < t1 < A
and @ < to < 8. On [u,21/100] we have By = f3, because 57/64 — u — 11a/5 — (5/2)(21/100) > . Hence
sel(t1) > B — a1o7 > 1/10 > to, and the cell is retained: Rip C R,. Also m?(R10) = log 23) log 10 > 5 i . 1—10 = 210.

Combining the three steps with the pointwise inequality above,

Q10,8 > Th(R:) + c10 > Th(D1o) — Dt + c10 > T (D10) = Pio + Ao,

by (5.27). No deduction is made. The reserve is the part of Paper II’s level margin left after the lift h. It exists on
cells of S1g only and is used only here. O

The finite arrays S N Sj n are not used in this inequality. The errors |A0 ~| and |A; x| are nonnegative and are
kept in E’ so that E’ agrees with (1.12). They tend to zero by Lemma 5.8.

5.4. The internal joint shift. The joint occurrence is 2571 + S12 + S13. Its six-branch function is Paper II, (4.70)
[27, (4.70)—(4.72)]:
. [1+t 32—34¢t 57 3t
vl(t):mln{ 5 39 ’64_2}’
(5.38) o(t) =vi(t) —u,  Y(z,y) = 2le>y,
O.(a,b,c) = max{v(a),v(d),v(a+b),v(a+b+c),
Y(w(a+c),a+2b+c),Yv(wb+c),2a+b+c)}.

Subtract u before testing each guard. Set

O,.(t) —t1 —ta — ¢
(5.39) C={(t1,t2,t3) 1 u < t3 <to <ty < s}, as(t) = (t) tl 2~ 13
3

Shift the output of ©, by h. Keep its guards and actual source unchanged:

a3(6) = as() + 1

(5.40) /// 1_t1t2t3 dt,
7 _/// litltth

Use f(s) =0 for s < 2. Keep its true values at every larger argument. The new margins are

1 225 1 (0]

5.41 P = ——— 250
(5-41) 95 = 70000 256" ~ HT s T 0000~ 256

The second margin concerns a parent interval crossing u.. Both follow by subtracting h in Paper II, (4.72); see
Lemma 5.6. They hold throughout 0 < 7 < 1079, If f(a$) > 0, the retained-cell condition follows:

(5.42) be>0O,+h—t; —to —t3 4 gs > 2t + 2u.7 > 2pt3.

Thus the canonical restriction still loses zero. At fixed numerator, use the increase of sf(s). This is the same
comparison as Paper II, (4.72).

Lemma 5.6 (Shifted retention). The margins (5.41) hold for 0 < 7 < 107%°. On the original joint source, every
positive shifted lower contribution lies in an original retained whole cell of Paper II, (4.19). On such a cell the actual
lower main term dominates the shifted canonical one.

Proof. Use an original G1-3 cell with inherited labels ¢; > t5 > t3 > 0, and order its distinct actual prefix primes as
a1 > ag > ag. Put x; = logy a;. Unequal parent bins enforce the actual order, while within an equal-label group we
order the primes. Hence t; < x; < pt;, including clipped bins. No strict inequality between the labels is required.

Let ©, be the original full-anatomy infimum and ¢ = O, —np — Y . t;. Put Bs(z) = O,(z) + h — >, z;. The
function vy is 3/2-Lipschitz. On the closed ordered parent a coordinate changes by at most p.7. A sum of at
most three coordinates changes by at most 3u,7. If a saved guarded branch is active at x, its buffered guard has
nonnegative gap, including equality. Removing its buffer adds u. Throughout the parent its unbuffered gap is
therefore at least u — (9/2) 7 — 4p.7 > 0. Thus it stays available in the full anatomy. Take an unguarded or active
guarded saved branch. The corresponding full branch is at least its value at x plus u — (9/2)p,7. Taking their
maximum and then the parent infimum preserves this lower bound. Ties between maximizing branches cause no loss.
Therefore

L. > Bg(x) 4+ gs + Z(Iz —ti), gs=u—np —h—(9/2) 7 = 10"* — (225/256)7.

For a parent crossing p., the largest exponent is within p.7 of p., and vy (u.) = 153/256. Every saved branch is
at most 153/256 — u, so the crossing comparison gives instead 10~* — (75/256)7 > g,. Clipping only shrinks the
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infimum domain. These arguments also apply when two or all three labels coincide. For 0 < 7 < 107 we have
gs > 2p.7 > 0.
If f(Bs(z)/x3) > 0, then Bs(z) > 2z3 and hence

le > 2x3 + 2u.T > 2t3 + 27t = 2pt3.
Thus the whole original cell is retained by Paper II, (4.19). On positive support £, > Bs(z) > 0 and 0 < t3 < 3
l. _ Bs(z)

imply fe.
b s B gty > fBua)jzy),  Llt) 5 TB@)/rs)

t3 xIs t3 I3
These use only nonnegativity and monotonicity of f. Equal labels invalidate none of the weak inequalities. Also
E = N' < ag, so VN(E) > Vy(as). At zero shifted contribution the required comparison follows from nonnegativity
without any assertion that Bg(x) > 0.

Keep the original orbit normalization. If the equal-label groups are G, put M. =[], |Gh|! € {1,2,6}. For a full
labelled realization a, write at for its decreasing rearrangement within the equal-label groups. The shifted comparison
above is evaluated at x* and is invariant under these group permutations. For every nonnegative, invariant main-mass
weight w,, therefore,

3 Kp(@yue(@)Va (B)f(Le/ts) > 1 3 Kp(a)uwe(a) V() (B (<) /o).
Me full Me full
Each distinct ordered triple has exactly M, labelled realizations. The prefix mask Kp and its correction are kept
exactly as in Paper II, (4.22)—(4.23). No repeated-prefix realization is reclassified. The tail mask and all remainder
coefficients are likewise unchanged. This proves the finite lower-main-term comparison with the cell mass divided
by M.. The corresponding continuum comparison uses the preceding inequality with the 1/¢3 and 1/x3 factors.
Equal-label bins are kept. Their strictly ordered actual triples lie in the original cone. The orbit identity converts the
full-block sum to that ordered sum exactly. Only actual coordinate diagonals have zero continuum measure. The
proof imposes no N — oo disappearance of equal-bin regions. O

Put Hiog = log(us/u). Paper II’s remaining terms satisfy

0 < Rg < Ryp = 500(F(30) — 1) + 500H,0g(1 — £(30))
+ 250H7,(F(30) — 1).

Its constant terms cancel exactly [27, (4.73)—(4.75)]:

44 1— Hyp + Hicg
(44 500( o ) ///tltztg o

The shifted upper comparison is therefore

(5.43)

2111 + Lo + 13

1
(5.45) G5 =~ +Rg+ Js, o = —KeGi, Kg= S

*

The source-mass integrals are [27, (4.77)]

- /“3 log((1 - 20)/t)

t(1—1t)

/1/4 dt /“ 0/3 10g((1 — t — 2v) /v) i

v(l—t—
(5.46) - v)
/3 log(2 — 3t)
Lo = —~ dt,
o t(1—1¢)
A
1 1—t—X)/\
oo [l
3 t(1—1)
We have I, 12,113 > 0 and I;5 > 0. Thus K¢ > 0. The finite shifted enclosure gives
6073714261
(5.47) 0<Gi < e (shifted mesh npesn = 512).

Paper II’s mass enclosure gives 0 < K¢ < K},; [27, (A.10d)]. The exact constants are
3989480791070578466390443009830933753748442947478110112223
1058

(5.48) Kyi =

Paper 11, (4.84), gives
243950428265194656254206921939947762868871361874409552095097

A Loy =— .
(5:49) a1 100433627766186892221372630771322662657637687111424552206336
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Define

(5.50) M5 internal = —Khi%oljm —Lai.
Their exact substitution gives

0.0058749499450263575220 < M35 internal,

M5 internal < 0.0058749499450263575221.

The finite enclosure and identity are proved. They concern the shifted profile integral. The required actual-source

inequality is

(5.51)

2511 + 512+ 513

(552) W 2 LGl + M5.,intcrnal - Egl - |AG,N|~
Proof of (5.52). Paper II proves
2511 + S12 + 8 1
gy <KeGi+E&,  Gi=--+Re+,

from (4.73)—(4.77) [27, (4.75), (4.78)]. Run the same argument with J replaced by Js. The first three residual rows
and the bound Rg < Ry, do not change, and neither does the cancellation (5.44). In the fourth row, Lemma 5.6
replaces Paper II’s comparison after (4.72). The canonical restriction loses zero, and the actual lower main term
dominates the shifted one. The source and its weights (2,1, 1) do not change, and neither do the peel (4.45)—(4.57)
and the mass conversion (4.76)—(4.78). Hence

2511 + S12 + S13

w
with the same EZ,. By Proposition B.2, 0 < G§ < 6073714261/10°, which is (5.47), with the residual bound supplied
by (5.43). By Paper II, (A.10d), 0 < K < Ky;. Both factors are nonnegative, so by (5.50)
6073714261
109

This gives (5.52) even without |Ag, n|. That term is nonnegative and is kept so that the error agrees with (1.12). O

< KeGi+ E

7KGG‘19 Z *Khi - LGl + M5,internal-

The existing Egl is a disjoint component of the original Fiet + Eyan allowance. Its fixed peel 145664566.4567T
is covered by ¢., and its fixed Cgo share by gaa. Its vanishing part belongs to Ey.,. When replacing the joint
chain, carry these same components once. The reconciliation in (5.10) remains paid. These components are the G4
comparator term NCs of Paper II, (4.64)—(4.65), and the G share of the joint bound. That bound treats Zy and
E4 in Paper II, (B.1)-(B.7). Both are attached to the original source measure and not to the profile. Hence the shift
neither creates nor removes them.

5.5. Conversion of the finite arrays. We give the remaining definitions before stating the lemma. All representation
variables in the following table are prime. Their product is e, with eN < e < N. Let Ry1 3(e) and Ryy4(e) count
the first two forms. Let Ri2(e) and Ry3(e) count the last two forms. Put Ryy = Ry1.3 + Ri1,4. These are Paper II's
representation weights [27, (4.4), source table preceding (4.4)].

TABLE 5.1. The internal representation counts

Count Product Restrictions

Rus  pipeps N <pi < N3 p1 <pa, pip3 <N, ps > pa.
Ri1,4  pip2psps  The same conditions on p1, p2; p2 < p3 < pa.
Ri2 P1P2p3 N* <p1 < N'Y* <py, pip3 < N, ps > pa.
Ris  pipaps N <pi <N* <ps, p1p3 <N, pipap3 > N.

For the last form the endpoint orders are distinct. Every permitted representation keeps its multiplicity. Define
the upper cut and masses by

New = N(1 — L7333),

XM=Y "Ri(e)lencesn,, (j=11,12,13),

5.53 ©

(5:53) Xo =2X71" + X33 + X135,
_ tXGVN(Nt)

ren() ="k
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The cut precedes the sieve decomposition [27, (4.16)—(4.17)]. The source-mass input used below is

Xp = (1—5—!—0(1))%,
(5.54)
Xa=(1-¢e)2hL1+ Lo+ Liz) +0(1))

==

Lemma 5.7 (Source masses). The formulas (5.54) hold.

Proof. The sum X p counts the primes in (N/L3", (1—¢)N), so the prime number theorem gives Xp = (1—e+0(1))N/L.
For the representation weights of Table 5.1, Paper II proves X; = ((1 —¢)I; + o(1))N/L for the uncut masses,
j = 11,12,13 [27, (4.76)—(4.77)]. The cut strip Neyw < e < N carries joint mass at most 100(NL™33% 4 1) [27,
(4.16)—(4.17)], which is o(N/L). Summing with the weights (2,1, 1) gives the formula for X¢. O

On X§, define the zero-extended kernel

(5.55) da(t) = 1e(t) Ko

][ rettic dus.

Its arrays and integral are

Ba,n

Ag, N = Ba,n — Ac.
Equivalently,
B - Xe > Viv ()l (a5()) ~ f(as(8))]
(5.57) W cpacoicp, putN (1 — D(p2— Dps — 1)
u<log p3<logy p2<logy p1<pr«

t; = logy p;.
These definitions specify all five additional conversion errors.

Lemma 5.8 (Conversion of the five profile differences). Fiz 0 < o < 1071°. For my,m in (5.28), the finite arrays
(5.33) and (5.56) satisfy

(558) Aj’N —0 (j € H), AG,N — 0,
and A%N — 0 for j € H. Every limit ranges over even N tending to infinity; the thresholds depend on o.

Proof. Step 1: convergence of the harmonic measures. Let u < a < b < 1. Mertens’ theorem and partial summation
give

(5.59) my(la,b)) = logg + o(1).

Replacing 1/(p — 1) by 1/p costs O(N~*). There are at most L/log2 prime divisors of N. Each omitted divisor
above N* has mass O(N~*). Their total cost is O(N~“L). The largest endpoint atom is O(N~*). The total masses
therefore satisfy

(5.60) en =mpy(Xo) — co :=m(Xp) = log(1/u) > 0.

Let g be continuous on Xj. Choose a finite interval partition and a step function on it, uniformly within a prescribed
error of g. The integrals of the step function converge by (5.59). The integral errors are at most the uniform error
times ¢y + ¢, which is bounded by (5.60). Hence my = m [2, Theorem 2.2 and Example 2.3]. For k = 2,3, rectangle
masses are products of interval masses. The same argument with rectangular step functions gives

(5.61) mh =m* (k= 1,2,3).

For a coordinate diagonal D;; = {t; =t;},

(5.62) m% (Dy;) < (max

k—1 __ —u
pZNup_JcN —O(N"")  (k>2).

Thus strict prime order costs nothing in the limit, and no orbit factor enters.
Step 2: the source and Fuler normalizations. For p > 2

(D)
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Mertens’ product formula and the convergent second product yield
2e7C(N)
tL
uniformly in ¢. The prime 2 is omitted because N is even. The missing divisors p | N above N' contribute
[T1(1+1/(p—2)) =1+ O(N~*/?L). The ordinary product error is uniform for N* > N*/#. By Lemma 5.7 and (2.2),

(5.65) rpN — 1, sup |rg.n(t) —1] — 0.

U<t<piy
For example, WK¢g = 2e~7(1 —¢)(2I11 + I12 + I13)C(N)N/L?. This is exactly the main factor in tXgVy(N?). Thus
both the truncation factor and the representation multiplicities cancel once.

Step 3: restriction and bounded kernels. Write my = my/cy and m = m/cy. These are probability measures,
and their products converge weakly. Let D have m*(9D) = 0, and let g1p be bounded and m*-almost everywhere
continuous. Apply the mapping form of the portmanteau theorem [2, Theorems 2.1 and 2.7] to g1p and the probability
measures. Then multiply by ¢k — cf. This gives

(5.66) /ng(m’f\,)—>/ng(mk).

The intervals I; have finitely many boundary points. The boundary of Dy is piecewise affine, since By is continuous
and piecewise affine. Both have zero m®-measure. On I; (j = 4,5,7) the argument s(z) lies in a compact subinterval
of (1,00), where F' is continuous. On Dy, y < K — 11a/5 — 5x/2 gives ¢q(x,y) > 11/5, and ¢+ h/a < 4; there f is
continuous. Hence k?, kjh and d; are bounded and continuous off a null set, so (5.66) applies to them. With (5.65), it
gives

(5.67) S} N — Pj, Bin —A;  (jEH).

Step 4: the ordered three-dimensional kernel. The cone C has affine boundary faces, so its boundary is m3-null.
The function ©, is piecewise affine. Its possible jumps lie on finitely many guard hyperplanes, and its branch switches
add finitely many affine faces. On every remaining open piece, a3 and aj are continuous. The denominator satisfies
t3 > u > 0, so the arguments of f remain in a fixed compact interval. On it f, extended by zero below 2, is continuous.
Since 0 < f <1, |dg| < Kg/u. Thus dg is bounded and m3-almost everywhere continuous. Apply (5.66) to the zero
extension on X3

(5.68) // de(mﬁ)H///de(m?’):Ag.

The normalization costs at most

(569) ‘BGJ\/ — ///d@ d(m‘]ﬂv)‘ < sup |TG,N — 1| ||dg||oocz?v — 0.

Uy

(5.64) Vi(N') = (L+o(1), w/p<t<l,

The cone’s coordinate-order inequalities are strict, so Bg y counts strictly ordered triples, as in (5.57). Hence
Be v — Ag, and with Step 3 all limits in (5.58) and A?,N — 0 follow. O

Whole cells, retained cells and the label cutoff. For the four direct rows, the arithmetic identification is Lemma 5.5.
For the joint row it is the proof of (5.52). Both are made at stage eight on Paper II’s actual cells, with their inherited
signed coefficients. Hence no further whole-cell kernel is needed. For the retained part of Syg, the actual whole cells
cover Dy up to a strip. Lemma 5.5 absorbs this strip by the retained reserve (5.27). For 1, the retained cells are
those of Paper II, (4.19). By Lemma 5.6, the shifted profile has no positive support outside them. The arrays (5.33)
and (5.56) enter only through the nonnegative errors in E’, which vanish by Lemma 5.8.

The array (5.57) carries Vi (p3) at the actual coordinate. The arithmetic lower main term carries Vi (E), E = N'3,
at the inherited label. Since E < a3, VN(E) > Vy(as3). In the lower part of the joint upper bound this replacement
is favourable. We nevertheless bound it absolutely and include it once in Paper II’s peel allowance (4.57). No fixed
cost is added. By (5.64), uniformly for actual label/coordinate pairs in the same cell with u/p < t3 < z3 < 1 and
T3 < pt?n

VN(Nt3 ) T3
— = —(1 1)) < p(1 1)).
Vi (N®3) tS( +o0(1)) < p(1 +0(1))
For a weight 0 < w < 1 on the strictly ordered cone, the replacement therefore costs at most
_ Xa VN (p3)

CCut,N S (7—+00(1))TN’ TN -

W 4= (pr = 1)(p2 —1)(ps — 1) — Kalo,

dt H 1
Iy = s =500(1 - Hy %) - —,
0 ///c t1tat? log 2 L

(5.70)
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where the sum runs over the primes of (5.57). The limit follows from Steps 2—4 of the proof of Lemma 5.8 applied to
the bounded kernel 1¢ K¢ /t;. We evaluate Iy by (5.44). Since 1 < Hiog < 459/100 and the quadratic increases for
Hlog > ]-7

693381 693381
I Kely < Koooo202 < 1400,
0< 500 clo < Kni—555— < 1400

At fixed 7, eventually 0,(1) < 7 and T < 1400, 80 Ceys, v < 28007 < 40007. We include 40007 once. Paper II's peel
bound before its final rounding is

3 - 502002 (459/100)37_ 8090814677193
l1—¢ © 55550
[27, (4.47), (4.56)], and its printed allowance is P.ap7 = (485500000000/3333)7 [27, (4.57)]. The per-layer coefficient

502002 in Paper 11, (4.53), includes the Selberg remainder. The printed allowance (4.57) uses that coefficient; we
therefore use its slack with the Selberg remainder already included. Exact subtraction gives

2555968421 1889368421

Peap — Poeel — 4000 =
166650 P peel 166650
Hence the peel and the label replacement together stay below Peap7 < 145664566.45677, the entry already contained
in g,. The fixed deduction Fjet is unchanged.

PpeelT =

(571) Pcap - Ppeel =

5.6. The resulting lower comparison.

Remark 5.9 (Inputs). The proof of Proposition 5.10 uses the cited statements of Paper I and Paper II. They are
applied to Paper IT’s unchanged sources. It uses Paper I, Theorem 2.8, through Fact 3.22, and the prime Siegel-Walfisz
theorem, Paper I, (2.21). It uses Lemma 6.5(ii) at Paper I, (3.48), and the finite enclosures of Propositions B.1
and B.2. The optional endpoint improvement also uses Lemma 5.3. The table of Appendix B.7 is an index, not an
input.

Proposition 5.10 (Retained comparison). Fiz 0 < o < 10710 satisfying Paper II, (1.27) and assume Lemma 5.3.
Then (5.2) holds, and E'(N;o0) — 0 as N — oo. Without that lemma, (5.2) holds with ge replaced by 0; the same
limit for E'(N; o) holds.

Proof. Write each chain of Z, including T5, by (5.4) and each joint group by (5.5). Lemma 5.2 covers the differences
at stages one to eight and the remaining Paper II differences at stages nine and ten. Their sum is at least
—(Fuet — 0Gg1) — Evan. For j € H, replace the stage-nine object by Q;’Tg = P; + A;. Then Lemma 5.5 gives
Qjs— Q;}’g > 0. For j € J, Lemma 5.3 gives the stage-ten difference P; — N; > 0, so the endpoint rises by N; — O;.
Only the endpoint changes, so gg enters once. By Proposition B.1, Zje?—t Aj > 572004/10% > 5719/10°, which is
(5.25). For the joint occurrence, (5.52) replaces Paper II’s G; bound. Its E£1 is the G part of Fyet + Eyan and is
counted once. These modifications concern disjoint profile terms, so their gains enter once. The endpoint sum (5.6)
and the floor (5.13) give Dy + Jg + 2H. Hence

Rgy + S — — 9719
% > DII + g6 + J6 +2H + 1706 + M5,internal
(5.72) 0
— Evan(N50) = > (1A v+ [A4501) = [Ac,w]-

JEH
The nine conversion errors are nonnegative, so (5.72) is weaker than the same bound without them. This is (5.2).
By Lemmas 5.2 and 5.8, E'(N; o) — 0; the threshold depends on the fixed o. No fixed increment is added. The
only new fixed cost is the label replacement, and by (5.71) it lies inside Paper II, (4.57). Without Lemma 5.3, take
N; = Oj; then the same argument gives (5.72) with gg replaced by 0. (I

6. THE SIXTH SUM AT N/4

Put L =1logN and fix 0 < 0 < 10719 for the common error allocation. No estimate in the sixth-sum construction
depends on o. Fix

100 _sT s !
= 1149 0= 9947 RA = 700000 ™77 10000
(6.1) J=1[t0,1/3), Je=1[t0.1/3 =), Jean = [1/3 — 1, 1/3),

I =[2,N/4], Iy=(N/4,(1—-¢)N), z,=N"
Write p € NX for p € P with logp/L € K. Paper 11, (1.7), gives the original sum [27, (1.7)]:

(6.2) Se= Y, > 1p-(m)>z. L(m,Np)=1-

pEN'I m>1, e=N—pmeP
(p,N)=1 2<e<(1—¢)N

Each prime mark remains a separate occurrence.
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6.1. Three upper weights. For squarefree d = ¢; - - - /i, order its primes decreasingly. The ordinary upper Rosser
weight is
(6.3) pi(D)=p(d) T Yonyisep,  wf(D)=1.

1<j<k
7 odd

The weight is zero outside its stated squarefree support. Its divisor sum is a nonnegative upper sieve weight [14,
Lemma 1, (3.2), (3.6)] [13, Lemmas 2-3, p. 313].

For K C J and p € N¥, define
(6.4) cr i (pd) = p(d)lpacrn [] Lot oty 1 63<R-

1<j<k
j odd

Require {; < zs and (pd,2N) = 1. Set the coefficient to zero otherwise. Since ty > «, the mark is unique. Thus
lcr.x(q)] < 1. On supported moduli with p < R, the gates give d < R/p. For d =1 the gate product is empty, and
p < R suffices. Every marked prime has p < N/3. Each sieve level below is > N'/3 for large N. Hence

(6.5) crx(pd) = pg (R/p),  ¢(pd) = (p — Dp(d).
The equality is claimed on supported moduli only. Off that support the coefficient is zero.
Choose fixed logarithmic exponents. Put

Ry =N'2L7Pr Ry = NY2L7 P,
Q _ ZVURAL—B7 QO _ Nl/QL_BU,
(6.6) bat = cr, .7, btail = CRyait,Jeanns
Ctrim = €Q,J;» Clo(q) = Ctrim(q)lqnga

I'(q) = Ctrim(q>1q>Q0'

The last two arrays keep the gates at Q.
First omit (m, Np) =1 in (6.2). Sieve the larger sequence by primes £ 1 2N, ¢ < z;. Use the three weights on

(67) IL X J, IH X Jtai], IH X Jt.

Their divisor sum is the finite weighted count

Amix - Z ball(q) Z 1

eclpNP
e=N
(6.8) (@)
+ Z{btail(q) + Ctrim(Q)} Z 1.
q eclygnP
e=N (q)

The upper-weight comparison
(69) S6 < Amixa Z6 = Amix - S6 > 07
is proved in Lemma 6.11(a) below. Positivity is used before expanding the divisor sums.

6.2. The exact discrepancy identity. For a bounded interval I C [2,00) and a finitely supported modulus array
a(q), put Li(I) = [, dt/logt and define

HI(Q): Z l—n (mod q)>»

ecINP
1
Bi(q) = 2@ eezlr:wl(e,q):b
(6.10) L)
Dita) = S ato) {m() - S
Pi(a) =Y a(@){Tli(q) = Bi(q)},  Cila) = Di(a) — Py(a).
Also put
M = 10 05
(6.11) !

T Li(Ly) 3 Pt Cuim(@)

. ¢(q)
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Finite expansion gives

Amix = Mmix + DIL (ball) + -DIH (btail)

6.12

( ) +CIH(Ctrim)+PIH(Clo)+PIH(F)'
Since ¢irim = ¢ + I,

(613) CIH (Ctrim) +PIH (CIO) = DIH(CIO) +CIH(F)
Therefore

Arnix - Mmix + DIL (ball) + DIH (btail) + DIH (CIO)
+ CIH (F) + PIH (F)

No low natural-coprime term is estimated separately.
For large N, each prime in Iy exceeds ). Hence

(6.14)

(6.15) Cry () = {7(Ix) — LilIe)} > Fi
a2 v(q)
The elementary identity
1
(6.16) =25 pld ) > o < los2Q)

d|q 9<Q

follows by multiplicativity and a convergent Euler product. Thus Paper I, (2.21), bounds (6.15) by O4(NL~4) for
each fixed A [26, (2.21)].

For the three D-terms we use the maximal-endpoint prime form of Bombieri—Vinogradov. Here it is conditional on
the prime Siegel-Walfisz input [26, (2.21)]. Define the prime progression error by

Li(y)
6.17 Ax(y;q,a) = m(y;q,a) — :
(6.17) ( ) = ) )
Fact 3.2 gives, for each fixed S > 0,
(6.18) Z max  sup |Ar(y;q,a)] <5 X(log X)™*

1< X172 (log X )~ (5+60) (a,0)=10<y<X
Here Li(y) = 0 for 0 < y < 2. The level sits at X, not at the variable endpoint y, so intervals with endpoints
chosen separately for each modulus cost at most twice this bound. This is the maximal prime statement. We do not
substitute the fixed-endpoint von Mangoldt statement of Paper I, (2.20). The source and the fixed 60 logarithmic
buffer are those of Fact 3.2.

Set X = N, S = A+ 10, and choose the half-level buffers so that

(6.19) Br, Biail, Bo > A+ T72.
Lemma 6.1 (The three low discrepancies). Under (6.19),
(6.20) |D1, (ban)| + | D, (beait)| + | Dy (c10)| <a NL™AT10,

Proof. The arrays bay1, biaii and ¢y, are supported on ¢ < Ry, ¢ < Ryayi and g < Qg, respectively. Each is one-bounded.
Since By, Biail, By > A + 72 > S + 60, every such ¢ has ¢ < NY/2L~(5%60) " This is the level of (6.18) at X = N.
Every supported ¢ is coprime to N, so N mod q is a reduced class. Since m(y; ¢, N) = Li(y) =0 for y < 2,

Iy, (q) — w — AL(N/4:q.N).

Write y~ for the left limit at y. Then

I, (q) - ;D(q) =Ar((1=e)N)754,N) — Ar(N/4;¢, N).

A left limit is a limit of values at points of [0, N]. Hence each value on the right is at most supg<, <y [Ax(y; ¢, N)|.
Therefore the left side of (6.20) is at most five times the left side of (6.18), with X = N and S = A + 10. This is the
maximal prime statement of Fact 3.2. (Il
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6.3. The high coefficient. Put
U=V=N1/3, ZOZNl/(lOgIOgN)S,
R(?’L) = 1P*(n)>zm R(l) =1, A(a) = M(G)R(a)a

(6.21) Cy=R(E) Y. waA®d), Bs)=R(s) D Ab),
agtll]lj:bth bl;‘“;/
Lie,9)=1 )

Kq(e) = 1e=n (mod q) — W

The von Mangoldt identity gives three sums:

=Y Y A(am@)&c)ma@,

et i log(ac
acely
C(t)R(c)
T = — r ——IC,(t
(6.22) 2 Z (9) Z log(tc) alte),
q t<UV, c>1
tcely
A(a)B(s)
=31 Y 292k (o).
q a>U, s>V log(as)
as€ly
These come from
(623) A= H<U * IOg —H<U * ASV * 14 ASV + MU>U * A>V * 1.

Roughness is multiplicative, including shared prime factors. The short A-term vanishes on Iy.
The detector retains proper prime powers whose bases exceed zy. For e € Iy, hence e > z,

R(e)A 1ps;
(6.24) —(f) ©) rr Y
oge pep, j>2 7
) 3
e=PJ
Consequently

Pr, (T) =Ty + Ty + Ti1 — Eyp,
1 .
(6.25) By =D T(a) Y, —2Ky(P).
q

PeP, j>2 J
Plely

Let e € Iy. A supported g with e = N (mod ¢) divides N — e, and |I'(¢)| < 1 by unique marking. The comparator
part is at most > o 1/¢(q). Hence (6.16) gives

(6.26) Y IL@IIKq (@) < d(N =€)+ O(L), By <, N>,

Here N —e > eN, and 0 < v < 1/2 is fixed. The second bound follows from the first, d(N — e) <, N* and
Yo #H{P EP: PJ < N} < N2, The high-coefficient estimate uses the P > 2y mask of E,, in (6.25). That mask
excludes bases P < zp, so the displayed decomposition needs no separate add-back.

Proposition 6.12(3) proves the high-coefficient estimate
(6.27) P, (T) <app, NL™" (A >0 fixed).
Its modulus coefficient is exactly (6.6). The estimate permits no joint arithmetic mask. Table 6.1 gives its
decomposition. Each power boundary belongs to the interval on its right.
6.4. The three distribution estimates.

Lemma 6.2 (Rough-factor distribution under parent-scale and strict-roughness conditions). Let L =log N, zg =
N1/ (oglog N)3, and Q = N5227/100001 =B " yyith fized B. Assume the two explicit conditions used by the direct rows:

(W1) The original parent satisfies cN-5* < H < N, for a fized ¢ > 0. In the T1 row H = N/a < N; in the right Ty
row H= N/t <N.
(W2) Use the strict roughness convention R(n) = 1p-(y)>.,, as in (6.21). It is not replaced by P~(n) > zo.
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TABLE 6.1. The high-coefficient decomposition

Sum and range Tested array Required estimate
Ti,alla <U R(c) Rough-factor estimate
Tz, c < N4 R(c) Two-factor convolution
Ty, N4 <c< N5 C(t)/(2L) Central estimate

To, N0 <ec< N5 R(c) Central estimate

Ty, ¢ > N5 R(c) Rough-factor estimate
Ti1, a < N6 Al(a) Two-factor convolution
T, N <a< N° B(s)/(2L) Central estimate

Tir, N°° < g < N5 A(a) Central estimate

Tit, a > N B(s)/(2L) Two-factor convolution

For every fized Tyave > 0, uniformly in real intervals I C (0,2H] (so |I| < 2H; open, closed or one-point), supported
q < Q with (¢, N) =1, and reduced residues (b,q) = 1,

1(n,q)=1 } H
628 R n ]-nE m - y <<Tsave .
(025 ;1 ( ){ bomed T () qLTsave

The interval may be arbitrarily short. The saving is measured at its original parent. The estimate is an integer-sieve
statement and uses no prime distribution input.

Proof. Put £ = loglog N and Py = {p < 20 : p{ ¢}. The Euler product at s = 141/ log z¢ gives hy = ZPE'PQ p~l <3¢
for sufficiently large N. Choose the fixed constant K after Tg,ye, with

K
(6.29) K > 3e, Klog(g‘e) > Tiave + 4.

Let k = 2[K{¢/2]. The two adjacent Bonferroni truncations bracket the strict exclusion of all primes in P,. Their
normalized gap satisfies

hk‘ 3 K¢
(6.30) k=2[KloglogN/2], Ei< ;73 < (;) < L Tmave 4, (k + 1)zt = NOK/E),
Every divisor in the truncation is at most zg. By CRT, each divisor contributes its expected interval mass with error
O(1). This is uniform for open, closed, or singleton intervals. The same expansion applies to the comparator after

using
1(n,q):1 = Z N’(d)
drad(q)
d|n

Thus the main terms cancel. The accumulated lattice error is NO(K/Zz)q/go(q), and ¢/¢(¢) < w(q) +1 < L. Under
(W1), H/q > NO3LB_ The Bonferroni remainder is at most (|I|/q)ExL? < 2HL~Ts2ve=2 /q because |I| < 2H.
Hence both are absorbed by H/(gL™) once the fixed truncation precision is raised. This proves (6.28).

The strict convention in (W2) has no threshold atom. An application might instead use P~ (n) > zo. Then the
only possible difference is the atom zy = P when zy is prime. That weak convention requires its separate CRT
boundary correction. It is not used in (6.28). O

The positive gap .54 — vra = 173/10000 absorbs the lattice error in (6.30). For T, the free scale is at least N2/3/4.
For the right Th-part, it exceeds a fixed multiple of N-°¢. Partial summation then gives

(6.31) > o> 7mqi\;m < NL? Tomve,

m< Mous ¢g<Q

Both kernel terms remain in this estimate. Here M, is the outer endpoint of the current row. It is U in the 17 row
and the corresponding low-row endpoint in the 75 decomposition.
The other tested arrays need uniformity under coprimality with an auxiliary integer. Write 7(h) = Y a1 and

w(h) =#{p € P:p| h}. For any sequence f(n) on its original parent (H,2H], define
Ap(I;k,byh) = > f(n)

nel, n=b (mod k)
(n,h)=1

1
*@ RZG:I f(n).

(n,kh)=1

(6.32)
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Lemma 6.3 (Prime-variable transfer). Let N'/3/8 < H < 2N, L =log N, and zy = N/ (8106 N)° " Lot y0 > 20 and

fm) =Y a(m)uw(p),

mp=n
pEJIm

where p is prime and |a(m)| < 1. For each m the allowed primes lie in a real interval J,, C [yo,00). Assume

[lw]leo + Var(w) < W on [yo,2H] and |f(n)] < 1 on (H,2H|. For every fixed P > 0, uniformly in intervals

IC (H,2H], k,h > 1, and (b, k) = 1, prime Siegel-Walfisz, Paper I (2.21), implies

w(h)L
Yo

Proof. Put K = 2P + 4. If k > L¥ | the two terms in the discrepancy are bounded by a constant times || f||o (H/k +

14+ H/p(k)). For each represented n, a prime divisor p > yo determines at most one pair (m,p), since m = n/p.
Hence

(6.33) |A¢(I; kb h)| <p WH (L—P + ) <p WHr(h)L™F.

[f(n)| <W < W(logL)?,

log(2H )

log yo
using yo > 20, H < 2N, and log 2y = L/(log L)®. Since ¢(k) > vk and H > N'/3/8, the resulting discrepancy
is <p WHL™F. The two spare powers in K/2 = P + 2 absorb (logL)3. The additive 1 is absorbed because
H>N'/3/8> LP.

Now let k < L. Terms with (m, kh) > 1 vanish from both sides. Otherwise the prime progression is p = bm !
(mod k) on J,,, N I/m. Primes dividing h are excluded on the progression side and in the comparator. For each m the
two exclusions differ by at most 2Ww(h). There are at most 2H /yg possible values of m, so these terms contribute

For the remaining primes define

1
E(t) = w(t; k, ¢) (p(k)an%kw(t,k,a).
(a,k)=1
The reduced-class sum equals 7(t) — #{p < ¢ : p | k}. Thus this is the centered prime discrepancy without the
primes dividing k. Apply (2.21) to the class ¢ and average its uniform error over all reduced classes. This gives
E(t) <4 t(logt)~*", with no factor of k. Since ¢ > yo > 2o, logt > L/(log L)3. Hence, for all sufficiently large N,
k < (logt)?X. Therefore (2.21), with modulus exponent 2K and fixed saving A’, applies throughout each interval
of integration. Stieltjes partial summation bounds each m-contribution by O(W (H/m)(logyo)~*). Sum over
m < 2H /yo and take A’ = 2(P + K + 2). This gives Op(WHL™F). The estimate is measured at the original parent
H, including for short intervals. Finally, L/yy <p L~F because yo > 2o, and w(h) < 7(h). This proves (6.33). [

Lemma 6.4 (Four-family auxiliary-coprime Siegel-Walfisz). By prime Siegel-Walfisz, Paper I (2.21), for each of
R,A,C/(2L),B/(2L), the bound

(6.34) Bs I3k, bih) <p HT(WL™,  (bk) =1

holds uniformly for every I C (H,2H] and k,h > 1. The parents are the central ranges in Table 6.1 and the
convolution parents N1/3/8 < H < 2NA46+O00/L) - The proof uses the lower bound only to absorb the large-modulus
lattice term and to exclude n = 1. It uses H < 2N** for the remaining weight bounds. The divisor exponent is the

single fized value Csw = 1, independent of P. The implied constant may depend on P and the fized family parameters,
but not on N, H,I,k,h,b. The error is measured at H, even when I is short.

Proof. For sufficiently large N, every parent has H > N/3 /8 >1,s0n =11is excluded. The rough and signed-rough
arrays have exact prime-variable decompositions. For R(n), take a(m) = R(m), J,, = [PT(m),o0) N (29, 0),
and w(p) = 1. Use PT(1) = 1. The largest prime factor gives the unique term. For A(n) = p(n)R(n), take
a(m) = —pu(m)R(m), J, = (max(PT(m), z9),0), and w(p) = 1. The strict inequality excludes repeated largest
primes, where p(n) = 0.

For B(s)/(2L), the j = 1 terms in b = p’ | s, b > V, use a(m) = R(m), J, = (V,00), and w(p) = logp/(2L).
For C(t)/(2L), the j = 1 terms use a(a) = p(a)R(a)le<y, Jo = (20, V], and the same weight. In each case
lw]lco + Var(w) < 1. The four tested arrays are one-bounded on their parent ranges. For the last two arrays this
follows from 3, A(d) = logn and log(2H) < 2L. On the central ranges H < 2N-54. There the weight bound follows

from yo = V = N'/3 for B and yo = 2 for C, since log(2H) < .54L + O(1).
For B and C, write the remaining j > 2 terms as f>3. They need not be nonnegative. For instance, the u(a)
coefficient in C may change sign. Take absolute values before summing:

S If52(n) |<<fzzlogp Hes 2

2
n<2H p>z0 j>2 0 0
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For any sequence g, |[Ay| < 23, |g(n)|. Hence this remainder is Op(HL™F) for every fixed P. Applying
Lemma 6.3 to each prime term proves (6.34) with the same exponent Cgw = 1. |

The mean-square estimate below has five uses. Section 7 uses it for the zero mode of the exterior sum. Section 5
uses it for the Class II estimate of Paper II inside the retained side. Section 8 uses it for the row-three dispersion
estimate of the switched sum. These three apply Paper I, Theorem 3.2. In the large-norm case of Paper I, (3.48), part
(ii) below replaces [3, Theorem 0(a)]. The other two uses are the central rectangular estimate of Lemma 6.9 and the
small-modulus norm-relative step of Lemma 6.8. Part (i) derives the conclusion of that published theorem (Paper I,
Theorem 2.4). Its inputs are the norm-relative condition (6.35) and an elementary large sieve, so the argument is
self-contained at this step. We do not correct [3]. Paper I’s use of it is unaffected. The norm-relative premise is
not deduced from the absolute parent-scale estimate (6.34) alone. Let ¢ be complex and supported in [1, Z], Z > 3.
Fix Bgivy > 0. Consider the following condition. For every P > 0, uniformly in integers h, k > 1 and reduced classes
b mod k,

1 . _
(6.35) Z gnfm Z &l <p |1€]122 27 (h)Bav (log(22)) T,
n=b (k) ® (n,kh)=1
(n,h)=1

The constants are common to the family of pairs (Z, £) under consideration. Write A¢(k, b) for the centered discrepancy
at h = 1. The norm conclusion is

*

(6.36) > D Ak, b)* <a [I€]3Z(log 2) .

k<Z(log Z)~B1(4) b mod k
In the selected-factor form of Paper I, (3.48), &, = anlip =1, Z = [2Tint |, and

(6.37) >3 Adg.b)P < NfTi L™, 3Q < Z(log Z)"P",  Bp = A3 + 15,
q<3Q@Q b mod q

where N7z is the interval mass in Paper I, (3.8).

Lemma 6.5 (Transferred mean-square estimate). (i) If (6.35) holds, then (6.36) holds for every fized A > 0.
Here B1(A) and the implied constant depend only on A, Baiy and the common constants.
(ii) Assume the hypotheses (3.1), (3.2), (3.6), (3.8) with its length condition, (3.11) and (3.25)-(3.27) of Paper L
Then the estimate (6.37) holds uniformly over the parameter bozes and selected factors of Paper I, Theorem 3.2.
Hence that theorem holds with this input in place of [3, Theorem 0(a)] at (5.48).

Proof. (i) Expand Ag¢(k,b) in Dirichlet characters modulo k and pass to primitive characters. For conductors up to a
fixed power of log Z, apply (6.35). Take the auxiliary divisor A to be the imprimitive part of the modulus. For larger
conductors use the multiplicative large sieve inequality. Its elementary proof uses finite Fourier identities and the
spacing of reduced fractions. Summing over the moduli gives (i). (ii) If |€]|3 < NzL~4371 the elementary bound in
Paper I, (3.48), applies. Otherwise (3.25), with auxiliary divisor dr, and (3.26) give (6.35) for &, = an1(; =1 With
divisor exponent one. Also (3.6) gives the modulus range in (6.37). Part (i) then applies. The complete argument
is in Appendix A.2, with its row index in Appendix B.8. We assert no implication from (6.34) alone to the norm
bound. O

For the three convolution rows, let
(6.38) Dy =HN Dy = QNYraATo /[ o, =10"% wgra = 9/1000,

where N1/3/8 < H < 2N-46+00/L) - A supported modulus has the unique form ¢ = pd of (6.4). Here p is the marked
prime and d the squarefree cofactor.

(6.39) r < Dy, s < Do, rs=q<Q.

Lemma 6.6 (Deterministic allocation). For each supported q = pd, the following rule defines a unique coprime
split ¢ = rs satisfying (6.39). Put p in r. Order the cofactor primes exceeding N*®4 as by > --- > b,,. Here
m < (vra — to)/wra = 37553/1260 < 30. Process them in this order. Put b; in r exactly when the current
rb; < D1, and put it in s otherwise. Let Tz and spig be the resulting factors. Order the remaining cofactor primes
asly > --- > 1. Set 1o = rpig H?Zl l;. Ifro < D1, take r =rg, s = spig. Otherwise let j. be the least index for which
ro/(ly -+ -15.) < D1, and take

r=ro/(ly---15,), 5= Spigly -1},
Call the resulting pair Sely(q) = (r,s).
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Proof. The marked prime fits, since p < N'/3=m < Dy, even at the fixed lower endpoint H > N'/3/8. The accepted
big-prime partial products stay below D;. Thus r;; < D, and the least index j,. exists when needed. Write all
cofactor primes in decreasing order as l; >l > ---. The odd cube gates in (6.4) imply

ply---1; 112 <Q for every i :
For odd ¢, drop one factor from the cube gate. For even ¢, use the preceding odd gate and I; < 1[;_;.

Suppose 19 < Dj, and let b; be the last big prime rejected into s. The rejection test gives 7(9b; > D;. The
two-gate inequality then gives

pby---b; < pby - -+ bi_1b?
r@ = Dy D,
If no big prime is rejected, s = 1. In the prefix case, minimality gives rl;-* > Dy, hence r > D1 N~"RA and
s=gq/r < QNYE* /Dy = Ds.
The factors partition the squarefree prime factors of g. Thus (r,s) =1, rs = ¢ < @, and r < Ds. (]

S = Shig =

Define the exact joint coefficient on each dyadic Cartesian modulus shell by

F =
() {0, otherwise,

(6.40) > T(q)(q) =Y Fu(r,s)®(rs),

I'(rs), rsis supported and Selgy(rs) = (r,s),

Fy(r,s) = Zc,,f,,(?”)gl,(S), Ifols lgv| <1, Z ey < Lcmnmv Ctensor = 2% 4+ 91

Here Sely is the rule in Lemma 6.6. The expansion is exact on the full Cartesian parent, including zero values off the
selected pairs.

Lemma 6.7 (Global tensor for the selector). The coefficient Fy has a rank-one expansion satisfying (6.40), with the
sharper bound

(6.41) D e <420 -1)(3+ L) < L.

Proof. Fix a pair of dyadic shells. A branch fixes the merge order 7 € {R,S}™ of the at most 29 big cofactor
primes. It also fixes the final large-prime/prefix case. In the prefix case it fixes the parity of the number of factors
assigned to s. There are at most 4233:0 2m = 4(23% — 1) branches. Within a branch, unary conditions impose
squarefreeness, coprimality with 2N and the unique marked prime p in r. They also impose the bounds P*(r/p) < z
and P*(s) < zs, assigned big-prime counts, r < Dy, s < Da, and r,;; < D;. The remaining unary data are the case
indicator, the parity of the small-prime count, and the sign I'(rs) = p(rs/p) = —p(r)u(s).

Every cross-condition is a comparison ¢(r) < v(s) or its weak counterpart. Let Ky be the number of distinct
values of ¢ on the r-shell. For ranks 1 <a < Ky, 0 <b < Ky, put M = 2Ky + 1 and

Ko
=M1 Z e(—tu/M).
u=0
Finite Fourier orthogonality gives the exact separator

(6.42) laco =Y ce(th/M)e(—ta/M), > e <3+ log M.

t mod M t mod M
Rank ¢(r) among its shell values, and count the values below (s). Each shell has at most @ values, so log M < L.
The cross-comparisons are exactly:

(1) the adjacent strict comparisons in the fixed merge order of the big primes (at most 28);

(2) for each S-letter b;, the greedy rejection test p(HbPhi, byer 03)bi = D1 (at most 29);

(3) the odd cube gates ply - -+ l;_11? < Q at odd indices among the big primes (at most 15);

(4) the remaining odd cube gates on the small-prime part, grouped by the fixed parity into the two maxima of
the - and s-side partial products (two comparisons);

(5) in the prefix case, the prefix-order test min P > max Rgman and the least-prefix test r min P > D; (two
comparisons);

(6) the support range Qo < rs < Q (two comparisons).
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There are at most 78 comparisons in total. Once a merge branch is fixed, each displayed test compares an r-only
quantity with an s-only quantity. The small-prime maxima combine all gates of the same parity and side. The branch
conditions are exactly the greedy tests, the cube gates and the least-prefix condition. Hence their union is precisely
Fpy. Multiplying the separators in (6.42) gives (6.41). The unary factors remain one-bounded. The bound in (6.41)
is per dyadic shell pair. The resulting O(L?) shell pairs are absorbed by the chosen logarithmic precision. (]

For the convolution rows, split s = dt with P*(d) < z < P~(t), where z = N1/(oglogN)* apq o — N1/loglog N
The aggregate with d > y is bounded by Rankin’s method. The mean-square modulus in the proof of Lemma 6.8 is
k = rd, not the full q. Its scale is

(6.43) Q' = Dyy=HN ot/logloeN L <50 7 =[2H].

The inner factor ¢ is z-rough and is removed in L2, with cost H?L® /2. No bound for 7(r) and no roughness condition
on r is used. The required range is

(6.44) 5Q" < Z(log Z)~Br, Bp = Pys + 15,

where Pyg is the fixed source-level precision in the supplementary Lemma 6.5(i). This holds since Q'/H = N~o»+e(1),
The full-modulus range 3Q < Z(log Z)~BF is not asserted for these parents.

Lemma 6.8 (Two-factor convolution estimate). Let NY3/8 < H < 2N46+00/L) gnd HM =< N. Let a,, n ~ H, be

one-bounded, supported on P~(n) > z, and satisfy (6.34) at the original parent H, where z = N1/(oglog N)* | Loy b,
m ~ M, be one-bounded. Let U1,V be dyadic modulus scales, allowing the singleton scale 1/2 for the integer 1, such
that
Uy < Dy, V1 < Do, UpVi < NRA,

Let f(r), r ~ Uy, and g(s), s ~ Vi, be arbitrary one-bounded arrays. Keep the unary restrictions r < Dy, s < Do,
(r,N) = (s,N) = 1. Neither a pointwise condition rs < Q nor a joint condition (r,s) = 1 is imposed on the pair.
Then, for every fixed A > 0, uniformly in these occupied-parent scales, f, g, unary interval cuts of a,, and by,, and
intervals I C [N/8,2N],

(6.45) D F)g(s) Y anbmKrs(nm) <4 NL™4.
s n%rgl

Proof. We use the dispersion method of Paper I, Theorem 3.2. It runs on the whole Cartesian shell r ~ Uy, s ~ V7,
with residue class N mod rs. Its occupied-parent scale conditions are Uy < HN ™% 1} < NVRATWRA /(N ™),
and UV} < NRa_ The second follows from the displayed bound by D, after dropping L™5. The tested sequence
is strictly z-rough. The unary supports carry (rs, N) = 1 and the individual caps. No pointwise product cap is
needed for the rank-one arrays. After Cauchy’s inequality in m, the split s = dt above reduces the modulus of
the mean square to k = rd in the range (6.44). The mean square is split at a fixed power of L below its target.
Below it the trivial bound suffices. Above it (6.34) gives (6.35) with a loss of that power, so Lemma 6.5(i) applies.
The prime Siegel-Walfisz input is Paper I, (2.21). No joint condition (r,s) = 1 is used, because r, s are not the
moduli of Paper I, Theorem 2.8. Write s = dt as above and k = rd. A prime p | (r,s) with p < z divides d and
only enlarges k. The Chinese remainder step needs only that k,t1,t, are pairwise coprime. The smooth-rough split
gives (d,t1t2) = 1. A prime p | (r, s) with p > z divides k and a rough ¢;. Such tuples are the bad type (k,t1t2) > 1.
If p | ta, the second progression kts | mns — N places ng in one class modulo kp. If p | t; only, exchange the two
copies first; the absolute square majorant is symmetric, and the same statement then applies. We therefore remove
these tuples before the Chinese remainder step. The cost in the square is < MHLC[H/(2K) + 1]. After the factor
KM of the first Cauchy step this is < NLC (2712 + (K/H)/?). That is Oa(NL™4), since z = N1/(oglog N)? anq
K/H<N —9»/2 The zero-mode identity holds for all tuples, including those with ged failures. After the second
Cauchy step, Paper I, Theorem 2.8 bounds the nonzero frequencies. It is applied with 7,y = tt’, the product of
two z-rough inner variables, and sint = po, the least prime not dividing N. Since py < log N < z, (Tint, Sint) = 1,
exactly as in Paper I, (3.82)—(3.83). This is the form of Paper I, Theorem 2.8 (Sections 5.3 and 7.4) used here. Its
statement allows arbitrary one-bounded f, g with only (rs, N) = 1. The product restriction nm € I is kept as in
Paper I, Theorem 3.2. The finite product partition used there also handles the endpoints. Neither (6.37) at the
full modulus 3@ nor a norm-relative consequence of (6.34) for small norms is used. The complete argument is in
Appendix A.3, with its row index in Appendix B.8. ]

The central rows use Y = N¥, y = 341/5000. Choose the largest divisor s | d with s < Y. Since p < N1/3=mm and
qg=pd>Qo,d>Qo/p> N1/6+mm,=Bo -~ V. Hence a next divisor exists. The cube gates control adjacent divisors
and give

(6.46) 5<5§Y, r=gq/s<Q/Y.
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This allocation keeps a one-bounded joint modulus coefficient. The required central estimate has
HM.=N, N« H, < N,
Ql < N'4545, Q2 < N'0682.

Lemma 6.9 (Central rectangular distribution). Let x be even, H. M. =< x, and let the bounds in (6.47) hold with
N replaced by x, with fired comparison constants. Let ay,b,, be one-bounded on the complete dyadic rectangle
n ~ He,m ~ M. Let the tested a, satisfy (6.34) at its original parent. The divisor exponent is fized, and the
constants are uniform at every requested precision. Write

1 nm,q)=
D(Qva) = Z anbm, <1nm:a (q9) — (q)l) .

e H L v(q)

(6.47)

Then, for every fized A > 0,

(6.48) (II:}SD:(l Z - Eel,aifz,rs)zl |D(rs,a)| < z(logz)~ 4.
r~Q1 s~Q2 a=b (r)

u(rs)?=1, (rs,z)=1

The constant is uniform over these families, rectangles, squarefree modulus supports and unary interval restrictions of
an and by,. All errors are measured at the original parents. One outer residue b is chosen before s varies. In the
application it is N mod r.

Proof. This is the rectangular dispersion theorem proved in Appendix A.4 and indexed in Appendix B.8. The
restriction (rs,x) = 1 only removes nonnegative terms. Its proof opens the inner modulus s by dispersion with the
outer residue fixed. It uses the mean square over all moduli of Lemma 6.5(i), which gives Paper I, (2.17), under
its hypothesis (2.16). The supplementary proof applies the mean square twice. The second application is repeated
over two correlations. At each application a constant sequence on the same parent is added. Its sign is chosen
by the parallelogram identity to make the tested sequence norm-large. The resulting sequence and the constant
sequence satisfy (6.35) uniformly. Their squared norms are at most the original parent times a fixed power of L.
Fix the requested logarithmic modulus buffer By first. Then choose the source-level parameter so that the moduli
lie in the range of (6.36). Apply part (i) to both sequences, subtract by linearity, and absorb that fixed power
by increasing the requested precision. This uses neither part (ii) nor a mean-square conclusion for an arbitrary
small-norm sequence from absolute Siegel-Walfisz alone. The other inputs are Paper I, (2.21) (prime Siegel-Walfisz),
(2.35) (Weil-Estermann) and Lemma 3.4 (completed hyperbola count). It does not use Paper I, Theorem 2.8. For
the four tested arrays of Table 6.1, Lemma 6.4 supplies (6.34) with divisor exponent one. (]

Lemma 6.9 concerns complete dyadic rectangles and one-bounded sequences. Lemma 6.10 below reduces the four
central rows, with their product cuts, to it. The raw exponent checks are
Tura + 5y = 3.9999 < 4,
(6.49) 3vra —y — 1 = .4999 < .50,
1 —wvgra +y = .5455 > .54.
The three margins verify the numerical range only. They do not establish the rectangular-support or family hypotheses

for a selected product region.
Product cuts require an additional finite reduction. For e € Iy, put

(e) = 1(?th37
A(a)R(c) lolgfa; - (A(a)R(c)lggLC) w(ac),

(6.50) CCHR(e) _ (_C(t) R(C)) wite)
log(tc) 2L ’

A(a)B(s s
k()(‘;)(l(ji)) = (A(a) B2(L)> w(as).

Here log ¢/(2L) is unary, and ||w||e < 2L/(L —log4) = O(1), and

Vary,, (w) 2L 2L =0(1).

B L—logd L +log(l—¢)
Thus uniform product-prefix estimates restore the exact weights by Stieltjes summation, including the minus sign of
Ty. Use multiplicative cells of relative width L~"m. The original-source boundary strips satisfy

(6.51) Eanip < (NL—D,U/Q n N1/2)L15/2.
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Each unnormalized source multiplicity is at most 3d(e). Cauchy and d(n)* < dyi(n) give (6.51). Sum the boundary
strips before the modulus expansion. For a final saving A, fix

(6.52) Dy =2A+40,  Tuave > A+ Ciensor + 2Dpm + 40.

Then fix every Siegel-Walfisz and half-level precision. Choose the common threshold last.

Lemma 6.10 (Product-region reduction for the central rows). Fiz A > 0 and choose Dy, and Tsaye as in (6.52). Take
one of the four central rows of Table 6.1. Keep its unary cuts, its normalized arrays from (6.50) and the coefficient T.
For N/4 <u < (1—¢)N let S(u) be its normalized discrepancy sum over N/4 < nm < u, without the factor w. Then

(6.53) sup |S(u)| <4 NL™4,
N/4<u<(1—e)N

and the same bound holds for the sum over nm € Iy with the factor w(nm).

Proof. Selector. Let ¢ = pd be supported, with the primes of d in decreasing order ¢; > --- > {;. As in the proof of
Lemma 6.6, the cube gates give ply - - £;_1£? < Q for every i, hence

b @ gcicn

lih -l ¢
Consecutive divisors of a squarefree d have ratio at most max; ¢;/(€; 1 - - €x). Write d = £, M. The divisors of d form
the two chains D(M) and ¢yD(M). If ¢1 > M, the only new gap is ¢1/M. If {1 < M, the ranges [1, M] and [¢1, {1 M]
overlap. A gap of the union below M lies inside a gap of D(M). One above M lies inside a gap of £ D(M). Induction
on k gives the claim. Since d > Y, the largest divisor s <Y of d has a successor s’ > Y with s'/s < Q/q. This
proves (6.46). The pair (r, s) is determined by ¢, and ¢ = rs. Put F(r,s) = I'(rs) on selected pairs and F'(r,s) =0
otherwise. This coefficient is one-bounded and supported on squarefree rs with (rs,2N) = 1. Its dyadic shells satisfy
Q1 < N'82a=Y and Q, < NY, where vga — y = 909/2000 and y = 341/5000. There are O(L?) shell pairs.

Parents. In the first central T row the tested variable and array are n = ¢ and C(¢)/(2L). In the second they are
n = c and R(c). In the central 77 rows they are n = s and B(s)/(2L) in the first. In the second they are n = a
and A(a). The other variable carries the remaining one-bounded array, with the sign of T5. On Iy, every relevant
pair of dyadic parents has H.M. < N and N*° < H. < N-** with fixed constants. There are O(L?) such pairs.
Lemma 6.4 gives (6.34) for the tested arrays at these parents.

Restriction. Let a, be a tested array on its parent and J an interval. On the same parent, a,1;(n) satisfies
A1, (I;k,byh) = Ay (INJ; kb k) for every interval I. It therefore satisfies (6.34) with the same constants, measured
at the original parent. The other array may be restricted to any interval.

Mesh. Put 6 = L~P=. Divide each parent into O(6~!) intervals with endpoint ratio at most 1 + . All unary
cut points of the row are endpoints. For fixed u, call a cell complete if it lies inside {N/4 < nm < u}. Any other
cell meeting this region has all its products within a factor (14 )2 of N/4 or of u. The part of the region it covers
lies in the set &, of integers e € (N/4, (1 — e)N] with |e — N/4| < 36N or |e — u| < 30N. Here #&, < 6N + 1. For
a complete cell apply Lemma 6.9 with = N, saving Tgave, the restricted arrays, b = N mod r and a = N mod 7s.
Both classes are reduced since (rs, N) = 1, and a = b (mod r). Thus

‘ F<T7 S>DCeH (TS7 N)‘ S max E max |DC611 (TS’ a)| <<Tsave NL—,TS&VS :
Z (b,r)=1 a mod s
r,s re~Q1 s~Q2 a=b (r)

p(rs)?=1, (rs,N)=1 (a,rs)=1

There are O(L?P=+4) choices of cell and shell pair, so the complete cells contribute O(N L~ Tsavet2Dm+4),

Strips. Sum the incomplete cells together before expanding the modulus coefficient. For fixed e, the factorizations
e = nm in the row carry total normalized weight at most d(e). Also (6.26) bounds the modulus sum by d(N —e)+O(L).
Their contribution is therefore

< D de){d(N —e) + L} < (#&,)'/2NV2L/2 « (N6'/2 4 NY/2)L15/2,
€€gu
by Cauchy’s inequality twice, d(n)* < dig(n) and 3, _y dig(n) < NL'®. This is (6.51).

Conclusion. With Dy, = 24440 and Tyave > A+ Crensor +2Dm +40, the two contributions are O (N L =4~ Crensor=36)
and O(NL~4-25/2 1 NY/2[15/2) uniformly in u. This proves (6.53). Since ||wl||s + Vars, (w) = O(1), Stieltjes
summation against S gives the weighted bound, with the sign of 75 kept. ]
6.5. The main coefficient. For primes ¢ 12N, set gy(¢) = 1/(£ — 1), and put gy(¢) = 0 for £ | 2N. Extend gy

multiplicatively to squarefree integers, with gy (¢/) = 0 for j > 2. For primes e = N (mod p) in the fixed reduced
class modulo p, and primes ¢ { 2Np, the condition ¢ | (N — e)/p has density 1/¢(¢) = gn(¢). Put

(6.54) Vi (zs) = H (1 - ei 1) = 2e_ji(N)(lJro(l)),
N
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with C(N) as in Paper II, (1.2). For a marked prime p € N¥ and a level R, put D = R/p and s, = log D/(aL). Let
P = Py (zs) be the product of the primes ¢ < z; with £ 2N.

Lemma 6.11 (Upper-sieve application). (a) The comparison (6.9) holds.
(b) There is an absolute constant Kgim such that, for every even N,
_ 1Og z Kdim
6.55 L—gn(0) ' < 1 > 2).
(6:55) H (L-gn(0)7" < log w < 1ogw> (z>w22)

w<l<z
(c) For the three pairs (R, K) € {(Rr,J), (Rtail, Jtail), (@, Jt)}, uniformly in the mark and in even N,

(6.50) 2 ‘W < Viv(z){F(sp) + O(L7/9)},
d|P

and, with R = N"L~ B,
(6.57) }:CZZ$)§26li@”{/;F(rat)it+dn}.

q

Proof. We use Iwaniec’s upper bound for the linear sieve [13]. Let A be a finite sequence and D > 1 a level. Let P(z)
be the product of the sifting primes below z. The upper weight u}' of [13, p. 313] is (—1)* when d = {1 --- £, | P(2),
f1 >+ > ¥, and {1 -- -fglﬁgH_l < D for every 0 <1 < (k—1)/2. Otherwise it is 0. With j = 2] 4+ 1 these are the
gates of (6.3), so (6.3) is this weight on d | P. By the definition of W [13, p. 310] and Lemma 2 there [13, p. 313],

> gl Ad =Wt > S(A, P, 2)
d|P(z)

for every D > 1, since W is S(A, P, z) plus nonnegative sifted counts. If the density satisfies (6.55) with a constant
K and z < D, Lemma 3, (12), of [13, p. 313] gives, with s = log D/ log z,

S ufg(d) < V(){F(s) + OV ~(log D)7/3)}.
d|P(2)

(a) Let e be a prime in one of the pieces (6.7) and p a mark with pm = N —e. If P~ (m) > z,, then (m, P) = 1.
The inequality W+ > S for the one-term sequence {m} at level D = R/p gives

(6.58) D 15 (D) = L py=1 2 1p- (my>=.

P

dlm
This holds for every D > 1, in particular when s, = 383/200 < 2. Omitting (m, Np) = 1 in (6.2) only enlarges
the count. The condition d | m is e = N (mod pd), and cg k (pd) = p} (R/p) by (6.5). The pieces (6.7) partition
[2,(1 —¢)N) x J. The point e = N/4 lies in Iy, and t = 1/3 — ny, lies in Jiay. Summing (6.58) over e and p, each
mark with its multiplicity, gives S < Amix by (6.8).

(b) For odd ¥, 1 N1 11 1 1
(1) =07 () -

The factors with £ | 2N equal one. Omitting them only lowers the product. Mertens’ theorem, with its uniform error
term, bounds the product of the first factors over w < ¢ < z by (logz/logw)(1 + K;/logw). The product of the
second factors over £ > max(w, 3) is at most 1 + K5/logw. The constants K7, K5 are absolute. This gives (6.55)
with one Kgim, independent of N and of w(N).
(c) The limiting ranges of s, for the three pairs are
383 12639 383 1916149 544243 43148397
(2007 4480 }7 (200’ 1000000}’ (250000’ 14000000]’

all inside [383/200,3.083) C (1,00). The factors L=5" move s, by O(log L/L). Hence z; < D and log D =< L for
N > Ny(B,). Then (12) gives (6.56), with an error O(L~'/3) uniform in the mark, the pair and N. For (6.54), use
the factorization in (b) for odd ¢ < zs and restore the factors with ¢ | N. The primes ¢ | N with £ > z;, number at
most 1/a and change the product by a factor 1 + O(1/z;). By (6.5),

Z cri(q) _ Z 1 Z 117 (R/p)
o oel) hep—lan eld)
ptN
The outer weights are positive, so (6.56) may be summed termwise. Since F' is Lipschitz on the compact range above,
the prime number theorem and partial summation give (6.57). Marks dividing N number at most 1/tg, and endpoint
atoms and the logarithmic buffers contribute o(1). O
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The delayed branch s, > 3 of F' occurs only for cirim, when ¢ < tra, where tra = vra — 3.
Define

(6.59) T (r) = 2;@/}(1?(7“;) %.

The rational endpoint Jg is as in Paper IT [27, (A.13)]:

— 13148581959157321533513247276782285310758770468886237619585

6= 1058 ’
J7(1/2) = 21og(110/57) < Js.

The inequality is certified by outward interval evaluation. No central approximation is rounded. Since W =
4(1 —e)C(N)N/L?, the interval masses give

(6.60)

Mmix
<wrJy(1/2) + wp{Js,,, (1/2) + Jj,(vra)} + o(1),
(6.61) v, 2500 o — 7499
L™ 9999’ "™ 9999

Here wy, + wy = 1. No mark multiplicity or singular-series factor is suppressed.
On J;ai, the explicit upper-sieve formula gives

0< wH{JJtail(1/2) - thail (URA)}
=w /1/3 s —1/2 dt
" 1/3—nm t(1/2 —t)(vrRA — 1)

< wH’?m(URA - 1/2)
— (1/3)(1/2 = 1/3)(vra — 1/3)
_ 5106819
™ 31557955000
The last integrand is increasing on this interval. Put
(663) ORA sz{JJ(l/Q) _JJ(URA)} —dm.
Combining (6.61) with (6.60) gives

(6.62)

M, mix
w

The remaining integral is elementary. The linear-sieve functions F' and f are as in [14, (1.8)—(1.9), pp. 172-173].
Set tra = vra — 3a. On the ranges here,

(6.64) < Js — gra +o(1).

1/s, 1<s<3,

(6.65) Fo) _ 1 *tlog(¢ — 1)
27 {1+/ d,g}, 3<s<5.

8 2 £
This is the linear-sieve normalization [14, p. 202][26, (2.23)]. Write the delayed contribution as

tRA dt (vra—t)/a—1 1 -1
(6.66) Tin = / At / log(€ 1) o

o tora —1) Jo 3

Substitution gives

grA + dm = “’H{ /t:/?’ <t(1/21— t) t(’URAl - t)) “

_IRA}.

(6.67)

Swap the order in (6.66) to obtain

IRA = L " h(C) dC7 Smax — M7
(6.68) URA J3 .
' h¢) = log(¢ —2) log (vra — aC)(vra — to)

¢—1 aGto
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For n = 20000, set d = (Smax — 3)/n. The composite midpoint sum has error at most

n—1 3)d2

/3 QA —a S R+ G+ 1/2)a)| < Lnax = I

51 sup |h”].

Jj=0

Directed interval differentiation on 400 covering boxes gives sup |h”| < 0.720711111. An independent directed-interval
replay encloses gra in [0.09895983533531812, 0.09895983533543704]. Outward rounding therefore gives

(6.69) 0.0989598353353 < gra < 0.0989598353355.
Thus we may use the certified rational floor

989598353
(6.70) gRAJo = ——=o— = 0.0989598353, ORA = GRA lo-

1010
The exact integral gra and its certified floor gra 1o are distinct.

Proposition 6.12 (Sixth-sum source applications). On the exact arrays above, the following hold.

(1) The comparison (6.9), and the density bound (6.57) for the three pairs (R, K).

(2) The three low discrepancy bounds (6.20).

(3) For every fized A > 0, each of the nine rows of Table 6.1, with its exact weight, is O4(NL™4). Consequently
the high-coefficient estimate (6.27) holds.

Proof. Ttems 1 and 2 are Lemmas 6.11 and 6.1. For item 3 fix A. Choose in this order: D, = 2A + 40; Tyave >
A + Ciensor + 2D, + 40; the saving A + Ciensor in Lemma 6.8 and the saving Tyaye in Lemma 6.9. Then fix the
Siegel-Walfisz precisions that these require, the buffers (6.19) and B, and the constant Kgj,. Choose the common
threshold last. The rows partition T} + T5 + Ty1: 77 is all of a < U. The sums 15 in ¢ and Ty in a > U are split at
N46 N30 and N4, Each boundary goes to the interval on its right.

Direct rows. These are T} and the part of Tp with ¢ > N4, Fix the outer variable a, respectively ¢t. Terms
with (a,q) > 1, respectively (¢,¢) > 1, vanish in ;. Otherwise IC;(ac) is the kernel of (6.28) for ¢ in the reduced
class Na mod ¢, and similarly for ¢. The parent is H = N/a, respectively H = N/t. The free variable runs
over H/4 < ¢ < (1 — ¢)H, intersected with ¢ > N-** in the Ty-row and with any prefix cut. This interval lies
in (0,2H]. Condition (W1) holds. For a < U we have N?/3 < H < N. If the right Th-row is nonempty, then
N5* < N/t =H < N, since N** < ¢ < (1—¢)N/t. Thus Lemma 6.2 applies with this H. (Equivalently, split at H/2
into (H/4,H/2] and (H/2,(1 — ¢)H). Each lies inside a dyadic parent (H’,2H'] with H' € {H/4,H/2} > N-*/4.
This only doubles the constant.) The weights log ¢/ log(ac) and C(t)/log(tc) are bounded and monotone in c. Partial
summation and (6.31) with Ty.e > A + 2 bound both rows by O(NL~4).

Conwolution rows. These are Ty with ¢ < N6 (tested R(c), ¢ > N/3/4), Ty with a < N4 (tested A(a),
a > N'Y3) and Ty with a > N-5* (tested B(s)/(2L), N'/3 < s < 2N-46+00/1)) Each tested array contains the
strict roughness factor R(n) = 1p-()>.. This is explicit for R(c). It follows from A(a) = p(a)R(a) and from B(s) =
R(8) Xopjs, p>1 A(b). Lemma 6.4 gives (6.34) on these original parents. Write 3, I'(q)®(q) = >_, , Fu(r, s)®(rs) as
in (6.40). Lemma 6.6 places the joint support in (6.39). Discard a dyadic shell pair r ~ Uy, s ~ V] if Fy vanishes
identically there. Otherwise a supported pair in it satisfies U1V} < rs < @, U; < D1, and V; < Ds5. Hence this
occupied shell satisfies all scale conditions of Lemma 6.8. Lemma 6.7 expands Fgy on the whole Cartesian shell into
rank-one terms with > [c,| < L7, The unary caps and coprimality are kept. Each rank-one term is estimated on
that whole shell. Its factors need not preserve the joint condition rs < @ or the condition (r,s) = 1, since Lemma 6.8
imposes neither. Apply Lemma 6.8 with saving A + Ciensor t0 each term on each occupied shell pair and each product
prefix I = (N/4,u]. Since Ciensor > 83, the total is O(NL~4), uniformly in u. The factor w is then restored by
Stieltjes summation, as in (6.50).

Central rows. The four central rows are bounded by Lemma 6.10.

Proper powers. By (6.25) and (6.26), Py, (') = Ty + Ty + Tip + O(NY/2t¥L?). This proves (6.27). O

Proposition 6.13 (Sixth-sum estimate). Fiz o in the range stated above before taking N — oo. Then, along even
integers,

(6.71) % < J6 — gra +o(1).
In particular, the certified floor in (6.70) gives
S, _
(6.72) W(S < J — gralo + Era(N;0), Era(N;0) >0, Era(N;0) — 0.

Proof. By Proposition 6.12(1), Sg < Amix- Use (6.14), obtained from (6.12) and (6.13). Fix A > 2, so that
NL=4 = o(W). The three low discrepancies are O(NL~4~10) by Proposition 6.12(2). The term (6.15) is O4(NL™4).
Also Py, (T) = Oa(NL™4) by Proposition 6.12(3). Hence Sg/W < Muyix/W + o(1), and (6.64) gives (6.71). Enlarge
the vanishing error to make it nonnegative. The certified floor (6.70) gives (6.72). O
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The precisions are fixed in the order (6.52). All constants precede the common threshold. Their dependence
through prime Siegel-Walfisz may be ineffective. The final section uses only (6.72). It uses the certified rational floor
in (9.2). Its gain is independent of the common coefficient used in the balanced-semiprime and switched comparisons.

7. THE BALANCED SEMIPRIME TERM

We bound the complete occurrence sum By (N). The two prime orientations keep their multiplicities. In this
section, fix

1 1 L 1 25
§<b<§, 5—77L—10 y U—%, M*—@, L—lOgN,
0<o<10710, =0, p=14+T7,
N'=N(1-L7%%),
N
(7'1) NK:(lfs)Uc:Wi ),
1/2
[(b):/ dt
AT
o 1-5
= g b .

The final argument uses (1.2). Every limit below fixes b and o first. For row three, write ¢y = 53/412 — 1 /2 =
264897,/2060000 > 0. This is the fixed floor of Paper I, §3.1.

7.1. The convolution source. Define
Ay(e) = #{(m,p') e P> N* <m < VN, eN <mp' =e<N'},

(72) Xp = ZA(;(B), BI/) = ZAb(e)lN—eer

Eiop = By — By, 0 < Ap(e) <2, 0 < Eiop < Q(NL7333 1)

The last bound counts integers in the removed interval. A prime square contributes one occurrence. No new ordering
or coprimality restriction is imposed.
For a finite sequence F', put

(7.3) Ap(g,a) = ZF(e) <1e_a (q) — 1(e’q)_1) , (a,q) = 1.

v(q)
Both terms use the full support. For this source, PNT and partial summation give
1—¢)N
(7.4) X, = %I(b) + op(N/L).

This is the calculation of Paper 11, [27, (5.44)—(5.51)]. The moving top removes at most 2(N L7333 4 1) mass.
The required convolution estimate is

(7.5) > max |Au,(qa)] <ap NI, Q< NV2L7PeviAb),
a<Q (a:0)=1

for every fixed A > 0. Its proof keeps the complete occurrence source and the moving top. Fix a top T € {N, N'}.
Before the discrepancy estimate, compare the exact cell sources (7.10) with their upper and lower convolutions. Each
signed child keeps the natural coprimality comparator 1(. q—1/¢(q). It is not replaced after summing the blocks.
The step from T'= N to T'= N’ costs the endpoint bands (7.11). It also costs the removed top mass in (7.2). The
actual moving-top application is proved below.

We use the following convolution input. Let a,,, b, have supports m ~ M,n ~ Y. Put x = MY > 3, and fix
7, Baiv > 0. Assume

2 < MY < z'77,

7.6 1 _ _
(0 > b i 3 ) o oY) og(ev)
n=l (k) ® (n,hk)=1
(n,h)=1
uniformly for every fixed Ay > 0, h,k > 1, and (I, k) = 1. Here d(n) is the divisor function. Then Fact 3.3 gives
(17) > max, [Bo(a.0)| < [ollpllas?loga) 4, Q< ot (loga) P,

<@ "
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The constants depend on all family constants in (7.6). This specializes Fact 3.3. It is Paper II, Lemma 5.1 [27,
(5.23)—(5.28)]. It applies to complete rectangular supports.
We make the interval reduction explicit. Fix a target A > 2, and put H; = A + 4. Choose

(1/2-b)L w (1/2—b)/R bej
R, = ) =N 7, i =N ]a
(7.8) ¢ [log(l L) ; v =N°¢
Ji=lyi-1y), Y=y
Close the final upper endpoint. For the fixed top T € {N, N'}, put

bj(m) = Lyepny;,

(7.9) af7(0) = lyerlenyy, <p<res ;s

a;T(P’) = lperlene/v,<p<1/Y;-
For F,G on the positive integers write (F' x G)(e) = )_,.._. F(m)G(n), and put AfT = afT *b;. The exact cell
source is
(710) Aj,T(e) = 15N<e§T Z 1.

mePNJ;, p'€P
mp'=e

The definitions give the pointwise envelopes A;T <Ajr < AIT. Their difference is supported in multiplicative
boundary bands at eN and T'. Put Eg(F) = > o max(a,q)=1 |Ar(g, a)|. Let Br(e) = Zj(AIT(e) —Aj r(e)). Then
Br > 0, with support in [eN/&,eNEJU [T /€, T¢€]. Each integer has at most two ordered factorizations into primes.
Since 1 < ¢ <1+ L~ s and T € {N, N'} satisfies T < N,

3" Br(e) <2{eN(E— ) +T(E— €N+ 4} < NI 1.

Since £ — £ < 2(¢€ — 1) < 2L~ Hs | counting integers in the two complete boundary bands gives the displayed mass
bound. Paper 11, (5.47), gives the aggregate boundary discrepancy

(7.11) Eq| D (Al,— A ) | < NLTHH 4 Q.

J
The @ term includes the bounded-multiplicity changes at exact endpoints. Split the second factor into dyadic blocks
(M, 2M]:

aji,T,M(p/) = aji,T(p/)lM<p’§2M-
For each block meeting the support, eN/(2Y;) < M < T¢/Y;, so M <. N/Y;, with only O.(1) blocks. Here n ~ Z
means Z < n < 2Z, as in Section 3. For the short factor, the theorem-scale parent is Y = Y} /2; since { < 2 eventually,
J; C (Y;/2,Y;] lies in that parent. The norms are

(7.12) laFrarlle < VM, lagpalle < llafzallz bl < /YL HFD2,

The prime number theorem on these intervals also gives a matching lower bound. It is ||b; |2 > /Y;L~(Hs+D/2 for
all sufficiently large N. This lower bound normalizes the conversion of the absolute prime Siegel-Walfisz error to
(7.6). The prime-interval form of (7.6) holds uniformly in j, T, M. For a fixed target A > 2, write Kgw(A) for the
chosen logarithmic level. For auxiliary moduli k& < L¥sw(4) this is prime Siegel-Walfisz at arbitrarily high fixed
logarithmic precision. The divisor loss from excluding primes dividing the auxiliary integers is absorbed into d(h)Baiv.
For k > LEsw(A) yge
Al < [JI/k+1+7(])/e(k)

and sup;.. xswn @(k) " < LKW Joglog(3LKsw(A)  taking Ksw(A) larger than the requested saving. For
every fixed target A > 2, choose H; = A 4 4. The grid has Op(LHs%1) intervals. The prime number theorem gives
the norm bounds (7.12). With Apjeex = A+ Hy/2 + 2, Fact 3.3 and Paper II, (5.23)-(5.28), bound the rectangular
blocks by O44(NL~473/2). The boundary term in (7.11) is O(NL=473 + Q). Increasing the single fixed logarithmic
level buffer absorbs the x <, N constants. Thus the complete moving-top source, including the actual top T'= N’,
satisfies (7.5). No fixed-width truncation estimate is substituted.
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7.2. Four directed sieve rows. Let Py = {p € P: p{2N}. Put

(7.13) Sp(diz) = > Ap(e) Ln-eyapuip-1,  Pn(z)= [ »

d|N—e p<z, pEPN
There is no prefix—cofactor coprimality condition. Both source primes exceed N#+ eventually. Thus, for every
supported modulus d,

(7.14) Z Ap(e) = f(—” + Ay, (d, N), (d,2N) =1, P*(d) < N".

d|N—e d)

Here P+ (d) is the largest prime factor, with PT(1) = 1. For the squarefree sieve divisors, use the multiplicative
density

1 ; .
(7.15) 9(p) = o1 (pePn), g@)=0 (1>2), gp)=0 (p¢Pn).
This is the squarefree-divisor density of the linear-sieve application. That input requires its zero prime-power tail.
The full arithmetic density is g(p?) = 1/¢(p?) for p € Py and j > 1. No estimate uses its prime-power tail. The two
densities agree at active primes. These are the only local factors used by the main-mass calculation. In Paper I,
Theorem 2.6 notation, this density is

W) =T WEPN),  wp)=0 (P, w()=0 (a22).

Thus w(p)/p = ¢g(p), and condition (2) has zero left side. For p > 3,

(-55) () (emm)

The product of the second factors over p > w is 1 + O(1/w) =1+ O(1/logw). Hence Mertens’ product estimate
gives condition (1) with exponent one and one fixed Kgi, > 2. We may take L, = 2. These are the dimension and
prime-power inputs of Iwaniec’s linear sieve [13].

If N — e is prime, it is at least NL 7333, It therefore exceeds N** eventually. Hence

(7.16) By, < Sp(1; N#+).
Use the ordered primes N* < a; < --- < a; < N+ in Py. The exact decomposition of (4.26)—(4.30) gives

(717) By SEtop+T0 —Ty+ 15 — R3 + Ps.
Here

To = Sp(1; NY),

Tj = > Sp(ar---a;; N*) (5 =1,2),

Nu<a;<--<ay<Nbs

(7.18) Rz =) Sy(a1azaz; N™),

ret

Pg = Z Z Sb(alagagr;Nt3).

ret N3 <r<ag
rePN

Every prime in these sums belongs to Px. The last sum keeps the half-open cells it inherits. The symbol >
restricts by

(719) @c = II}fH, gc = @c —nNr — t1 —to — tg, gc 2 2pt3
[3

ret,

Here H is the full eight-branch packing function, (3.29). The infimum uses the complete closed ordered cell. It does
not use a quadrature node.
The four directed applications are

term | row sign | sieve direction |  level exponent
Ty + upper F' 1/2 —np
(7.20) T - lower f 1/2 —np — pty
T + upper F' 1/2 —np — p(t1 + t2)
R3 — lower f L.

The first three cutoffs are N*. The fourth cutoff is N*3. The canonical functions are Iwaniec’s linear-sieve functions
[13]. Extend f by zero for s < 2. No shifted beta-sieve profile is substituted.

For each prefix product h, let A be the cofactor sequence indexed by n = (N — e)/h, with multiplicity A,(e)
when h | N —e. Put X, = Xp/p(h). Write z, for the row cutoff, Dy, for its level, and sj, = log D,/ log z,. Every
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prefix prime is at least zj,, and each squarefree sieve modulus ¢ | Py (z) has prime factors below zj. Thus (h,t) =1,

and the local identity (7.14) gives the exact remainder identity

(7.21) r(Ap,t) = Aa, (ht,N).

Since w(t)/t = 1/¢(t) and (h,t) = 1, the local main term is X,w(t)/t = Xp/@(ht), as required by Theorem 2.6. For

rows j =0,1,2, put S =11 + --- +t;, with S = 0 for row zero, and § = 1/2 — 5. The clipped exponent cells give
h < NP3, Dy, = N9=r5, S < 2.

Hence log Dy, /log N > 0 —2pp, > 0.1092 > 2u. The upper rows satisfy N* < D;,. The lower row satisfies N* < D}ll/2.

For sufficiently large IV, with o fixed, Dy, > 2. Apply Paper I, Theorem 2.6, (2.30), with density g(p) =1/(p —1) on
Pn, g(p*) =0 for a > 2, and sieve parameter e, = 0. With F = 2Ca370, the resulting directed inequalities are

S(Ap, zn) < XhVN(Zh){F(Sh) + E;_ } + R;r(h) + R+(h),

(7.22) S(An,zn) 2 XnVn (2n){f (sn) — Eg, } — Ry (h) — R™(h),
|[EL|<E.

Only the upper bound |EL | < F is used. No sign of EZ is assumed. Since X,Vn(zx) > 0, replacing EZ by E
weakens each inequality. The actual dimension and prime-power constants, the level lower bound, and the fixed-o
threshold are in (7.40).

The superscript AA below marks errors from this linear-sieve theorem. It does not denote a separate family of
profiles. For row j, sum over its actual prefix set ;. Let F; be F' on the upper rows and f on the lower rows. The
definitions used in the signed equalities are

mj = Z XnVn (2n)Fj(sn),

heH;
mj = Z )(h‘/}\[(zh)7
heH;
AN =Em,
(7.23) ” ,
r; = Z {Ry’(h)+ R"(h)}, vj = + on upper rows, v; = — on lower rows,
heH;

zj =mj; + A?A +r; —T; on upper rows,
zj =T; —my +.A?A +r; on lower row j =1,
23 = Rs3 —m3+.,4§A—|—r3.
Summing (7.22) over prefixes proves z; > 0. Also M; > 0, so A}AA > 0. These nonnegativity statements are proved

at source level for the exact signed remainders in (7.21). No sign of these remainders is assumed. Write the directed
equalities as

AA AA
T0=m0—|-./40 + 79 — 2o, leml—Al —ry+ 21,

(7.24)
Tz:mz-ﬁ-A?A-l-m—Zz, Rs=m3—-'43AA_7"3‘~‘Z37 A?A’ijo'

Lemma 7.1 (Signed row identity). With Mk = mgo — m1 + ma — ms,
3 3 3
Aarith :=To —Th + T2 — Ry — Mk = ZA?A +Z7"j - szv
§j=0 §=0 §=0
and every .A;“A occurs with coefficient +1.
Proof. Substitute (7.24). The lower rows carry the row sign —, which turns —A?A — 1+ z; into —|—.A?A +rj—z;. O

For rows j = 0,1, 2, the total moduli in these remainders fit the level of (7.5). A tail tuple satisfies [[, D; < Dp,.
In the parity ending in a defining cubic condition, remove two copies of the last label. In the other parity, use the
preceding cubic condition and the ordering of the last two labels. The empty and one-label cases follow from the
tuple definitions. Each p; lies in the interval D; < p; < min(D?, z;,), and d < D{. Thus, with the same S, 6 as above,

g= hdei < hD;’*” < NPSHE+p)(0=pS) _ NO+H(o+T)(0-pS) < NO+H(o+TI ~ N1/2-01/2
< < <
i
This power buffer is below N'/2L=5 for every fixed B, once N is large enough.
The factors of such a modulus that are at least zj are exactly the ordered prefix primes. They determine h and
its clipped cell. Factoring the remaining part at D;‘LQ determines the squarefree smooth divisor and the tail-prime
multiset. The number of tail labels is at most J, = [0~2]. Equal-label permutations contribute at most J,!. Each
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AA coefficient has modulus at most one. The number of label vectors is less than exp(803). Hence the total
coefficient at each modulus is at most Ckz » = 1 + exp(8073).J,!, independent of N. Apply (7.5) with target A = 4.
Divide by N = (1 — ¢)C(N)N/L?; here C(N) > Cy > 0 by Paper 1II, (1.2). This proves
[ro| + |r1] + [re|
Nk
The low-row bound uses Fact 3.3, the prime Siegel-Walfisz theorem, the prime number theorem and the Paper II
convolution inputs. It gives no estimate for the principal masses or row three.
The m; are the directed main terms. The r; are signed arithmetic remainders. Thus, with Mg = mg—mq+mo—ms,
3 3 3
By < Eyop+ Ps+ M+ Y AM Y rj=> 2
§=0 j=0 j=0

(7.25) <po L2

(7.26) 5 5
< Buop + Py + Mg + > AM +3 )],
§=0 §=0
This step is finite algebra. The directed source comparisons are proved separately.
The canonical row masses are explicit. For a prefix cell ¢, put

1
Hi@= Y
ay>->aj go(al o aj)
a; in the cell

Since the prefix primes exceed every sieve prime, the product over sieve primes at each row is Viy(zp). With the
ordered cell sets D; from (7.31),

mo = XbVN(Nu)F(So)

= X, Vn(N") Y Hi(e) f(s1(c)),
ceDq
(7.27) my = Xy Vn(N") Y Ha(c)F(52(c)),
c€Do
msg = Xb Z XCVN(Nt3)H3(C)f(€c/t3).
ceD3

The masses 9; are these sums with /' and f replaced by 1. In particular, the row-three retention indicator x.
appears in both sums.

7.3. The principal functional. We display the numerical functional used for M. Set

v1(s) = min L+s 32-34s 57 3
A 2 7 39 64 27’
(7.28) v(s) =vi(s) —u,  Y(x,y) = 2ly>y,

O.(z,y, 2) = max{u(z), v(y), v(x +y),v(z +y + 2),
Po(r+2), 0 +2y+2), vy +2), 20 +y + 2)}
The subtraction of u precedes both guards. This is Paper II, (4.70)—(4.72) [27, (4.70)—(4.72)]. Put
Hiog = log(p/u),
Ryp = 500(F(30) — 1) + 500H10g( — £(30)) + 250H2 ,(F(30) — 1),
(7.29) J_/“*dx/ dy/yl— (Y, 2) — x—y—Z)/z)dZ’

22

G*:7+Rup+t]*
.

We keep the true delay—functlon tail. Paper 11, (4.73)—(4.75), gives the constant cancellation
Hlog"’ Hi /2 /“* d:c/ dy [Ydz 1

2

The finite-parent comparison also needs its direction. Fix a ﬁmte clipped partition IT of [u, ). Its cells have
endpoint ratios at most p. Each clipped cell is a product of half-open exponent intervals [¢;,t;) with t; < pt;. Here
t; is the lower endpoint, so Nt < a; < N*% ie. t; < z; < pt;. The closure ¢ is used only for infima and lower

(7.30)
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bounds. The cutoffs N* in Rz, P3 and the factors pty, p(t; +t2) in s1, 82 use this convention. For a clipped cell ¢, let
we = [ []; dxi/x;. Define

so =(1/2 —n1)/u,
s1(¢) = (1/2 = nr — pt1)/u,
s2(¢) = (1/2 —nr — p(t1 +t2))/u,

F(so)—1 We
En=—"——+ —((1-f
- n= S 2 - S
+ 3 S (Fsa(e) — 1),
c€D>
_ 2
PH _ 1 Hlogu+ Hlog/2 + El‘[ o Z wc1€c22pt3f<£;73/t3)'

ceD3

Here Dj = {u < x; < --- < x1 < . }. Each cell is intersected with this ordered domain. Its weight includes the
actual ordered multiplicity. The required comparisons are

1
(7.32) 0 < En < Ryp, Pn<—+4FEn+J. <G..
p

The last line is an upper comparison. It asserts no equality between finite sums and integrals.

Compare the six canonical branches of ©, with their matching branches among the eight parent branches of the
packing function H in (3.29). Adding u to an unguarded canonical branch gives the matching parent branch. For
an active canonical guarded branch, the parent guard is also active, and adding u again gives the matching parent
branch. An inactive canonical guarded branch is zero and cannot maximize the canonical ceiling, since its first
unguarded branch is positive on the ordered domain. The two extra parent branches can only increase H. Hence
H(z,y,z) > O.(x,y, z) + u pointwise on that domain. On a closed anchored cell, each coordinate moves by at most
wx7T. Fix a point and a maximizing canonical branch there, and use its matching parent branch. If it is guarded, its
guard has reserve u — 7u,7 > 0 throughout the cell. This selected branch changes by at most (9/2)u.7 across the
cell. Therefore

®C Z 6*($7y3 Z) + u— (9/2)M*T7
g=u—nr — (9/2) T > 20T
Monotonicity of f(s), together with this reserve, gives the directed kernel comparison

Fltefts) o F(Oulw,,2) —z—y—2)/2)

7.34
( ) Xc ts = >

Summing over cells gives the upper comparison in (7.32). It does not identify a finite sum with the integral.
Put [z]+ = max{x,0}. We need the arithmetic-to-integral estimate
Mg — Ni 2e 71(0)G.
(7.35) My = Nig 200G g
Nk
The quantity Mg contains only the canonical values of F' and f. The linear-sieve errors E;‘f and the remainders r;
lie outside it. They are paid in (7.38) and (7.47). Fix (b,0). Three inputs enter. The first is the two-orientation
arithmetic-mass estimate for the source (7.2). The second is its four signed canonical AA main masses (7.27). The
third is the finite functional P in (7.31). For all sufficiently large even N they give
MK/NK <2e77I(b)Gs + Obyg(l).
Here the error tends to zero with b,0 and the cell count fixed, as N tends to infinity. This estimate is for the
finite functional in (7.31). It gives (7.35) directly, S0 Nmass(b, o) can be the threshold of this fixed-(b, o) statement.
This bound controls only the principal-mass term. It does not control the AA remainders, the optional numerical
certificate, the complete exterior comparison or the endpoint terms. No sharper arithmetic-mass estimate is used
here.
For the exterior comparison we use the common Gy coefficient
6088440363
0= T7 G* S G07
6836825163875517756286846321650754372931094689
1045 '

(7.36)

2e77Gy < cka2,q0 1=
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For G, < Gy, use the tight endpoint J, < 0.967120 of Paper II, (A.10a). It holds for the exact profile (7.29) [27,

(4.73), (4.75), (A.10a)]. Its weaker displayed endpoint is not used. The Taylor-model delay certificate is used for this

coeflicient comparison and is not an input to the shifted replay itself. It gives the explicit bounds
0<F(30)—1<3-107%, 0<1-—f(30)<3-107%.

Since 0 < Hjog = log(3125/32) < 5, (7.29) then gives

128 n 967120 11074 < 6088440363

25 106 109

The finite delay calculation and this rational budget do not replace the source-to-profile comparison or its fixed-

parameter hypotheses. For the scalar inequality, define
_57721566490153286060651209008240243104215933593992

10%0 ’

yy 57721566490153286060651209008240243104215933593993

+ = )
1050

Y- < < Vs

60 :

(—y_) 75307

ck2.60 —2Go Y il 1050
=0

Rup < (500 4 500 - 5 + 250 - 25)3 - 1074 < 107%4, G, < = Gy.

(7.37)

> 0.

The rational enclosure follows from Euler-Maclaurin for H,, at n = 10°, through B;s. The next-term remainder
is bounded by |Big|/(18n'8). Both logn and H, are enclosed outwards by the certified exact-input record. For
0 < & < 1, the even Taylor partial sum of e™% is an upper bound. Thus the exact rational comparison in (7.37)
proves 2e" "Gy < ck2,Go-

The switched comparison uses the same coefficient. At b = 2999993/7000000, the common final-margin inequality
(9.24) has slack 0.000228954311267289 ... > 1/5000 on the stated route g := 0. Both comparisons use the same Gy
bound. Scalar positivity does not establish the required source estimates.

7.4. The complete error bound. The analytic hypotheses are stated below. The sums are over the original
applications. The four principal linear-sieve errors satisfy

3 AA
2j=0A;

< Ag(b)C
NK > K() AAO,

(7.38)

Hi,  Hi,
Ag(b) =27 T(B)Wan,  Waa =500 | 1+ Hiog + —5 + —= |

Let Caas7 be the absolute constant in Paper I, Theorem 2.6, (2.31), and define
(7.39) Caa =4Cans7.

The coefficient four is the factor two in (7.43) times the factor two in the common bound |EE| < 2Caa370. The sum
over the four rows is already included in W . It is independent of o, N. It is unrelated to the global tensor constant
in (6.40). All four actual levels satisfy D > N'/250, We use (2.31) with the actual fixed dimension constant Kgiy,.
For the squarefree density in (7.15), the left side of (2.27) is zero. Hence the actual prime-power constant is L, = 2.
This value is used in the exponential below.

(7.40) |E§t| < Cansr{o+ o 8efamt2(log D)_1/3} < 20370

once L > 250 exp(3(Kaim + 2))o~?". Name the corresponding even threshold
1
Naa dec(0) =2 [2 exp(250 exp(3(Kqim + 2))0—27)—‘ .

It is chosen at fixed 0. Every N > Naa dec(0) satisfies the displayed decay bound. The four ordered harmonic row
masses, before the common Fuler and source factor, are bounded by

l Hlog H120g
) ) 2u )
A1 v v
(7.41) Pede (Tdy [Ydz  pHE HY
row—3mass§p/ —/ — —ZS £ < £,
w T Ju oy Ju 2 2u 6u

For the last inequality use 3p < Hios = log(3125/32). The factor p allows the anchored-bin endpoint enlargement.
The first three identities are the volumes of ordered logarithmic simplexes. For the fourth, bound f;j dz/z? < 1/u
and integrate over the ordered (x,y) simplex. The sum of the four displayed upper envelopes is Waa, the four-row
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envelope used here. It is distinct from Paper II’s coarser global sieve-error bound. Let H = H,z = log(3125/32).
PNT and Mertens’ theorems, uniformly over the finitely many fixed-o cells, give

2e"7C(N
VN(N®) = aiL()(l—i-o(l)), Hj(c) = we +o(1).
For the retained row, 1/t5 < p/x3 on each cell. Dropping the retention restriction only increases its mass. Consequently
3
o 1 H H?
@ <2 I(b)s—+ —+ 5+ pJsp +o(1),
(7.42) Nk U U 2u
H?/2—H+1 1 H?
Jpj=—""-——< —.
U Lo 2u

The bracket is smaller than Waa = u=!(1+H+H?/2+ H?/6), with relative gap greater than 0.2842 for 0 < o < 10719,
The coarser bound pJ; < pH?/(2u) still leaves relative gap greater than 0.1723. Consequently, for each fixed b, o,
there is a threshold Naa dens(b, o) such that, for every even N > Naa dens(b, 0), Zj M; < Nk 2e 71(b)Waa. Define

Naa(b,0) := max{Naa dens(b,0), Naadec(c)}
Thus both the density estimate and (7.40) hold above Naa (b, o), as required for (7.38). The maxima defining Tk
and 7. below include this combined threshold. The displayed source-density bound below is weaker by a factor of
two. Let 91; be the nonnegative principal mass multiplying the relative sieve error in row j. The resulting bound is
3
(7.43) > My < 2Nk 2e7VI(b)Wana-
§j=0

Multiplying it by 2Caas70 gives (7.38) with (7.39). The Euler factors and the actual-source mass identification are
included above. The secondary decay is paid once.

The positive peel is bounded by the two-form argument of Paper II, [27, (4.46)—(4.56)], applied to the original
source. Put B,,, = {e: m | N — e} with multiplicity Ay(e). For m = ajagasr in Ps, put E = N and w = N* < F.
Write A, = Eizl 1{a,>n)- Every e in the support is a product of two primes at least N°®. Hence e is odd and
w-rough. Write N — e = mk. Then k is odd. A prime p < w dividing k£ and N would divide e, which is impossible.
Hence both forms k and N — mk are free of all primes below w. Therefore Sy(m; F) is at most the two-form Selberg
majorant of [27, (4.48)—(4.53)] on 1 < k < N/m, once for each layer. All prime factors of m are at least £ > w and
lie in Py. Hence (m,N) =1, and vy (p) is as in [27, (4.48)]. Retention gives, as in [27, (4.55)],

(7.44) logym < p(ty + b + 2t3) < p(Oc —n1) < 322 + 27, log v (w?m) < 1 —0.0116, logy w=u> 157
Consequently [27, (4.47), (4.53), (4.54)] give, eventually and uniformly in m,

4.002 Uc < 2008008 U

(7.45) Sy(m; E) < 2- =

m m

459
M, <2 M, < 222
u oo XA = AT Eh: "= 71000

since one layer is at most (N/m)/Gn(w) + O(w?log® w) with Gn(w) = (1 4 o(1))u?L?/(4C(N)), and 4.002/u? =
1000500 < 1004004 = 2 - 502002. The bin sums are [27, (4.56)]: log(u./u) = log(3125/32) < 4.59, and a3, r lie in one
parent bin. Therefore

P. 459\ 3 24272444031579
(7.46) U—?’ < 2008008 - 2 () = T < 388400000 62,

c 100 62500

and P3/Nx < Pro® with Px = 388400000/ (1 —e) = 3884000000000/9999, for N > Npee(o). The coefficient 2008008
includes the two layers. No orientation factor is added.
The remaining estimates are

[ro| + |7r1] + |r2]

<pe L72,
NK b,o’

(7.47)
K‘TS‘ <<b7o' N—ZOU2L3 +N_b/4L7 +L_260 + L_120 +L_2 + N—CUL4O24+C — Ob,o’(L_Q)-

K
The first line is (7.25). The second is Proposition 7.3 below. Its displayed terms come, in order, from the squareful
mask, proper powers, logarithm freezing and the boundary. The last two are the combined logarithmic Type-II and

Type-I-2 bound and the Type-II power-saving term.
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7.5. The row-three remainder. We bound the complete third-row remainder of the actual source (7.2) by Paper I,
Theorem 3.2. Every other contrlbutlon is bounded separately. Fix b, o. erte ug for the retained cells ¢ € D3 with
Xc = 1. Tts size is O, (1). For ¢ € Z _3 put D, = Nt z.=N' and u. = Df . Let I; be the actual half-open exponent
interval of coordinate 7 of the clipped cell. Then ¢ C Iy x Iy x I3. Put P; = {a € Py : logy a € I;}. For every a; € P;,
Nt <a; < NP% and a; < N*= | also for a clipped interval. Write ¢, < min(pt;, 1.) for the upper endpoint of I;. On ¢
the actual coordinates satisfy x1 > x5 > x3 > u. Two of the intervals are equal or disjoint.

Exact occurrence map. By (7.21) and Paper I, (2.30), (2.32)—(2.33), applied to Ay, at level D, cutoff 2z, < Dl/2 nd

€s =0,

(7.48) =3 D D Ockl@)An (g, N),  Ke={R1}UD (D),

cest keKe g

ng(Q) = Z Z )‘Sik) Z 1q:a1a2a3dp1---ppk'

a;>az>a 4 )
A N ;]i]e)lgipj

pi#p; ((1,5)€1(D))
Here /\EIRU = ¢, with no tail (pr; = 0). For k = D, /\((f) =)\, (D) and Q; = Py N [Dj,min(D]HT,zc)). All
coefficients have modulus at most one and depend only on (¢, k). The identity is exact at every supported modulus.
Let M, € {1,2,6} be the number of orderings of the equal intervals among I3, I2, I3. Let I'c , be M times the same
sum, with a; € P; independent and no tail distinctness. Then
(7.49) Ock =Tk —E1,ck — EPc .k,
where Z7 collects unrestricted terms with p; = p; for some forbidden pair (4, j) € I(D). Zp collects the remaining
unrestricted terms with a; = a; for an equal-interval pair I; = I;. A prefix prime is at least z, and every tail prime
is below it. The primes of d are below u. < D;. Unequal grid intervals are disjoint. Hence every modulus in the
support of Zr or Ep is divisible by p? for a prime p > u. > ug. Here ug = Ntoo?,
Support, cutoffs and constants. Every supported modulus is coprime to 2N. The cells are clipped to [u, ), and
vpk(2) = (1 4+ 2)/2 on [0, ui]. Thus O, > (1 + t1)/2. The actual coordinate bound ;1 > x3 > u on T also gives
©¢ > (1 +u)/2. Hence

(750) Ec 2 max{Ag - tg, 2pt3} 2 %Ag = %, Ag =5 —NL — Q/L*,
and ¢, — ¢y > 231463/24720000. By the cubic tail conditions, Zj 55 < L for s; = logx Dj. Thus every supported

modulus satisfies

(7.51) qg< NP(t+tatts)+oletple < Neée, eq = (p+0)(Hpmax — 1) < %, Hoox = %

Since the cell ceiling gives 0 < £ < Hyayx = 153/256 < 1 and 0 < o < 107%°, f.0? < 02 < u = 1/500. Thus
ue = N%% < N*. The cutoff comparison uses only this exponent inequality.

Every labelled prime is at least u., so the number of labels is below 3/(5¢yc?). With M, = [3/(5¢pc?)] and the
vector count exp(8c~?), one has |Ce x|, |27, [Ep| < My!, and Y-, (ITc il + [E7] + |2p|) < Cky -
The squareful terms. Since |A 4, (g, N)| < 2(N/qg+1)+2N/p(q), Paper I, (B.5), with Y = ug and Qsupp = N gives

(7.52) SN Erer(@) + Epew(@)] A4, (g, N)| <o NP0 L,

Prime detection and the two Heath-Brown expansions. Put z; = N1/(log L)3, 80 21 > zo(X) for every occurring box
scale eN/2 < X < N. Both source primes exceed z;. Apply Paper I, (B.7), to 1p(m) and to 1p(p’). Apply Paper I,
(B.9), with roughness 21, to A, (m) with cap U; = 2N'/% and to A, (p’) with cap Uy = 2N(=9/3, The identities
apply since m < N'/2 < U} and p/ < N'=® < U3. For patterns j,j’ € {1,2,3} the tested index is a labelled tuple
v= (v v®)e Rf{“j,, at most twelve coordinates, with

m=[[v®), p =T]v®, e=mp/, N <m<NYV?2 cN<e<N/,

the Mébius coordinates of v(¥) at most U;, and coefficient ¢;(v(V))c; (v(?))/(logmlogp’). Here c; is the coefficient
after (B.10). For a fixed product e, put

Lie,q)=1
7.53 Se(q; N) := As, (¢, N) = 1.— — er=
( ) ( ) ( ) N (q) 2(q)

Thus the Heath-Brown tuple map uses the point-mass discrepancy Se(q; N). The exact weighted point-mass expansion

is
AAb qa Z Ab )
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The weight Ap(e) keeps both eligible ordered orientations, as in (7.2). A prime square is counted once. The
proper-power remainder &y, consists of the pairs in which m or p’ is a proper prime power. For every fixed (¢, k),

Cj 1)C
.54 T A ] I r,
751 5003 =6+ DX S S s )

exactly. Each tuple keeps the natural discrepancy of its own product. The per—cell coefficient bound is the factorial
bound above; the sum over cells uses the separate aggregate bound defined there. Since e < N, |¢;jc;j/|/(logmlogp’) <9
and >° [T'(q)[|Se(q; N)| < Cka,0F(e) with F(e) = 7(N —e) +2(1 + L). The tuple multiplicity is at most 712(e). The

divisor bounds 72, < 7Ty44, 7 < 716 and Cauchy—Schwarz give

(755) Z T12(6)F(€) < NL73, Z T12 << NL™,
e<N e<N

There are < N'~¥/2L proper-power pairs, and >_,_y 7(e)F(e)> < NL°. Therefore

(7.56) |Eop| <o (NYTV2ZL)V2(NLO)Y2 = NIZV/ALS,

Boxes, logarithm freezing and faces (H6). Put 6 = L~33*. Use the equal-ratio mesh of Paper I, (B.12), with dx
replaced by 4, on every ambient coordinate axis. Keep {1} as an atom. A box B is a Cartesian product of cells. Its
lower endpoints are V;, and X = HZ Vi. Let A1, A2 be the sums of log V; over the two sides. Then eN/2 < X < N on
every box meeting the source, so Kya1e = 1. Replacing 1/(logmlogp’) by 1/(A1\2) changes the weight by O(L=33%),
since Ay > bL/2. By (7.55),

(7.57) |Erog| <o NLT27334,

The faces are m = N°, m = N¥/2 ¢ = eN, e = N, and the cap faces v; = Uy, v; = U on Mobius coordinates. All
are singletons. On each, an active coordinate is at least N*/29. Paper I, Lemma (B.14), with s < 12, K,=1and
Naist < 126, gives at most < N L1334 boundary tuples. Cauchy-Schwarz with (7.55) gives

(7.58) | Epary| <o NL15334/2
Thus (H6) holds with ¢, = 72, cg = 45. On a nonboundary box every source cut and cap is constant.
The coefficient is the outer scalar ¢z = (—1)717 ()( ) (log X)? /(A1 A2), times w(v) = [[,wi(v;) with w; €
{pz1, 1%, , (logv/log X)1%, }. Each side carries exactly one logarithmic coordinate, and (log X)?/(A1Xz) <

1/(b(1 = b)) + o(1) < 4.5 + o(1), hence the scalar norm bound |[csllec < 45. Each coordinate meets at most
21335 cells, so

(7.59) > Z Z leg| <o L1020 < 14922 K = 4022 < 24Ch0x + 26 = 8042.
ok 4,5’

Classification. Let e¢; = logy Vi, W = [600,1/3 + 140], and « = (log2 + 121log(1 4+ 9))/L < 0/202. A box is Type 1T
if some e; € W. Select the largest such e;, breaking ties by the fixed coordinate order. Otherwise every Mobius
coordinate is small, since 1/6 + x and (1 — b)/3 + & are below 1/3 4+ 140. On the m-side, > e; > b — k > 3600. On
the p'-side, > e; > 1/2 — k —log(1/e)/L > 3600. These are the only side bounds needed to rule out an all-small side.
Together with the global Heath-Brown sum bound ) e; < 1 + &, the threshold 1/3 + 140 permits at most two large
variables. Hence each side has exactly one large smooth coordinate. Every other box has exactly two large smooth
coordinates Ny > Ny > X1/3_ Tt has at most ten small coordinates, of product M, with

(600 + 1/202)0

<6.02-1078, NN, M < 230X, < X0:597T
1—o/101 1N2M < q

(7.60) logy M <
There are no Type-I-1 boxes.

Type-1I boxes: Paper I, (H1)—(H5) and LEN.. Fix (¢, k) and a Type-II box. Let its selected lower endpoint be T', put
& =logn T, and let the other lower endpoints have product M = X/T.

H1.: Cg =T} has the form (3.4). Here J is the three prefix labels and the tail labels. The prime sets are
P; and Qy j, ur, = uc > ug, and d | Py (u.) is squarefree. Repeated primes are kept. We have ¢ < X% by
(7.51) once (3/5 —eq)L > (3/5)log(2/e). Also (¢,2N) = 1. The selector x. is constant on the block. The
removed corrections are Z7,Zp and &,,. There is no comparator correction, since the comparator is natural
on every tuple.

H2.: Take the upper exponents t} > t, > t; and min(ps;,t3). For d, = p(©. — nr), the merged list satisfies
WF(d.). The reserves are p(1/2 — n, — 3u./2) = 33109p/160000, p(1/2 — ny, — 5u./2) = 1859p/160000,
p(lc—t3) > p(2p—1)ts. For a tail rank, the reserve is p times the strict inequality >, _; s; +2s; < £ from the
D~ conditions. Put h = d. + 600, épx = 300, g =& —300. Then h —1/2>9- 1074, ©. — h > 0.0000999939,
h < Hmax7

300 < g <1/3— 160, dpk = 300, g <1/3—0dpk/2.



THEOREM (1 + 1.75) ON THE GOLDBACH CONJECTURE 59

The upper requirement has reserve at least o, since (1/3 —150) — (1/3—160) = 0. Also h < O, < H(t},t}, t4)
because (t],5,t45) € ¢ and ] < p.. Paper I, Theorem 4.1, gives J = J; U Jy U J3. Put d in slot one, with 4
as in Paper I, (3.5). The tuple map gives I'c p = M Cyot (71 * 72 % 73), Cstot < M, !, 75| < 1. Slots two and
three are ug-rough, and empty slots carry the atom 1,—1. The scalar M_! is an outer coefficient.

H3.: Let Q,R,S be the scales of v1,73,72. The loads (4.3), the slot-one load of, < o0Hpyax of d, and
Ag = X1+9/20 give reductions (7527/256, 60, 114421 /1280, 26247/256)a. They are, in turn, in Q/T, T2R2S,
Ag/32TQR2S5, (TR/S)"/*TQR?S°. The required reductions are 29,8, 15,15, with losses at most 2w,
w = logy(N/X) < 0/202. We also have logy(QRS) < eq, so QRS < M;X 8% with reserve > 0.0691.
Next, Ny > QX?/3 with reserve 29.0690, and M; > X'/2. Thus (3.6)-(3.7) hold. The selected coefficient is
an = Wser(n) 17, (n) € {pu(n), 1,logn/log X }1p-(n)>z, 11, (n), with ¢ = 21 > 20(X) and I7 = (T, (1 + A)T].
The complementary coefficient §,,:, the product of the other at most eleven weights, satisfies |S,,:| <
T11(m?) < Toz(mt). Here T3 = da3 is the 23-fold divisor function, with dag(n) = Y n—ny.nys - As in Paper I,
(B.22)—(B.23), with at most eleven complementary cells, Ny > T/(6L33%), My = M((1+A)" —1) x ML=334,
mo = M(14(1+A)")/2 < 2X/T, s0 Cety = 2. On the doubled support, mn < X(1+A)(1+3((1+A)1-1)) <
N’(1+200), because X < e < N for every tested product of the box. Hence N —mn > NL™334(L —20) > 1
and |mn — N| < N < X3, which is (3.10). The integer convention of Ir is that of Paper I, Lemma B.22,
since the mesh and the roughness are the same. LEN follows from the condition

(7.61) oL >2'3°(335)(log L + 1).
It gives T2~ > 12034 and N; > (2T)-2 ™.

H4.: a=N,0< N < XL < Ap, and every supported modulus is coprime to 2N.

H5.: N7 < T < N'/3+17 and (3.99) gives T < X/3+15¢ and T < X1/2,
The selected-factor Siegel-Walfisz bound is Paper I, (3.25). It is proved for these three coefficient classes with any
¢ > zp. In the large-norm case of Paper I, (3.48), the zero mode uses Lemma 6.5(ii) in place of [3, Theorem 0(a)]. Its
premises (3.1), (3.2), (3.6), (3.8) with LEN, (3.11) and (3.25)—(3.27) are those verified above. Theorem 2.8 of Paper I
enters only inside the proof of Theorem 3.2, with the dictionary
(7.62) rp =2z, Sp=Dpy, nr=pom, ar=¢eyN, Np=8pyH.SF, Ap= Ay,

both signs, all nine smooth weights and the full bracket. Paper I, Theorem 3.2, (3.13), gives, uniformly in the box,
the block and the cell,

(7.63) 1SE5PT| <o XL 4 X170 L SESPT =3 "Tek(g) D w(v)Se(g; N).
q veB

With A =4, Chex = 334, A’ = A + 24Cyx + 31 = 8051 and (7.59), Paper I, (3.92), gives
g
(764) EH _ Z |CB| |SBPSDT| <<b,a' NL4O2278051 + N1700L4022+C.

Here SESPT already contains T j, hence its factor M1 from (7.49). The coefficient norm (7.59) sums only |cz|, so
the orbit factor is paid exactly once.

Lemma 7.2 (Relaxed Type-I-2 estimate). The source hypotheses are the Type-I-2 conditions (SH1)-(SH5) stated in
Paper I:
For a direct shell [X,2X), assume the following source conditions (SH1)-(SH5).
(SH1) The coefficient v(q) is independent of tested variables, (¢,2N) = 1, |v(q)] < Cy, g < N©@,
eq < 153/256, and (a,q) =1 on its support.
(SH2) The tested geometric source and cap restrictions are constant on each nonboundary box; the
roughness sieve is separate as in (SH3). Smooth factor weights have sup |w| + V(w) < 1.
(SH3) All HB factors are rough at the threshold z* = zo(X) or zo(N).
(SH4) The discrepancy is exactly (3.3).
(SH5) The assignment priority is proper prime powers, boundary boxes, Type II, Type I-1, then Type
1-2.
Assume (SH1)-(SH5) for a nonboundary K2 box. Let the two large smooth variables have nonnegative weights wq, wo
and N1, Ny > X/3. Let the remaining small variables, at most ten, have product M. Assume

M < X6.02<10*8’ Ny NoM < 230X, q< X0'5977,

and oy, | < T10(m) < 7(m)°. Then, for every fized A > 0, uniformly in the supported unit residues,

S @D am > wi (n1)w3(12) S,y s (5 @) | oon XL
g=Q m

n;€l;, P~ (n;)>z*

The same statement holds for a fixed finite sum of signed weights. Split each bounded real weight into its two
nonnegative parts.
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Proof. Restrict first to (m,q) = 1, and write A = C' — M, for the positive congruence and comparator functionals.
In the K2 application the inner product is e = mmninsg, the residue is N, and (¢,N) = 1. If (m,q) > 1, then
(e,q) > 1, s0 both .=y (4) and the comparator 1. 4—1/¢(q) vanish. The omitted range contributes zero. Apply the

Brun-Bonferroni sandwich of Paper 1, (3.102)—(3.104), at Dy = X1/2, ¢; = 7.55. For a requested fixed logarithmic

precision Asy, put
log D 1
= B2 B=Y o T=2[s/2),

p<z*

5= log z*’

and increase the common threshold until J > max{2, e?F, Ay, log L}. Since sy < o(loglog N)? and E = O(loglog N),
this is eventual at fixed o, and E7/J! < L~4s.
For the two large factors put R; = 1p-(y,)>.~ and G; = ‘11;r — U > 0. Positivity gives
U — GV — UGy < RiRy < UTUT,
so the three signed gaps and the two nonnegative comparator gaps bound |A(R; Rs)|, as in Paper I, (3.113). Expand
the three gaps over d; < Djy. The completed hyperbola estimate (3.109) gives O, (Dj%ql/QXeX). Here we fix
ex = 1074, Squareful moduli are included by the full-modulus Weil-Estermann bound.
The two one-dimensional sieve gaps satisfy
Z Gi(n)w;(n) <a,, NiL™* + Dy, Z UF(n)w;(n) < N; + Dy.
nel; nel;
Thus the total is bounded by
(1-2)) MD3Q¥2X XL + XL + MDy(Ny + N2)LE + MD3LC.

The ten-variable check uses the following upper bound. The expression is increasing throughout 0 < ¢ < 107!, so

its maximum is evaluated at o = 10710:

6000 + K < (600 + 1/202)0 < (600 + 1/202)10~10 _ 121201
l-w — 1-9¢/101 — 1-10"19/101 2019999999998

where w, k < 0/202 absorb all fixed dyadic factors, so 1 —w > 1—0/202 > 1 — 0/101, consistently with (7.60).

Eleven small variables would give % ~ 6.600049504957030 - 10~8, which exceeds the allowed bound. With

q < X05977 the first exponent in (I-2°) is at most
6.02-107% +7.5-1071° + 1.5(0.5977) + ex = 0.89665006095 < 0.897,
leaving slack 0.00034993905. Also, using N1 NoM < 230X, Ny > Ny > X1/3, and Dy = X375

MDf(Nl TN, < 231DfX/N2 < X2/3+3'75‘10710 < X0.6687 MD? < X6.02~1o*8+7.5~10*1°

~ 6.0000495049564356926-10~% < 6.02-10~8,

< X0.668

The coefficient bound uses 719(m) < 7(m)?, so By = 9 is fixed. Finally, a family of at most O, (L) boxes is absorbed
by requesting As, > K + A + 5, after all fixed logarithmic losses. This proves the lemma. O

Type-1-2 boxes: the complementary estimate. Lemma 7.2 is a relaxed form of Paper I, (3.111), for this source. Below
we check each displayed hypothesis against the actual K2 source.
For the present K2 Type-1-2 box, the nontrivial SH2 check is the display

1
1<v <X, w(v) € {1, log)v(} , P~ (n;) > z* is a separate tested condition,
og
7.65
(7.65) log v log v 2log(1 + L=334)

Thus the two tested large factors have the required nonnegative weights and bounded supremum plus variation. The
roughness condition is not hidden inside the weight.

For the Type-I-2 boxes above, (SH1) has v =T'; ;. The support and bound are (7.51) and (7.49), eq < 153/256,
and the residue is the unit ¢« = N. The partition construction proves the geometric constancy in (SH2) on each
nonboundary box. In this two-large-variable case the two tested large factors are the selected smooth factors. The
roughness restriction is kept as the separate condition P~ (n;) > z* in the inner sum. Their smooth weights are then
individually 1 or logv/log X, not u,,. Hence they are nonnegative with sup |w| + V(w) < 1 as required by (SH2).
The p., factor occurs only among the complementary small factors. Condition (SH3) is z; > z9(X). Condition (SH4)
is the natural full-product discrepancy fixed above. Condition (SH5) is the priority in the preceding boundary and
Type-II classification.

On a large-coordinate cell (V, (1 + §)V], § = L7334 one has 1 < V < X. The smooth weight w(v) = 1 has
supremum plus variation equal to 1. The alternative w(v) = logv/log X is nonnegative and increasing, with

2log(1+9)

3 <14 ————-=0(1).
sup ] + V(w) < 1+ =52 = 0()
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The roughness restriction remains a separate tested condition under (SH3) and inside the sieve, and it is not claimed
to be constant on a box.
Thus the relaxed estimate of this chapter applies with z* = z;, the two large smooth weights nonnegative, and

|tz | < T10(mF) < 7(mF)°.
Each of the at most ten small labels contributes one factor. Normalized logarithmic weights logv/log X are at most
one on the support. Thus the coefficient hypothesis uses the fixed divisor exponent By = 9, independent of N. The
first term of (I-2’) uses the following values. The slack is 0.00034993905 at exponent 0.89665006095. The two final
terms have the bound 2/3 + 3.75 - 10710, The absorption is w, x < ¢/202, and the divisor bound is 719 with By = 9.

By (7.60), Lemma 7.2 applies to every K2 Type-I-2 box. Requesting A; = K + A + 5 for the fixed O, (L¥) box
family (here K = 4022) gives

(7.66) Erp <po NL™* = NL™%.

Proposition 7.3 (Row-three remainder). Fiz b € (1/3,1/2) and 0 < o < 107!°. Under Paper I, Theorems 2.8
and 3.2, with the relaxzed Type-I-2 Lemma 7.2 and Lemma 6.5(ii) at (3.48),
J:’TS‘ bo N’ZO"QL‘Q’ _|_N7b/4L7 _|_L7260 +L—120 +L’2 + N —Co [,4024+C
K
Proof. By (7.48) and (7.49), rs is the I'-sum minus the squareful sum (7.52). By (7.54), the I'-sum is &, plus the
tuple sum. Every tuple lies in exactly one box. The boundary tuples give (7.58). On the other boxes logarithm
freezing costs (7.57). Each box is of Type II or Type I-2. Sum (7.52), (7.56), (7.57), (7.58), (7.64) and (7.66), with
O, (1) pairs (¢, k). Dividing by Nx = (1 —¢)C(N)N/L? > (1 —&)CoN/L? >, N/L? gives the claim. O

Proposition 7.4 (Exterior source estimates). Fiz b,o before N. For the source (7.2):

(1) (7.32) and (7.35) hold for the two-orientation source and four signed AA main terms in (7.27) and (7.31);
(2) (7.43) and (7.38) hold for N > Naa(b,0);

(3) (7.46) holds for N > Npeel(0);

(4) (7.47) holds.

Proof. Ttem 1 is (7.33)—(7.34) and the derivation after (7.35). Item 2 is (7.40)—(7.42). Item 3 is (7.44)—(7.46). Item 4
is (7.25) and Proposition 7.3. O

Proposition 7.5 (Exterior comparison). For fized b,o there is a nonnegative rx(N;b,0) — 0 such that, for
N > T,.(b,0) with T, as defined below,

4By (N
(V) < cxa.c0l(b) + A (D)Cano + Pro® +rx(N;b, o),
(7.67) W(N)
388400000 3884000000000
K pr— pr—

1—¢ 9999
Here T = max{Nnass(b,0), Naa(0,0), Npeel(0), Tien }. The threshold Niass @s from the fized-parameter estimate
at (7.35). Naa is from item 2 of Proposition 7.4. Both exist with b,o fized. Finally, Tien is the named length and
application threshold of Section 2. In addition,
Erop + [Mic — Nic2e T(0)G.] 1 + 37 ||
= N = Obﬁg(l).
K

In particular, let T, be the least even threshold above which i < derr/10, and set T, = max{Npass(b,0), Naa(b,0), Tk, ﬁ}
These thresholds ezist at fixed b, 0.

Remark 7.6 (Single payment of each error). In [26, Theorem 2.6, (2.30)] the three summands XV E,, Ry and R” are
distinct. The first is paid only by (7.38), the other two only by (7.47). The decaying part of (7.40) and the o(1) in
(7.42) are absorbed by thresholds at fixed o. The peel term Pj contains no linear-sieve application. Thus
Eiop + 37, Irjl + [Mx — Nk2e 77 I(b)Gi]+
TK = )
Nk

(768) rK

and no error is counted twice.

Proof. Use (7.26) and divide by Nx = W/4. The principal term is bounded by Ng2e~7I(b)G, plus its positive
part. Also 2¢77G, < cka.co by (7.36)—(7.37). Proposition 7.4(2),(3) pay the sieve and peel terms above T,. By
definition, 7 includes Nyass(b, o), Naa(b,0) and T . The remaining terms form rg. First, Fiop /N < L7331, The
positive part contributes oy ,(1) by (7.35). The row remainders are Oy, ,(L™2) by (7.47). Hence 7k = 0p,,(1). The
convergence is ineffective through Siegel-Walfisz, so T;. exists but is not computed. ]
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8. THE SWITCHED SUM

We estimate the single term —Sgy, /W. The normalization is (2.2). Fix ¢ as in (2.4). Put
153 264897 ~ 109
2567 ° 7 2060000’ L 10007
New =N(1—-L7%%), Py={pecP:pt{2N}.

All limits in this section fix o first.

= 1074, g = 1074, Hyax =
(8.1) 1

8.1. A common nonnegative source. We use the prime-coordinate cells of Paper II [27, (5.29a)—(5.31)]. Their
rules are

I, = [avﬁ)v I = [57)‘)a I3 = [)\,1/3), I, = [1/3,1],

o 5T lla_ 6408241 o _ 2Cs = B)
L3 = 64 5 9192000 A= 5
ki+ke+ks+ks=Fk, 5<ELIL, ki>mp>-->my, >0,
(8.2) vj Swvg = my =k,

5
Vj >V = Tm; < Crs — ivj < Tmj+1,

k2
k
we =34 Tuyma = 2b1 =2 — ot (5 ) 4 S
j=1

The z; and v; increase in I; and I>. The outer sentinels are infinite. Let C+ contain the cells with we > 0. For such
a cell, put

ac(€) = le=p,-pr, N®<pi<-<prs
(logn P1,---,logn pr)EC

Ale) = > weac(e)lenceen,,, 0< Ale) < 36,

( ) C€C+
8.3
XA = ZA(6)7 YA((]) = Z A(e)v
€ (e,q)=1
Ca(@;N) =) Ale)lgn—.
Since Zj m; < kika, we have
ki(kr —1
we < 3+ 1y—o — 2k —2k2—k3+M+k1k2 < 36.

2

For k1 > 2, maximize at ks = 0, ko = 11 — kq; the resulting concave quadratic has maximum 36 at k; = 10,11.
The cases k1 = 0,1 give at most 4,1. The strict cells are disjoint, so this proves the bound for A. Every prime is
permitted in A. In particular, A has no factor 1. sn)=1. Keep the selector 1g(c)>3 in the switched source. The
required pointwise comparison is

(8.4) Logeyss(Wis(©))s < A(e) (uMob(e)z —1, P (¢)> Na)>.

€N<6<Ncut

Here pnob denotes the Mobius function. Paper II gives zero positive part when Q(e) = 3,4 [27, (1.7), (4.9),
(5.29a)—(5.31)].

Proof of (8.4). Let e satisfy the side conditions and write e = py -+ pg, p1 < -+ < Pk, ©; = logy p;- If (e, N) > 1,
every occurrence in (4.3) vanishes, because it requires (d, N) =1 and (n/d, Nd) = 1 [27, (1.7)]. Then Wi3(e) = 0.
Assume (e, N) = 1. Since N¥® < e < N and 12a = 1200/1149 > 1, we have k < 11. If k < 2, the selector vanishes.
If k € {3,4}, Paper 11, (4.9), gives Wi3(e) < 0. Its hypotheses are exactly squarefree e, (e, N) =1, eN < e < N and
P~(e) > N> [27, (4.9)]. Let 5 < k < 11. The table after Paper II, (5.29a), shows that the three negative pair counts
vanish, so

ka
k
W13(6) = 3 + 1k1:0 — 2]€1 — 2]432 — ]{33 + (21> + ZlmB(Uj),
j=

where mp(v) counts first-band coordinates below Boi(v) [27, (5.29a), (5.30)]. The bins determine k1, ..., ky. If
v; < vg, then Boi(v;) = 3 exceeds every first-band coordinate, so mp(v;) = ki. If v; > vg, then Boi(v;) = Crs— 3v;,
and mp(v;) is the unique m; with x,,; < Crs — gvj < Xy, 41 (infinite sentinels). It is nonincreasing in j. Thus
lies in exactly one cell C' of (8.2), and Wi3(e) = we [27, (5.31)]. If we < 0, the left side of (8.4) is zero. Otherwise
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C € Cy and ac(e) = 1, so the left side equals we = A(e). This proves (8.4). The same argument, without the upper
cut, gives

(8.5) loge=3(Wis(e))+ < A%e) == Y weac(e) <36
CeCy
for squarefree e with P~ (e) > N® and eN < e < N.
Put
ba(n) = AN -n),  Py(z)= [] »
p<z
PEPN
(8.6) Sy(z) = Z ba(n)1(n, Py (2))=1; Sa = S1(NH),
n>1
v|n

Esrc = (st - SA)—i—a Zsrc = (SA - st)+-
The definitions give the finite identity

(8'7) SSW - SA + Esrc - ZSI“C) ESI“C? Zsrc 2 O'
Under (8.4), the required bound is
(8.8) Euye < 910N 4+ 36(NL 7333 1) + 36 N#~.

There are at most 2N~ rough squareful integers. Each costs at most 455, by the pointwise weight bound of Paper II,
proof of Lemma 1.1, immediately after (1.11) [27, Lemma 1.1, proof after (1.11)]. The last two terms cover the top
strip and small primes.

Proof of (8.8). Write e =N —p for p € P, p < (1 —¢)N. Every prime p > N** has (p, Pv(N#*)) =1, and A > 0.
Hence Sa > 3 - yu. AN —p), and

Sew — Sa < Z (sswle) — Ale)) |+ Z Ssw(e).

p>Nix p<NH*

Here sgy(€) = 0 unless (e, N) =1 and P~ (e) > N, and always 0 < sg(e) < |[Wis(e)| < 455 [27, Lemma 1.1, proof
after (1.11)]. Split the summands into three classes; overlaps only enlarge the bound. (i) Non-squarefree e < N with
P~(e) > N* number at most Y, yo N/0? < 2N'~%; they cost at most 455 - 2N'~* = 910N*~. (ii) Squarefree
e with Neye < e < N number at most NL7333 + 1; by (8.5) they cost at most 36(NL™333 + 1). (iii) The primes
p < NH+ with squarefree e cost at most 36 N#~, again by (8.5). For the remaining squarefree e with e N < e < Ny
and p > N*+, (8.4) gives a zero summand. This proves (8.8). Since W > N/L?  Eq./W < L=33%,

8.2. Four rows and the lower-sieve cutoff. Use the clipped intervals [N*, N**) N [N* N#+). Let A; comprise
the ordered prefixes

N <a; <---<ag <Nt a; € Pn.
Write v = a; - - - a;. The empty prefix has v = 1. Define

Ty =S (N*), Ty=Y So(N*), To=)_ Saa(N"),
Al -A2

(8.9)
T8 =Y Sarasas(as),  Sa=To—T1 +Tp — T4
As

This is Buchstab’s finite identity [27, (4.18)]. Its coefficient is 1 — k + (g) — (kgl) =0for k> 1. At k=0 it equals 1.

At depth three, let ©, be the infimum of H on the closed clipped parent. The underlying prime cells stay
half-open. The closure is used only for this infimum. Use the whole anatomy function before choosing a branch [27,
(2.17d)—(2.17e), (4.19)]. Set

(810) gc = ®c_77L_t1 _t2 —tg, DC :Néc, Ze :NtS, Xe = 15c22pt3'
Retained prefixes have x. = 1. For these prefixes define

B; = Z Sv(2e), D_ = Z Sy(as),

Aszixe=1 Asz:x.=0
(8'11) D+ = Z {SU(ZC) - SU(G'S)}’ P3 = Z Z Sm’(zc);
Asz:ixe=1 Asz:ixe=1 T<E73N
ze<r<as

Zpeet = D_ + Py — D, > 0.
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The union bound gives Dy < P5. Therefore

(8.12) Sa=To—T1 +T5 — B3+ P3 — Zpeel-

The favorable term enters exactly once [27, (4.45)].

8.3. Capping the first three levels. At depths j = 0, 1, 2, replace the relative level by

J
1
(8.13) T, = § ti, o= §—nL—pTc, D.=N% zj.=N"
=1

Here T, = 0 at depth zero. Depth three keeps (8.10), with z3 . = 2z.. The elementary bounds are

1
0. > 5 == dpp = 0, 5S¢ = Le/u > 54.6375 — 10757 > 30,
4875 875

continuum reference values for depths 0, 1,2 (the first three rows) at (nr,p) = (0,1) : 250, ETRIRTE

(8.14)

q< NpTcD£+a' < N1/2=nw+(o+7)/2 < N1/279-10*5'

The modulus includes the smooth divisor and every tail prime. The exponent p + ¢ is kept. The cap changes no
row-three level.

The lower floor changes the repeated-prime argument. Put
3
5600’2
(P2.8b) Rough-coordinate and repeated-prime bounds. Assume the support and rough-coordinate hypotheses stated
below. These are the capped version of Paper II’s Lemmas B.1-B.4. The coefficients and masks are defined in (8.30).

Every rough coordinate is at least u, = Dg2 > uy. On an active block, count these coordinates by m.. The capped
modulus bound gives

(815) Uy = N€102, Mg = ’7 —‘ ) CL3,0' = Mo'!~

500 3 me!
me < 10902 < 5%7, E < (3.
The prefix orbit size is M. € {1,2,6}. The small-prime part of ¢ fixes the smooth divisor. The rough multiset fills at
most m,! labelled positions. Thus

(8.16) ule < q < NY2,

|Co(q)

8.17 2 < (30
(317) vl < i,
Define H1 = {g < N /2. p? | q for some p > u1}. The forbidden and allowed-repeat masks satisfy
(8.18) 1Zv,6(0)| + 1E4,6(9)] < Cra o 1o, ().
Writing ¢ = vp? and overcounting gives

1 _201+L 2N1/2
(819) Sl AEE gy, VT

q U1 Uq

qEH

The tested measure has 0 < A < 36 and support below N. For N > Ngom, ¢/¢(q) < 1+ L throughout ¢ < N'/2.
Consequently

N N N2+ L)
8.20 A , |d < 36 +1+><36<+1).
(8.20) 1Ap(g)l, [da(q)] (q - -
Per block, these bounds give
_ _ 216CL3+N(1+ L 2
(8.21) S (0@ Ar@)] + Ealg)da(q)]) < 26CaaNA+ D

U1
q

There are finitely many blocks at fixed o. Division by W > N/L? proves the conditional estimate

(8.22) |Eoq|/W = O, (N~07° LY.

These are Paper 11, Lemmas B.1-B.4 and (B.3)—(B.7), with ug replaced by u; on rows 0, 1,2 [27, Appendix B.1,
Lemmas B.1-B.4, (B.3)—(B.7)]. Row three keeps ug = NZO"Q, since its level floor in (8.43) exceeds ¢g.
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Verification for the capped rows. Fix a block in row j < 2. Prefix primes lie in [Nt N*%) N [N“, N#+), so their
product is below N*Te. The tail tuple satisfies [L; Di < D, by its last cubic constraint, and the tail primes are below
D?; also d < DZ. Thus

logy g < pl.+ (p+o)le=(p+0)(3—n)—plp+o—1DT. < (p+0)(3 —n) <3-9-1077.
(

Every prime of ¢ lies in Py and d | Py (uc), so (¢,2N) = 1. Tail primes are at least D; > Dgz = u,. Prefix primes are
at least N% > u,, because £.02 < u. Also u. = N tea® >N G0 u1. For an active block choose a nonzero realization.
Then u™ < ¢ < N2, s0 m. < 1/(2(10%) = 500/(10952), and 1/(2¢;) < 3/(5y). This is (8.16). The primes of ¢
below u. determine d. The rough multiset fills the m. labelled positions in at most m.! ways, and |A\g| < 1. This
gives (8.17). It also gives (8.18). A forbidden tuple repeats a prime > u.. An allowed non-squarefree tuple has p? | ¢
with p > wu,, since d is squarefree and coprime to the rough part. The grid count of Paper II, Lemma B.1(4), gives
finitely many blocks at fixed . These are Paper II, Lemmas B.1-B.2, with (ug, N%/%) replaced by (u1, N'/?) [27,
Appendix B.1, Lemmas B.1-B.2]. Lemma B.4 with u; and Q = N/? gives (8.19). Lemma B.3, with A < 36 < Apay,
support in (1, N) and ¢/¢(q) < 1+1logyq < 1+ L, gives (8.20). Then 3 4 (N(2+ L)/q+1) <6N(1+ L)*/uy
gives (8.21). Row three is Paper II, Lemmas B.1-B.4 as printed: its modulus bound ¢ < N°@ < N3/% and floor
L. > Ly are (8.43). Hence (8.22) holds for all four rows.

8.4. The signed sieve identity. Put v; = (—1)7. For all four rows, define

b Jle/u, j=0,1,2,
LJts, j=3.

Let K; = F for even j, and K; = f for odd j. For a prefix v, set
p
Xy = Xa/o(v), wy(p) = ﬁlp€731\77 wy(p") =0 (h>2),

8.23 =_—° -
( ) Se logx 2j,c

(8.24) 1 Xa
Vn(z) = 1———),  Alg) =Calg; N) — —.
pll p—1 ) v(a)
PEPN
All cutoff primes lie below the prefix primes. Thus the density product on the sieve support is V. The squarefree
remainder is Ag(vd). Apply Fact 3.17 with €, = 0, s = 7, and L, = 2. Choose a common nonnegative majorant

(8.25) E,.:=Cplo + o 8efut2(,1)71/3},

The signed sieve error satisfies |E,| < E, .

Verification of the sieve data. Fix a row, a cell and a prefix v, and sieve the finite multiset {n : v | n} with multiplicity
ba(n) > 0 by Py below z = z; .. Every prefix prime is at least z: on rows 0,1,2 it is at least N* = z, and on row
three a3 > N = z.. Hence (d,v) = 1 for d | Py(z). In particular w,(d) = [1,jap/(p — 1) for these d; the primes
p | v are all > z and are never sifted. For squarefree such d,

w(d X X
Ad = 3" A Lyaye = Calwd: ), D) A A

~pv)e(d)  e(ud)’

so (A, d) = Ag(vd). Each remainder modulus in (8.26) is squarefree. Here d uses primes below D?”. Tail primes are
at least DgQ and distinct (equal labels by the mask, unequal grid intervals disjoint). Prefix primes are at least z.
Next, 0 < w,(p) = p/(p— 1) < p for every p € Py (all such p are odd), w, = 0 off Py, and w, (p") = 0 for h > 2.
Hence the second condition in (3.19) holds with L,, = 2. For the first, (1 — w,(p)/p)~t = (1 —1/(p — 1))}, and

Paper 11, (5.5), gives
I K
H 1-— < B2 (14 (2<w<2)
p—1 log w log w

w<p<z
PEPN

with one absolute K, uniformly in N [27, (5.5)]. Take K); in (8.25) to be the maximum of this K and the constant
of (3.25). It remains absolute and is fixed before o. The product V' (z) of Fact 3.17 is then Viy(2). The levels satisfy
z < D, on rows 0,2 (s. > 30) and z < DY? on rows 1,3 (s. > 30, resp. x. = 1, i.e. £. > 2pt3). Fact 3.17 with €5 = o,
ds =7, D = D, therefore applies to every actual sequence, and (8.28) follows with E; < E; ., log D, = £ L.
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For each cell fix one coefficient construction. Use it for every prefix realization in that cell. Write its remainders as

Vo= > dhlAo(va),

d<D7
d|Pn(D°”
(8.26) |Pn(DZ7)
Ri= > Y. D) > Ao(vd [T, pi)-
DeD¥(D.) d<D? D;<ps<min(D?,z;..)

d| PN (Dg2 ) pi €PN, equal-label entries distinct

The coefficients satisfy |¢4], |A;(D)] <1 [26 Theorem 2.6, (2.29)—(2.33b)]. Define the finite quantities

M ZZ ZJ c Kj(‘sc)v

c vEc
X

3 DRIV S LY )

c vec c veEc
(8.27) Qj :Mj+VjEj+VjR,ja (S0, S1, 2, 83) = (T, 11, 1>, B3),
3 3
Zan=) vi(Q;—=5;),  Mpn =) v;Mj,
j*O )

err Z Ej ) adv Z R

The sums keep strict prefix order. Under the stated sieve hypotheses,
(8.28) Qo> S0, Q1 <851, Q22>8, Q353 Zar>0.
Multiplying the signs gives

(829) Z V_]S_] = Mprin + Merr + Radv — ZaA-
j=0

Every remainder in R,q, has sign +1.
8.5. The natural coprime comparator. A block b = (j,¢, f,D) fixes a row, a cell, and either remainder type f.

The tail vector is empty for R;. Prefix realizations stay inside the coefficient. Let Kp, K7 impose prefix and tail
distinctness. Let Cy be the unrestricted labelled coefficient. Define

Colq) = Z Xdlq:de’

full labelled tuples
1

Oola) = 7 > AaKpETL 1] p::
(8.30) © full labelled tuples
= 1 T
Euele) = -+ > Aa(l = KpKr)l,_ a1 p.:
€ full labelled tuples
Ob = Cb/Mc - EU,ba EA,b = Ob]-q not squarefree-
The two comparator discrepancies are
Yal(q) Xa—Ya(q)
8.31 Ap(q) = Ca(q; N) — ; da(q) = Aolq) — Ap(q) = ———~—7.

For (f.g) = >, f(a)9(q), put

Cy, Ap
Edisp,f - Z <]\47> (f = 1a2)7
b:type=f ¢

By =Y {—(Euv.s,Ap) + (Eae. da)},
b
Enc - Z Z Ob (q)dA(q)a

b g squarefree
Radv = Edisp,l + Edisp,2 + Esq + Enc~

This is a finite coefficient identity [27, (4.22)—(4.26), Appendix B.1-B.4]. All moduli satisfy (¢,2N) = 1. That
restriction does not puncture A.

(8.32)
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L7334

8.6. The full-support bilinear application. Split each prime coordinate into relative-width intervals. An

interior box has constant order and descriptor predicates. For B = [],[A;, B;), put

T=[A]-1, U;=[B]-1, Ir=(TU)], X=]]A4,
[

(8.33) an = 1p(n)lr.(n), by = Z Lin—pa-pr s
Pp2<-<pk
pi€[Ai,B;)
bm €{0,1}, N®/2<T <NY®  eN<X<N.
The box contributes exactly wcanby,. For T > 2°° and U < 2T,
(834) Ay — 1P*(n)2T51/1°011T (n)

A composite n < 2T has a smaller prime divisor. This is Paper I, (3.8), option 1 [26, (3.8)—(3.9)]. Its logarithmic
replacement error is zero.
Define the full-support discrepancy

AsaN) = Y abm——— Y aubm
¥ (2 (q)
(8.35) =N g

Sp(b) = Z Co(q)AB(g, N).

(nm.q)=1

There is no condition nm < X in these sums. The exact interior decomposition is

DRl= 3 g N weSs®)

b:row=j ¢ C BCC interior

(8.36) 3

Edisp,l + Edisp,2 Z Dl(rjlt) + Dbdry-
j=0

For rows 0, 1,2, apply Fact 3.3. Its Siegel-Walfisz sequence must be the selected prime sequence. The dictionary
with Fact 3.3 is bE? := a,,, af? := b,,,, and Y := T. Thus the prime sequence carries the Siegel-Walfisz hypothesis.

m

We need Paper I, (3.25), in the form

1 —A
(8.37) nze; 1p(n) — 0 nzel 1p(n) €asy TT(d)L™AsW,  (Lk)=1, IcC Iyp.
n=l (k) (n,dk)=1
(n,d)=1
The normalized hypothesis also needs
(8.38) lla||aT/? > T L1,
Use Fact 3.1, specifically (3.2). Its endpoint estimate gives, for every fixed A > 335,
(8.39) 7(Uy) = n(T) = Li(Uy) — Li(T) + O4(TL™4).

Full mesh intervals satisfy Uy — T > TL~33%. Thus #(Ir NP) > TL~335 uniformly. This implies (8.38). The k =1
discrepancy in (8.37) is identically zero. The counting input is the endpoint estimate just displayed.

Proof of (8.37) and (8.38). Let N®/2 < T < NY% U; < 2T, (I,k) = 1, and let T = (y1,%2] C Ir be an
arbitrary subinterval, so T' < y; < ya < Uy. (Paper I, (3.25), is quantified over all such I [26, (3.25)].) The
condition (n,d) = 1 removes at most w(d) primes from each sum. If & < LA*2 apply (3.2) at y = yo and
y = y1, with C = A+ 3. Since T < y < 2T, logy =< L and the error is O4(TL™*) at each endpoint. Hence
7(ya; ky 1) — m(yrs k, 1) = (Li(ye) — Li(y1))/@(k) + Oa(TL™4). The same holds for the unrestricted count divided by
¢(k), up to the w(k) primes dividing k. If k > LA+2 since yo — 31 < T both terms are at most 7/k + 1+ T/¢(k) <
TL=4, using (k) > k/loglogk. This proves (8.37) with 7(d), ineffectively, uniformly in I C Ir. For the norm,
Ujy—T>AL733 —1>TL733%/2 on a full mesh interval, and (8.39) with A = 336 gives #(I7 NP) > TL=33%/4
eventually. Hence ||a|[oT?/? > TL~33%/2 /2 > TL~'68, Both bounds are uniform over all interior boxes, since only T
enters.

Assume (8.37) and (8.38) uniformly. Taking Agw = Ao + 168 verifies (3.4) with divisor exponent one. Both factor
lengths exceed x};m eventually. Split each of the kK — 1 complementary prime intervals at any dyadic boundary. This
gives at most 27! pieces. Localize each resulting product on m ~ Mp. Since (1 + L™334)F~1 < 2 eventually, there
are at most two product dyadic intervals per piece. This bounded splitting changes no logarithmic exponent. Set
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xp = TMp =< N. There are at most T selected integers in (T,27] and at most 2Mp integers in a product dyadic
interval. Unique factorization gives ||a||2]|b]|2 < v/2zp. The required application is

|Co(q)| 1/2—9-107° 1/2 -B
< CLs,es Q<N / <z logxp BV
(8.40) M, ’ 5 )
lall2[bll2 < V2232, Sp(b)|/M. <o NL™32.

Use A =3692, B=1, ¢ =1/12 and Bgy = Bpv(3692,1,1/12) in (3.5). The source has O, (L35%%) weighted boxes.
There are finitely many blocks at fixed o. Since W > N/L?, summation gives

(8.41) | Dit | + | Dii | + D3|
' w
Verification of (8.40). The coeflicient bound is (8.17), proved above, and the modulus range is (8.14). Every supported
q is prime to 2N, so a = N is a reduced class and the maximum in (3.5) covers it. The selected sequence a,, is
supported in (7, 2T, and b,,, after at most two dyadic pieces, in (Mp,2Mpg]. For xp = TMpg, zp € [eN/8,2N] and
logT/logzp € [a—o(1),1/5+0(1)] C [1/12,11/12], because a—1/12 = 17/4596 > 0. The hypothesis (3.4) holds with
B =1by (8.37), (8.38) and Agw = Ap+168. Interior boxes have constant order predicates, so nm = e has one labelled
representation and by, € {0,1}. Thus |lalj2[|b]lz < (225)'/2. On each interior box, Sp(b) = >4 Co(@)Ap(g, N) with
Ap =3 ieces Ats, and Fact 3.3 gives |Sp(b)|/M. <, NL73592 Fact 3.3 is the full-support bilinear estimate derived
from Bombieri-Friedlander-Iwaniec, Theorem 0(b). We verified its hypotheses above for this source.

<, L7,

8.7. The source-level row-three estimate. Row three keeps the full anatomy level. Its factorization keeps every
labelled occurrence. The smooth divisor stays in the first factor. For d, = p(©. — nr) and e; = pt;, the prefix
inequalities are

33109
d, — 2 > 7
1 = 160000”
1859
8.42 d, — e — 2ey >
( ) €1 €2 =2 160000 12
33109

. — e — ey — 23 > L=1).
di —e1 =g = 2e3 2 Jornep (x )

The anatomy branch gives ©. > (1 4 ¢1)/2. The condition x. = 1 gives the last inequality. In particular, with
As = 33109/160000,
33109 231463

0, > A —ts, 2pts) > —o " gy > 0200
= max{As — 15, 2pts} > o o000 0 = 54720000

= 0.0093633899676 . . .,

153 3
(843) ("')C S Hmax = %7 €Q = (p+ U)(153/256 - T]L) < g,
1
3 ey > 99009 (5 + 7) > 0.0024437499.

5 97160000 160000
Here eg bounds the full modulus exponent p(t1 + t2 + ¢3) + (p + 0)f.. The inherited anatomy and rough-factor
estimates are Paper II, (4.20) and Appendix B, Lemma B.1(1)—(2) [27, (4.20), Appendix B, Lemma B.1(1)-(2)]. For
the tail exponents s;, the cubic conditions give

(8.44) > si+2s<le, h=d.+600, O,—h>n—THnya — 600 > 0.
i<l
Theorem 4.1 of Paper I then supplies the load surpluses
(7527 114421 26247)
o.

4 —_— —_—
(8.45) 256 7 77 1280 ° 256

The required length data are

_9—126

1<|mn—N|<N<X? N> 27)* ,

T > (
(8.46) T 6L334 T
XGOO‘ < T < X1/3+150', QXU/B < NI7 QRS < ]\4])(78907 M[ > X1/2.
Here N; is the selected integer interval length. The complement has length scale M;. The letters @, R, S are the

three factor scales. Each condition holds only above its fixed-o application threshold. The floor 2[62150 /2] is imposed
separately. See Paper I, (3.6)—(3.9) and (4.9) [26, (3.6)—(3.9), Theorem 4.1, (4.9)]. We verify them for this source
below.

The remaining analytic estimate is

(8.47) 1S5(b)| Kgoa,,, XL Aee 4 X100 /A Cioc (b in row 3).
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It is uniform over the permitted boxes and blocks. Here Aj,. > 0 is arbitrary; Cl is fixed by the local theorem.
Paper I, Theorem 3.2, (3.13), supplies the local dispersion theorem. Its Theorem 2.8 enters only in the inner spectral
stage. There we use the form (P1.7), Fact 3.22, with the full bracket (3.38). The inner substitution is

(8.48) rr =2z, Sr=po, nr=pom, ar=¢e,N (e ==%1), Ap =X/

The auxiliary z and pg are those of Paper I’s dispersion proof. Both signs and the mixed cusp pair are kept. Let x
be smooth, zero below zero and one above one. For the fixed bump g, define

Yo,1(v) = Yo (v){1 = x((v —0.8)/0.1)},
(3.49) Go.2(0) = Yo ()x((v — 0.8)/0.0){1 - (v — 1.4)/0.2)},

Y0,3(v) = Yo(v)x((v —1.4)/0.2).
They sum to ). Their strict dyadic windows are (0.45,0.90], (0.80,1.60], and (1.40,2.80]. The two smooth modulus
coordinates use all nine products g ;(b/D)yg ;j(c/C), 1 < i,7 < 3. Multiply each by the fixed cutoffs on the
supported nr, z, pg. These cutoffs equal one on the actual coefficient support. The derivative hypothesis is (3.36)
with eg = /2000 and € = ¢/100.

Write 6, = 7/32 and V;, = T*R*SC. The coefficient in (P1.7) is zero outside the actual indices ny = pom, rr = 2,

sT = pg. Use its supported norm

> ") fb(n)3,
n//lNOO
8.50 -
(8:50) BB = S sl
(nrr’L,I’\llszl

Here by, 5 is the coefficient of (P1.7). It is distinct from the complementary sequence by,,. The norm includes no
coefficients outside that support. After substitution, the four bracket contributions divided by Vi, are bounded by

TQR?S° A
Ky = Al %, Ky —TKA,
8.51
( ) Ko LR 20sp TQR255 K TQR255 T2R2
s xz 0 T XX

Only uniform X°() factors and powers of py are suppressed. These are precisely Paper I, (3.81), (3.85), and (3.87)
[26, (3.69), (3.81)—(3.87)]. Each term carries the actual-use hypotheses.

8.8. The row-three local dispersion estimate. The source-wide estimate also has boundary and comparator
contributions. The local argument gives only its interior row-three block.

We treat one row-three block with y. = 1 and one full interior prime—coordinate mesh box. We do not assert the
source-wide boundary, comparator, or row-zero-to-two estimates. Fix o > 0, 7 = ¢°, p = 1 + 7, and a retained closed
clipped parent ¢, used only for the displayed infimum and endpoint checks. The actual prime cells are half-open. Keep
its inherited labels t; > to > t3, ©, = inf, H b, =0, —np —t; —ty —t3, D, = Nt 2z, = N and u, = D" On
the whole block x. = 1. The inequalities (8.42)7(8.43) apply with the inherited labels including clipped endpomts.
Here an interior source box is a full relative-width x = (log N)~33% mesh box whose closure lies on one side of every
source, order and descriptor face. A clipped terminal mesh fragment belongs to the boundary contribution. LEN is
not applied to it.

The prefix constants can be checked without an unclipped replacement. Put Az = 33109/160000. Since
t1,ta < 25/128 and ©, > (1 + t1)/2, the first two gaps are at least p(1/2 — 3(25/128)/2 — n) = pAs and

p(1/2—-5(25/128)/2 — nL) = p1859/160000. For the third, ¢. —t3 > A3 — 2t3 and retention gives ¢, — t5 > (2p — 1)t3;
their maximum is at least As/3. Likewise £, > maX{A3 — t3,2pt3} > 2A3/3 > £y. Thus all three prefix WF
inequalities have strict room. The whole anatomy infimum is taken before this branch bound is used.
Exact coefficient and labelled factorization (H1-H2). Write b = (3, ¢, f,D). Give the three prefix occurrences their
independent prime sets [N%, N°') N [N“ N#)NPy. For f =2, append each tail occurrence, independently, with
prime set [Dj, min(D;-’, 2¢)) NPn. For f =1 the tail list is empty. In both cases put J equal to this complete labelled

list, and set A\q = A; (D) or qb;, respectively. Thus, exactly,

ZAdZ1qu ol

d<D¢ (pj)jer
d|Py ()

Neither distinctness mask is inserted here. The orbit divisor M., the source weight we, and the two distinctness
corrections remain outside this coefficient, as in (8.30)—(8.32). In particular its supports include repeated-prime
moduli, and (¢,2N) = 1. The prime sets are the actual clipped sets, not their unclipped parents. All labelled primes

. 2 .
are at least u. > ug with ug = N%°, since £, > £y and £.0° < u.
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For packing use the actual upper exponents of the clipped prime sets. The first three are at most pt;; all tail
upper exponents are at most t3. The prefix masks in (8.42) and the tail masks ZKj s; + 2s; < L. show that their
merged decreasing list satisfies WF(d,), where d,. = p(©. —nr). For a tail rank, this follows after adding at most
p(t1 + to + t3) to its tail inequality. The top three upper exponents are the prefix endpoints, belonging to the closed
clipped parent. Hence their anatomy value is at least ©.. Put h = d, + 600, § = 300 and g = logyy T — §. Every
point x of the closed clipped parent satisfies u < z1 < p, = 25/128. On this interval the vpi (1) branch of Paper I
gives H(x) > vpk(21) = (1 + #1)/2; hence ©, > (1 + u)/2. Therefore h > O, —n, + 600 > £ — > 1 also
h < O, <153/256, since O, — h > ny, — THypax — 600 > 0. Theorem 4.1 of Paper I applies to this same labelled list,
with § < g <1/3 —§/2. Let its partition be J = Jy U Jy U J3, with the smooth divisor attached to slot one. Define,
using precisely the preceding prime sets,

1 1
M () WAL Z Ad v=d[], s’ 7s(v) AL Z v=T1,. »; (s=2,3)
da(pj)Jl (pj)Js
Empty slots two and three mean the atom 1,_;. Slot one always keeps the d sum, even if J; is empty. The finite
tuple map gives
Cy :Oslot(’Yl*'YZ*"YS)y Cslot :H‘JS|'7 ‘7€| <1l

The primes below u,. determine d uniquely. At most |Js|! assignments have a fixed slot product. The count allows
repeated primes. The rough coordinate count is less than 3/(5¢p0?), so Csor = Oy (1) and |Ce(q)|/M. < M,!, with
M, = [3/(5€p0?)]. For the tested boxes below, take Cy, = 2. Uniformly for sufficiently large N,

_N M

T334 (X/T)L 33
The same tested box (H3-H5). Use exactly (8.33) and (8.35): X = [[, 4;, T'= [A1] =1, Uy = [B1] — 1, and
oy = 1p(n)lr<p<v,. No product truncation is added to Ap. Take Cpox = 334; log X = log N 4+ O(1) throughout
this family. For sufficiently large N, T' > 2°° and U; < 2T, so

€1/2,2], € [2,20].

Qp = 1p7 (n)>T51/100 1T<n§UJ .

Thus (3.8), option 1, holds with ¢ = T°/190 > »,(X). The complementary sequence is the actual b,, € {0,1}
of (8.33); in particular |b,,| < 7o3(m). There is no Heath-Brown expansion, logarithm freezing, or proper-power
replacement error for this selected direct-prime representation. The selected-factor Siegel-Walfisz bound is Paper I
(3.25), uniform in this stronger cutoff and every endpoint and auxiliary coprimality. Its relative-norm alternative is
kept as in (3.48). We assume no lower bound on any coprimality-truncated selected norm. In the large-norm case of
(3.48), use Lemma 6.5(ii). Its premises (3.1), (3.2), (3.6), (3.8) with LEN, (3.11), (3.25), (3.26) and (3.27) are the
data verified in this subsection.

Let M = [[r_, A, My = [[i_, Bi, M; = My — M, mg = (M + M) /2, and ¢;(m) = ¢o((m — mg)/My), with
the fixed bump of Paper I (3.9). Then ¢; = 1 on the full complementary product interval. Since 5 < k < 11 and
the mesh boxes are full, My < M L33 my < 2X/T, and N; = Uy — T > T/(6L33*), where L = log N. For fixed o
enlarge the threshold so that oL > 2'3%(log L + 1); then

N; > (2]1)1—2*1267 X600 <T< X1/3+15a" M; > x1/2

These follow from N®/2 < T < N'/5 and eN < X < N. The integer convention is (T, U;]; no continuous interval
length replaces Nj.
The doubled support lies in [M — M;/2, M, + M;/2]. Since k — 1 < 10, (1 +x)*~! — 1 < 11z eventually. On this
entire support and for every selected integer, mn < N¢ut + 25xN. Consequently
1< N —mn, N —mn > (L —25)NL™ 3 >0, lmn — N| < N < X3

This verifies nonresonance on the full doubled rectangle, including both Cauchy—Schwarz copies. Checking only where
by, # 0 would not suffice.

After localization, @, R, S denote the scales of 1,73, 72, respectively. Theorem 4.1 gives, before fixed dyadic
rounding and base conversion, reductions

(7527/256, 60, 114421/1280, 26247/256)0
in Q/T, T?>R?S, A(Z/:‘)QTQRzS5 and (TR/S)"/'STQR?S®, respectively, relative to their bounds 1, N, N2, N2. Here
Ag=X 1+0/20  The first slot includes the additional load o/, < 0 Hpax. Each listed reduction strictly exceeds the

required losses 29, 8,15,15. Hence fixed dyadic constants and logx (N/X) = O(1/L) are absorbed for fixed . In
particular the exact requirements (3.6)—(3.7) hold:

Q<TX ™, Nr>QX°® QRS<MX ™, M >X"?
T2R2S<X1_8”, AS/SQTQRQS5 <X2—15¢7) (TR/S)7/16TQRQS5 < X2-150,
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For QRS < M;X 8% use the positive fixed gap 4/5 — 153/256 and M; > N*/5L=33% The complete modulus,
including d and all labelled primes, obeys

q < N°?, eq = (p+0)(153/256 — n1) < 3/5.

Because X > N, impose (3/5 — eg)log N > (3/5)log(1/¢) to obtain ¢ < X3/5. Take the moving frequency a = N
and Kycae = 1: eventually 0 < N < X log N < Ap and every supported modulus is prime to 2a. This proves H1-H5
with the support relaxation of Paper I Theorem 3.2.

Application and restoration. Apply Paper I Theorem 3.2, (3.13), to this full unrestricted coefficient and this full-support
natural-coprime discrepancy. For every fixed Aj,. > 0 it gives exactly

1S5(0)] €o,a,,. X (log X)~Aree - X100 /4(10g X )Croc,

Constants are uniform in these boxes and in blocks with x. = 1 after fixing ¢ and source constants. The threshold
is ineffective. Theorem 3.1’s smaller abstract support class is not used. The proof includes all local restorations
(3.32)—(3.50): with € = £p0?/8 and Ayork = Aloc + 4,

XL~ Avors 4 XLC20% 4 XLO(Q/Np)Y? + XX2L {ug* + (Q/Np) Y2}

Keep both terms in braces. They come from restoring the five cross-copy ged failures of (3.30), the close-pair set,
and the zero-mode main-term cancellation. The spectral estimate alone does not give them. The 2y term joins the
arbitrary logarithmic saving, and the remaining terms have savings exceeding £yo? /4.

Theorem 2.8 enters only at Paper I (3.69)—(3.90). In that inner stage, with py = min{p : p t 2N}, set rp = z,
ST = po, N = pom, ar = €y N, Ny = 8pgH,SF and A = Ay. Both signs are kept. The coefficient is exactly ﬁ;‘fny
of (3.68) on these indices and zero elsewhere. In particular

S )R 3 < XOHSE, BB = Y sl
n'’'|No° n',r,s
(n',N)=1
with no coefficients added outside that support. The unweighted norm has the same bound. These are the endpoint
norm bounds (3.70)-(3.81). When slot two is a unit, S = 1/2 and every nonzero-frequency block is empty. Otherwise
(3.82)—(3.85) identify the exact phase, permit pg | ¢, and use all nine dyadic weights from (8.49), with ey = /2000
and € = ¢/100. The full bracket of (3.38), including its moving-frequency and mixed-cusp terms, yields all four
quantities in (8.51). No bracket term is discarded. The full bounds (3.87)—(3.90) then control the inner spectral term.
After that, the restoration terms above and Cg: are put back.
Finally, this estimate concerns CyAp. The outer identity is still

Radv = Edisp,l + Edisp,2 + Esq + Enc-

Thus M ! and we enter once. The forbidden and allowed-repeat masks remain in Eyq. The natural-to-X 4 comparator
remains in E,.. The source cutoff, peel, boundary and terminal-mesh restorations, capped rows zero to two, and
complete-family coefficient counts require their own estimates. This local estimate alone gives neither the complete
L3 bound nor the RSW bound.

The outer application of Theorem 3.2 above supplies (8.47). The scoped spectral implications in Section 3 do not
by themselves give it.

8.9. The complete box family. The required complete-family bounds are

(852) #gbdry < NL_3347 Dbdry <z NL_331/27 Z |U)B| <z L3689-
B

There are at most 122 face families per k. Their integer normals have maximum coefficient five. Their coefficient
sums are at most eleven.

Proof of the complete-family bounds. Use the unclipped geometric mesh [AW), AUTD) AU = (N /2)(1 + L3347,
j >0, in every coordinate. Boxes with a coordinate > N1~ carry no source mass, since k > 5 and every prime is at
least N®. So there are no terminal fragments, and every interior box is a full mesh box. Box count. Each coordinate
has at most ((1 — )L + 1)(L33* + 1) + 1 < L33% mesh intervals for L > 24. With k < 11, finitely many cells and
we < 36, Y 5 lwp| < 36]Co| SpL, L33F <« L3685 < 13689 Boundary count. Let B/ = log(1 4+ L™33)/L < =335
A source integer e in a boundary box has its vector within A’ in each coordinate of a face. A radial face forces
e into [y(1 + L7=33%)71 y(1 + L7331 with y € {eN, Newt}. There are at most 2(23NL~33* + 1) such e. Every
other face is ¢;z; + cjz; = 0 with integers |¢;|,|¢;| < 5, ¢; # 0 [27, (5.29a)—(5.31) and the facet discussion after
(5.40)]. Write e = p;m/. For fixed m/, p; lies in an interval of relative width at most 21L 7334 below N/m/, which
contains at most 21L 733 N/m’ + 1 integers. Here m/ is a product of at most ten primes in [N%, N), and m/ < N1~
By Mertens, >_,, 1/m’" < exp(}_ yacpen 1/P) < e/a < 32 eventually. Hence one face family contributes at most

700N L—33* + N1~ The number of face families is finite (< 122 for each k). Thus #Ebary < Cpra NL—33* with an
absolute Cpq. No numerical value is required below. Boundary discrepancy. Let Apq be A restricted to boundary
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boxes. Then Dyary = Y-, Mo (Co, Appa). By |Co|/Me < Crz o, 3o, 1gn—e < T(N — ), Cauchy-Schwarz, 7% < 7,
Ynenma(n) < N(1+L)° and dgen Vwlg) <201+ L),
|Dbdry| <s 36(#gbdry)1/2(N(1 + L)3)1/2 + 36 #gbdry(l + L) <5 NL_331/2,

with finitely many blocks at fixed o. This proves (8.52), with the first bound in the form #&pary < NL7334. Under
(8.47), take Ajpe > 3692. The L3689 box count and W > N/L? then leave L~!. Equations (8.41) and (8.52) then give

(853) (Radv)+/W - 00‘(]—)7
provided (8.22) and the coprime-comparator bound hold.

8.10. The principal term and its price.
(P2.8d) The source-independent profile comparison. We use Paper II, (4.70)—(4.75), in the following form. Put

o1(s) = min 14+s 32— 34s 577—%
nee 2 ' 39 ‘64 2 [’

_ _ )z, >y,
(854) U*(S)_vl(s) u, ¢*($,y)— {—OO, <y,

O.(z,y, Z) = maX{v*(‘T)ﬂ U*<y)7v*(x + y), U*(.’L‘ +y+2),
Vu(va(T 4+ 2), 2+ 2y + 2), Yu (v (y + 2), 22+ y + 2) }.

The subtraction of u precedes both guards. This is the same guard convention as equation B.14. It agrees with
Paper II's zero guard because an unguarded branch is positive, as explained immediately after that display. Define

O.(t t1 —to —t
Hiog = log(uafu),  ag(t) = 2 =hi =l = f

Hox (31 ta 1 _
(8.55)

Ryp = 500(F(30) — 1 )+ 500H10g(1 —f(3 )) + 250H10g(F(3o) ~1),

1
G*:7+Rup+J*
s

Extend f by zero below two. These are Paper II, (4.70)-(4.75) [27, (4.70)—(4.75)]. Their source-independent
comparison uses

9
(8.56) g=(u—np)— ST > 0.001899 > 21,7.
Hence a positive canonical lower term lies in a cell with x. = 1. The capped rows still satisfy s, > 30. Their residuals
are bounded by the same R,,. Thus the cap changes neither G, nor its price.
Let P be the signed prefix profile:

P = 1F(So) - % Z vol. f(se) + % Z vole F(sc)

u
cij=1 c:ij=2

- ¥ V;j Flo)ts), Volc:/cn%

c:j=3,xc=1

(8.57)

The required mass and comparison statements are

Xa < - )l + O},

-
%TC(N)(PH to,(1)),  Pu<Gito(l).
The first bound is Paper II, (5.34)—(5.42). The last comparison uses (4.72)—(4.75) [27, (4.72)-(4.75), (5.34)—(5.42)].
Proof of (8.58). Mass. The cells C are Paper II's cells with we > 1, and the radial range e N < e < N is Paper IT’s.
The outer-box majorant fT of Paper II, (5.34), counts labelled factorizations into all primes in [N*, N), and ¢(j) > wc
for the box j containing the ordered factor vector of e, which lies in Cy. Hence A < f* pointwise directly (no
comparison with the intermediate g is used). Paper I, (5.34)-(5.42), then gives X4 < X = Z{(1—¢)Iy, +O(L™')}
[27, (5.32), (5.34), (5.42)]. In particular X4 < N/L eventually, since Iy, < H < 1. Principal term. As in Paper 11,
Lemma B.9, Vy(z) = (1 + 0(1))2e~7C(N)/log z uniformly for = > N" h = 1/1000 [27, (B.9) and its proof]. The
proof of (B.9) gives an exact factorization. Mertens’ theorem gives the asymptotic. The primes p | N with p > 2
change the product by 1+ O(w(N)/z). Every actual cutoff is at least Nu/p® > Nh [27, Lemma B.8]. At fixed o the
cells are finitely many, with fixed exponent boxes. Mertens gives ) . 1/¢(v) = vol. +o(1), the primes dividing

(8.58)
Mprin = XA
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2N costing O(w(N)N~"). Also K;(s.) is bounded. Summing v; M; gives Mpyin = XAW(PH + 0,(1)), with
logy 23, = t3 supplying the factor 1/t3. Profile comparison. Write F =1+ (F —1), f =1—(1— f). On rows
0,1,2, sc > 30, and F decreases and f increases. With > ., vol. = Hiog and }_,_, vol. = leog/Q, the residuals
are at most Ry, [27, (4.73)]. For row three, if f(a3(x)) > 0 at an actual point x of a cell, then (8.56) gives x. =1
and £, > O,(x) —x1 — x2 — x3 [27, (4.72) and the two paragraphs after it]. For z3 € [t3, pt3], monotonicity of
sf(s) at fixed numerator ¢, gives f({./t3)/ts > f(L./x3)/xs > f(as3(x))/x3. Integrating over each retained cell,
> j—sxu—1 VOle f(€e/t3) [t > [[[ f(az) dtidtadts/(t1tat3). The constant parts give 1/u. by [27, (4.74)]. Hence
P < 1/ps + Rup + Ji + 05(1) = G + 0,(1), which is [27, (4.75)] for this source.
Use the same coefficient bound as the exterior comparison:

6088440363 - 6836825163875517756286846321650754372931094689
Gi<Go=—7m0 —  2¢7Go<ck2c0= 1055 )
(8:59) L 389253
HL =™ 5000000

The functional bound G, < Gy is Paper II, [27, (4.73), (4.75), (4.79), (A.10a)], for the identical canonical functional
(8.55). Its scalar rounding is the same as (7.36). The mass bound is Paper II, (A.11) [27, (A.11)]. The optional
unshifted certificate in the unshifted-comparison subsection of Appendix B is outside this proof.

The constant co; is optional, non-certified appendix material outside the L3 proof. In the optional scalar
comparisons below, ¢ denotes the rational from (1.6). No functional comparison with c¢o; is needed here. Its rational
definition is

7 .
Zi:O TLiBl

ZZ:O d;B* 7
with the integers in Table 8.1. The exact rational comparison of ¢ and co; is in Section 9, (9.5). It uses no exponential

(8.60) co1 = B =10%,

TABLE 8.1. Exact certificate constant

TV

di

4790995369589327356095267
6963256824825772577191322
8996423827217290029713216
4916164251930472277375479
329572634628519073712385
9317769528669888650546075
8280830054071768648850166
389762593301325772

N O U W O,

5033118760359274030825472
8266496527677353149933429
9138360880901719297497815
4671424972330288696699300
939590108467331323910141
5634060699913223990647374
2330146450712536415611653
57030507720277440

comparison. It is independent of the coarse enclosure for Uy.

The mass-integral bound is Paper II, (A.11) [27, (A.11)].

Put
— -
Mew = eTIHLG*a Acert - CK?T’GOH — Mgw 2 07
(8.61) _ 650000000 po_ 48544888063158
Cow =11 O T 27775
Gsw = UswO, DPsw = swag-

The remaining required estimates are
(A4bﬁn/vvl_7nSW)+'::00(1L
Mepr /W < Cswo +05(1),  P3/W < Pyyo® 4+ 0,(1),
|Enc /W = Oy (N~LY).

(8.62)

The exact numerical multipliers are
4000 - 585 650000000 36 - 502002(459/100)3 ~ 48544888063158
4(1—-10-%) 1111 °’ 1-10-4 N 27775

(P2.8¢) Density product and prefix sums. Put h =1/1000 and Hy = > nn<pen(p — 1)L, The two bounds used in
the first multiplier are

(8.63)

4C(N) _ 4000C (N
Vrle) < o) < DA (o> o,
(8.64) 1 3
> <Y H{ <1+8+464+512 =585
actual prefixes v (p(’l}) 7=0
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These are Paper II, Appendix B, Lemmas B.9 and B.11, (B.9) and (B.11) [27, Appendix B, Lemmas B.9, B.11, (B.9),
(B.11)]. Each half-open prefix cell is counted once. Using X4 < N/L from (P2.8d) now gives

X 44000C(N)
L

(865) Merr S 585{CEO + 00-(1)}.

Division by W = 4(1 — ¢)C(N)N/L? gives Cyy.
(P2.8e) The upper mass and the peel. The source mass is (8.58), Paper 11, (5.34)—(5.42). The native lower-sieve
cutoff uses the finite peel (8.11) and the estimate
P3 36 - 502002(459/100) 00 (1)
WS 1—¢ e
For the uniform two-form calculation, put m = vr and w = min(z., N®). The required ranges are
logy m < 153/256 + 27, logy w > 2/1001,
wm < N253/256+(153/64)T _ \r1—0.0116

(8.66)

(8.67)

For each sieve prime p < w, every prime factor of m = vr is at least z. > w, so p  m. The local two-form root
count is then vy (p) = 1 for p | N, and vy(p) = 2 otherwise. For squarefree d, define gy (d) multiplicatively by
gn(p) = vn(p)/(p — vNn(p)). The denominator and one-layer bound are

log w

(8.68) P
W) () < /™M w2 loe® w 20(N)N
S ()<gN()+O( 2log® w) < 502002 T

Here P(w) is the product of all primes below w. The last step uses 2.001/(2/1001)? = 501251.00025 < 502002. The
exponent saving in (8.67) absorbs its remainder. There are at most 36 source layers. For the parent-bin prime sums
My, the needed estimates are

1 459 1 459\ °
8.69 M, = Z<o M, < —2 <922
(8:69) = D oS ; "= 1000 ) D (100) "

p in bin A ai,az,as,r

The pair ag,r belongs to one parent bin. Multiplication of (8.68) by 36 and this sum, then division by W, gives
(8.66). These are the exact steps of Paper II, (4.45)—(4.56), with the layer ceiling changed from three to 36 [27,
(4.45)—(4.56), (5.34)—(5.42)]. The uniform two-form estimates are proved here under the stated ranges.

Proof of (8.62). Principal. Since Prp < G.+40,(1) and G, > 0, the mass bound gives Mpyin /W < (1= E)IHLf(E ;SG =tol) —
Msw +0,(1). Secondary sieve. E; . < Cgo +0,(1) uniformly, since £, > ¢;. Lemma B.9, Lemma B.11 and X4 < N/L

give (8.65). Every prefix lies in one row, so the four depths together contribute at most 585 [27, (B.9), (B.11)].

Peel. For m = vr in Ps, all primes of m are at least z., (m,N) = 1 and z. € [N“/p3,Np"*]. Since x. = 1,

logy m < p(ts + ta + 2t3) < p(153/256 — nr) < 153/256 + 27 [27, (4.55)]. Write A = 3°,° | 1145p). Each layer

consists of N*rough e. With N — e = mk, both k and N — mk are w-rough, w = min(z., N¢). A prime p < w

dividing k& and N would divide e, and k is odd. The two-form Selberg bound [27, (4.48)—-(4.54)] gives (8.68) for each

layer, with remainder absorbed by (8.67). The prime sums (8.69) are [27, (4.56)], since r and ag lie in one parent bin.

Multiplying by 36 gives (8.66). Comparator. For squarefree q, |da(q)| = p(q)~* > (e.q>1 A(€). A common prime ¢ of

e and ¢ is at least N, so with ¢ = ¢r,

36N -
> " 106(9)dalg)l < CLao Y e Z <o N'OL
q st (>N N

Summing finitely many blocks and dividing by W gives |Eyc|/W = O, (N~“L3), which implies the stated O, (N ~“L%).
This is the coprime-comparator bound used in (8.53).

8.11. The finite signed identity and its consequence.
(P2.8a) Finite signed identities. For the finite source (8.3) and stated sieve data, combine (8.7), (8.12) and (8.29).
Their conditional signed identity is

(8.70) Ssw = Egrc + Ps + Mprin + Merr + Raav — (Zsre + Zan + Zpeel)-
Define

d0p = Ps/W — pew, 04 = Mere /W — agyys O = Mprin /W — Mgy,
(8.71) Rsw = Eqe/W +0p 464 + 0pr + Raav/W,

Vow = (Bsw)+ < Eae/W + (0p)+ + (64)+ + (6m)+ + (Raav)+/W-
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Under the stated sieve hypotheses, all three Z terms are nonnegative. Consequently

Ssw Zswe + Zan + Z
X = —Mgw — Usw — Psw — Lsw + o IA;[}A pel

(8.72) w . B
2 _%GOH - Cswa - FJ:;‘WO-9 - ‘/;w-

The favorable Zee is used once. Every adverse remainder remains in (8.71).
Assume all estimates stated above for the same A. Then (8.8), (8.53) and (8.62) imply
(8.73) Vew = 00(1).
Proof of (8.73). All estimates above are proved for the same A, the same cells and the same blocks. By (8.8),
Egc/W < L7331 By (8.62), (6a1)+,(04)+, (6p)+ are 0,(1). For Raay, (8.32) and (8.36) give

0 1 2 3
|Raas| _ D] + D1+ DG + D] + [ Dbary | + | Esg| + | Bl
W~ W
The terms are O, (L~1) by (8.41); Og(L_l) by (8.47) with Aj,c = 3692, |wc|/M. < 36 and > g |wp| < L3%9;
O, (L™3%7/2) by (8.52); and O, (N7 L*), O,(N~*L*). Hence Viy = 0,(1). After fixing o, choose the eventual

threshold so that

(8.74) Vow <

1
200000

That threshold may be ineffective. It also covers

Niom = 2 B exp(max{104, 2log 2/(6103)})-‘ ,
(8.75) .
N270 =2 ’72 exp(2 eXp(wlO’f)_l/B))—‘ s NLEN,app(U*)'

These structural thresholds alone do not imply (8.74).
Relative to the comparison —Ssy, /W > —2H, the constant difference is

= 0.022638464724298154340603 . . . .
The exact cost of using the common coefficient instead of the optional coefficient is
H
Z(CKQ’GO — ¢) = 0.000049489563023753677508253183146688036059673516909.

This is scalar arithmetic. Its use in the final count requires (8.72) and the common error bounds. The capped-row
application is (8.40)—(8.41). The row-three estimate is (8.47), proved in the row-three subsection. All errors use
the common source (8.3). The inputs are Paper I, Theorem 2.8; Fact 3.3; Lemma 6.5(ii) for (3.48); and the prime
estimates of Fact 3.1. Hence (8.72) holds at the threshold of (8.74). The constant (8.76) is a gross coefficient
difference. It enters the final count only together with the switched error Cyy 0o, + Pswo? + Vi of (8.72). In the
final count this error is bounded by the caps (9.14) (Csywos < 107°, Pswo? < 107°) and by (8.74), in total at most
1/40000.

(8.76)

9. THE FINAL BOUND

We keep the notation of Sections 1 and 2. All error terms below are nonnegative. The analytic inputs are (A1)—(A5)
of Table 1.2.

9.1. Addition of the comparisons. Put d;; = 10~%. The constant of (1.14) is

5719
DB = DII + 1706 + ME’),internal + 9RA o
(9.1)
CK2,G0\ — 389253
— Oerr 2— ——""\H, H=——.
+'( 1 ) 5000000

Here Dy is Paper II's original lower constant [27, (6.3a)]. The six endpoint gains gg of (5.18) are not used. The two
profile gains enter separately. In particular,

- _ 45849916338000170593
1 95000000000000000000
6073714261
(92> M5,intcrna1 = *KhiT - LGla
989598353
gRAJo = ———o— = 0.0989598353.

1010
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The last line is the conservative rational floor for the integral gain gra. It is not a central estimate. Section 6
separates it from the integral gain. The certified integral enclosure is [0.0989598353353, 0.0989598353355]. We take
Kyi and L as defined in [27, (A.10d), (4.84)]. Their exact values are

~3989480791070578466390443009830933753748442947478110112223

Khi 1058 )
(9:3) Lot — — 243950428265194656254206921939947762868871361874409552095097'
100433627766186892221372630771322662657637687111424552206336
Thus M5 internal = Mn /Mg exactly, where
5 5
(9.4) M, = m10%,  Myg=_d;10™.
1=0 =0

The coefficients are printed in Table 9.1.

Table 9.1: Exact shifted-profile gain

m; di
66922148532305907989 0
34893223604885136721 0

3973350097562772509 0

87266878234046404033  48635364229120000000
28374567121249055735  73384187692692674921
3998 680564

T W N = O,

The exact rational cop is defined in (8.60) and Table 8.1. It records only the coefficient from the historical,
non-certified sharper comparison. The main count uses ck2 o in both comparisons. The common functional
comparison is (8.59). For comparison with the optional sharper coefficient, exact rational arithmetic gives

C—Co1

(9.5) 0<c—cop <4.081-10716, 0< H < 7.943-10748.

This is a rational comparison only. It gives no bound for 2e~7Uy. The further cost of the common coefficient relative
to ¢ is exactly

%F = 0.000049489563023753677508253183146688036059673516909.

The resulting main switched gain is exactly
ADys = 0.02263846472429815434060381043792394540367262995113415.

The optional sharper comparisons are not required for (9.1). Each gain is proved on the original arithmetic source of
its comparison. The gains 5719/ 10% and M internal come from Proposition 5.10, through Propositions B.1 and B.2.
The gain gra 1o comes from Proposition 6.13, and ADy3 from (8.72). Table 9.4 lists the bindings.

Table 9.2 itemizes the constant. Its decimal column gives approximations only. The defining formulas determine
the exact sum.

Table 9.2: The six terms in Dpg

Term Value

Dn 1.83399665352036682372
5719/10° 0.005719

M internal 0.005874949945026357 . . .
IRA,lo 0.0989598353

—Berr —0.0001

ADprs = (2 — cx2,c0/4)H 0.022638464724298154 . . .
Dg 1.967088903489691335 . . .

Adding (1.10) and (1.13) cancels the sixth endpoint:
(9.6) Te—Tg=0, ﬁf%“ﬁ: (sz%“)ﬁ.

Thus their conditional consequence is
4Gy(N)
W(N)

(9.7) > Dp + 0err — cr2,G0l(b) — EB(N:b,0).
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This uses the complete Ss of Paper II. The finite identities keep their original signs and multiplicities. The fixed
errors in Paper II are subtracted once [27, (6.4)—(6.6)], and not again in (9.1).

9.2. Ten error allocations. Use the exterior error from (9.8). For the table below, a conservative majorant is
convenient:

3884000000000

Ex(N;b,0) = A (b)Cano + o’ +rig(N;b,0)

9999
3884000000000
< 4Ax(b)C - N;b,0),
(9.8) < 44k (0)Cano + gog9 ¢ trx(Nibo)
3884000000000
AK(b) = QE_VI(b)WAA,K7 PK = W,

TK(N;b, 0) = Ob’g(].).

Here Waa, i is the exterior remainder-weight bound. It belongs to the source in Section 7. The extra factor four

only enlarges this nonnegative error. It leaves the principal constant unchanged. Similarly, the switched comparison

requires

Fr(N: o) < 650000000 o 48544888063158 4
1111 27775

Vaw(N;0) = 0,(1).

Here Vg, is the positive part in (8.71). The conditional limit is (8.73). These two limits concern the actual sums
stated there. Both majorants are the error terms of (7.67) under (A3) and of (8.72) under (A4), with Cgy, from
(8.61). By (A5), Caa and Cg do not depend on o. The exterior weight Waa i is Waa of (7.38):

(9.9) + Vew (N3 0),

_ HY, H,
A (b) = 267 I(0)Wan W@AK::&M<1+Iﬂ%#— n ),
(9.10) 3125 ? °
o
Hye = log " = log =T > 0.

Since I(b) > 0, this gives 0 < Ax (b) < co. In particular Ax (b)Cano < 4Ak (D)Chano.
The retained and Root—A comparisons require
(9.11) E'(N;0) = 0,(1), Ega(N;o0) =0,(1).

For Root—A, use Ega(N;o) from (6.72). The first includes every conversion and the saved-array contribution
2 jen |A?’ ~|in (1.12); that contribution is not charged again. The pointwise error may use the coarser bound

e’
_ 4E5(N) < 2197TN —o(1).
W(N) W(N)

Here E, is defined in (4.12). The explicit pointwise argument in Section 4 gives E,, = 0 for N > N,i. The coarser
majorant retains the same error bound. The inequality follows from (4.13), using both the pointwise bound and the
exceptional-set cardinality. Since C(N) > Cy > 0 and a > 0, the coarser majorant tends to zero: N~%(log N)? — 0.
No sharper exceptional coefficient is needed. Proposition 5.10 gives E'(N;0) — 0, and Proposition 6.13 gives
Era(N;0) — 0 under (A2), each at fixed 0. Lemma 4.1 gives Eex.(N) = 0 for N > Ny

Fix b, all absolute constants, and the source geometry first. Choose positive absolute constants C5* and Ch for
the Section 8 and Paper II sieve bounds. Define

(9.13) Cp = max{CE} CH}.

By (A5), these constants are independent of o and N. Here Cap = 4Cxa37 by (7.39). The constant C'rp dominates
the absolute constant of (3.22) used in (8.25). The underlying sieve bounds come from Paper I, Theorem 2.6, (2.31)

(9.12) Eoxc(N)
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[26, Theorem 2.6, (2.31)]. Choose one rational o, > 0 satisfying

0<o, <1010,
. T1333)
* T 625102105’
1
7%= 4000004 (0)Can’
ors N
' =\ 388400000000000000 )
1111
7% = $5000000000000C%
” < ( 27775 >1/ o
= \ 4854488806315800000 )

7. = (0.)°.
By (9.10) and (Ab), every right side in (9.14) is positive and independent of o. Hence such a rational o, exists. The
second restriction preserves Paper II’s fixed error bound. It is exactly
< 4gan 178333
Ox > s = ZornnnnnAn’
CgW. 6250000000

The other four restrictions control new fixed errors. Freeze every finite partition and logarithmic precision next. Only
then choose the common threshold.
The ten allocations are printed in Table 9.3. The two zero rows are unused capacity.

(9.15) W, = 10"

gaa 27, (1.26), (1.27), (6.6)].

Table 9.3: The error bound ey = 1074

Error term Allocation
1 4Ax(b)Canos derr/10
9 38840909090900000 . derr/10
3 6501010101000 Cro. derr/10
4 4854488800318 - Jerr/10
5 E'(N;o4)+ Vew(N;o.) St + g
6 0 Gere /10
7 FEgra(N;o.) derr/10
8 rr(N;b,o) Gerr /10
9  Eexc(N) derr/10
10 0 Sere/10

Its capacities sum exactly:
4661‘1‘

(9.16) 0

B

6err
20

5err
20

6err
10

= (Serr .

)+

The first four bounds follow from (9.14). The five remaining nonzero bounds follow from the stated limits. Each

limit is taken at fixed o.

Proposition 9.1 (Error budget). Assume (A1)—(A5), and let o, be rational with (9.14). Then every even N > N (o)

satisfies

(9.17)

Er

8
N; +) < ——=Oerr err-
( ,b,o)_105 <9
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Proof. Rows 1 and 3. The third and fifth lines of (9.14) give

Oerr 650000000 650000000 Oerr
1Ak (D)Cano < 400000 10’ T CF7* = §3000000000000 ~ 10
Rows 2 and 4. The first line gives 7. < 107%°. This is below 9999 /388400000000000000 and 27775 /4854488806315800000,
so the fourth and sixth lines hold, and

3884000000000 Jerr 48544888063158 Oerr

—_— 7. < —, e T« <

9999 - 10 27775 10

Rows 5, 7 and 8. At the fixed o, B/ — 0 by (A1), Vi — 0 by (8.73) under (A4), Ega — 0 by (A2), and rx — 0 by
(A3). By (2.6), the thresholds Ty, Tv,Tgg,, Ir, TE,,. of (2.5) exist, and above them E’' < ¢y /20, Vi < Oerr/20,
ErA < 0err/10 and 7k < derr/10. Row 9. Lemma 4.1 gives Eexo(N) = 0 for N > Ny, so T, < Npi. Rows 6 and
10 are zero. Every threshold used is bounded by the common maximum in (2.5). Also Ny < Ny, by Lemma 9.2.
Hence all of them hold for N > N (o). By (1.11), (9.8) and (9.9),

650000000 48544888063158

< (E'+V. )4 E DR O,y 4 2222200000929

€p < (B'+ Vaw) + RA*( L CE% T T s )
3834000000000

-+ (4AKCAAU* + Ty + T'K) + Eexc-

9999
The bounds above give at most 5;3 + 51"(; + 2%” + 3‘%0" +0, which is below the nonzero allocations %*0" of Table 9.3. O

Take the named source, application and error thresholds listed in Section 2. The Section 7 definitions of Tk
and T, already include the main-mass threshold Niyass(b, 0,) and the AA threshold Naa (b, 04). Thus the common
maximum in 7, below includes both requirements at the fixed b, o,. The common threshold is the single definition
(9.18) Nj(ox) as defined in (2.5).

Its existence depends on all those estimates. The floor alone supplies none of them. By its definition and Lemma 9.2,
N§(04) > max{ Ny, Ng} > Npi. The Section 2 threshold definitions include Ny, through Ti,c and Ng through Tra.
The bound Ny, enters directly in the common maximum. Lemma 4.1 holds for N > N and Lemma 4.2 for N > Ns.
Thus the order is

(9.19) constants —> o, — finite choices — N{(o.) — N.

No parameter o, (V) is used.
Proposition 9.1 gives

(9.20) EB(N;b,0.) < dery (N > Nj(ox), N € 27).
Combining (9.7) and (9.20) gives

4Gy(N)
W(N)

It holds for every even N > N{(o,) under (A1l)—(A5).

9.3. The numerical margin. All constants in (9.1) have exact definitions. The exterior price uses the GO coefficient
in (7.36). The same coeflicient prices L3. No G, Uy sharper domination is used in this arithmetic or in the main-count
hypotheses. The constants have the following outward enclosures:

1.967088903489691335582703173494 < Dp,
Dp < 1.967088903489691335582703173495,

1.966859949178424046530804965343 < cxa,col (D),

> Dp — cia2,6ol(b).

(9.21)

(9-22) ck2,c0l(b) < 1.966859949178424046530804965344,
0.000228954311267289051898208151 < Dp — ck2,col(b),
Dp — ck2.col(b) < 0.000228954311267289051898208152.
Here
(9.23) . ~ 6836825163875517756286346321650754372931094689 1) = lo 4000007
' K2.60 = 10% ’ ~ 82999993
The coefficient is defined in (7.36). The final comparison is (7.67). Hence
1
.24 Dp — I .00022 — .
(9.24) 5 = cia,col (b) > 0.0002280 > = > 0

The table below identifies each exact constant by its defining display and lists the comparisons that use it unchanged.
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Table 9.4: Constants and the comparisons that use them

Constant Definition Comparison

D (1.8), [27, (6.3a)] Proposition 5.10, by (5.13)

5719/10° (5.25) Proposition 5.10, by Proposition B.1
Ms5 internal, Kni, La1 (9.3), Table 9.1 Proposition 5.10, by Proposition B.2
9RA,lo (6.70) Proposition 6.13, (6.72)

H, ck2,60 (9.1), (7.36) (8.72), with (8.61)

cK2,60, 1(b) (9.23) Proposition 7.5, (7.67)

Ak (b), Can, Pk (9.10), (7.39), (7.67) Table 9.3, rows 1 and 2

Csw, Paw (8.61) Table 9.3, rows 3 and 4

err (9.1) Proposition 9.1

No other constant enters Dp or the error budget.
The logarithm enclosure uses rational arithmetic. Put ¢, = 500007/3500000 and

m 12k+1 2t12m+3
9.25 Sy =2 = Sy < I(b) < S + o8 .
(9.25) kZ:OQIH—l (®) (2m+3)(1 - 12,)

Here I(b) = 2arctanht,s and 0 < tjo; < 1. Bounding each remaining denominator by 2m + 3 proves the upper
bound. Taking m = 24 gives (9.22). Thus no rounded logarithm enters the margin test.
For reference, put ¢ = 107% and €, = exp(Dp/ck2,c0). The buffered critical exponent is

¢, +1
9.26 Ay =
(%20 M -Qe ¢
To derive it, write b, = 1/(1 4+ &,) + (. The equation a(l —b,) = 1 gives (9.26). For the present constants,
7
(9.27) 1.749974884137892433433207484622 < ajy,; < 1.749974884137892433433207484623 < 1

This enclosure also uses rational bounds. For © = Dp/ck2,co and m = 36, put
Ml 1
(m+1D!'1—x/(m+2)

Here 0 < x < 1. The tail ratio is at most z/(m + 2). The function in (9.26) decreases with &,. Substitution of the
two rational bounds proves (9.27).

The endpoint in (9.27) is equivalent to the positive scalar margin at this fixed b. It supplies no theorem at a
smaller a without new comparisons at the corresponding cutoff. If the optional Lemma 5.3 is used, Dp increases by
g6 = 0.0020549454896034927680. .. of (5.18). The margin then becomes 0.0022838998008707818199. .., and af ¢
becomes 1.7497494980881623276859 . ... Theorem 1 does not use this.

For an optional arithmetic comparison, define Dp . = Dp + (cx2,c0 — C)F/4. Using ¢ in both K2 and L3 would
require two further inputs. This paragraph concerns the optional scalar comparison at the same fixed cutoff; it
supplies no new cutoff-dependent estimate. The first is the separate sharper functional domination G, < Uy from
equation B.28. The second is a certified 2e7YUy < c¢. It does not follow from the coarse interval in equation B.27.
The main proof uses neither. Its scalar endpoint is

m k
(9.28) Tmzz%, T), < € < Ty +

E.+1
2 E. = D , rfe= ———.
(9 9) C exp( B,C/C) abuf,c (1 _ C)Ec _ C
The same rational Taylor enclosure gives
7
(9.30) 1.749889173139093190128834678 < ay,,¢ . < 1.749889173139093190128834679 < 1

Thus, on the optional sharper branch, af; . is 1.7498891731390.. .. The main theorem uses the explicitly certified
GO coefficient defined and bounded in (7.36); the display above is only the optional exponent endpoint.

9.4. The transfer.

Lemma 9.2 (Transfer). The parameters (2.3) satisfy
3 7
(931) Rtr = 1(1 - b) - b - m, Ntr == 1012000000/7 > 1012 + 1= Npt'

For even N > Ny, every n =rq € Ax with primes r < q and r < N satisfies
(9.32) qg>eN'P, @t > SNV > NY S
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Proof. Since a = 7/4, a(1 —b) —1 = 3(1 —b) — b, and b = 2999993 /7000000 gives 7/4000000. Also e~(~ 1>/*”~rr =
10%:3000000/7 ~and 12000000/7 > 13. For n = rq € Ay we have n > N, so ¢ = n/r > eN'= and ¢/
g3/ANBA=b)/4 — B3/4 Nbtrw  Pinally NF= > ¢=3/4 exactly when N > Ni,.

D\/

PROOF OF THEOREM 1

Use the established inputs (A1)—(A5) and fix a rational o, satisfying (9.14). Let N > Nj(o.) be even. Then
N > max{Ny, Ng} > Npi. Lemma 4.1 gives the first line of (1.10). At o = o, the established comparisons (A1),
(A2) and (A4) give its other three lines, and (A3) gives (1.13). The zero-gain combination Lemma 4.3 adds these
four comparisons to (9.7). Proposition 9.1 gives (9.20), hence (9.21). Equation (9.24) then gives Gy(N) > 0, since
W(N) > 0 by (2.2). Hence the set in (1.3) is nonempty.

Choose one counted integer n = N — p. If n is prime, take ¢ = n and r = 1. Otherwise n = rq with primes r < ¢
and r < N, and Lemma 9.2 gives < ¢3/%. Therefore N = p+rq and r < ¢*/4. O

APPENDICES

Appendix A proves three auxiliary estimates. Appendix B records finite calculations, numerical certificates, and
exact arithmetic. All cross-references to these appendices are internal to this document.

APPENDIX A. PROOFS OF THREE ESTIMATES OF SECTION 6

This section proves Lemmas 6.5, 6.8 and 6.9. Numbers (6.k) and 6.k refer to Section 6. Numbers (A.1) and
later refer to this section. The only inputs are Papers I and II and the classical results cited at the point of use.
Throughout, 7; is the j-fold divisor function and 7 = 75. Let w(n) be the number of distinct prime divisors of n. Let
P*(n) and P~ (n) be its largest and least prime factors. The sum > ; ., runs over reduced residues.

A.1. Elementary inequalities. For integers j > 1, k> 1land Y > 1,

(A.1) 7(n)? < 7 (n), Z T’“T(L”) < (1+logY)k, Z Te(n) <Y(1+logY)F1

n<Y n<Y

a+27 -1
27 —1

a+k—-1 a+2k—1
(aH)( k—1 ) = < 2% — 1 )
The right side is the coefficient of p* in the convolution of two k-fold divisor functions. Each of its a 4+ 1 terms is
at least the left factor (ﬁi;l), since (j' +i)(a — j' +14) > i(a+1) for 0 < j/ < a. The two sums in (A.1) follow by
writing n = ny - - - ng, enlarging the constraint to n; <Y, and summing one factor last. Also

(A2) %mn), p(mn) > p(m)p(n),  T(mn) < 7(m)7(n),

prime power by prime power, and 7(n) <. n
For a finitely supported sequence &, a modulus k and an integer h > 1, put

The first is multiplicative. At a prime power it is (a + 1)7 < ( ) which follows by induction on j from

(A.3) e(bbsh) = > & - S b Ac(k,b) = Ac(k,b;1),
n=b (k (P( (n,kh)=1
(n,h)=
(A4) V(&) = Y Ak, b
b mod k

If € is supported in an interval of length at most Y, then

(A.5) viko< Y| Y e

bmod k n=b (k)

< (5 +1) el

Here A¢(k,b) is the deviation of the reduced class sums from their mean. The variance is at most the second moment.
Cauchy’s inequality in each class gives the second bound.

The sequence e, = 1g<p<on satisfies, for all k,h > 1 and (b, k) =1,
(A-6) [Ac(k, by h)| < 37(h).
By inclusion-exclusion over d | h, (d, k) = 1, the class count equals (H/k) ][, ,u.(1 —1/p) + O(7(h)), with error at
most 7(h) in absolute value. The comparator has the same main term and error at most 7(h)7(k)/o(k) < 27(h).
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Let £ =loglog N, z = NV and y = Nt Here N is the large parameter of the lemma at hand. For each fixed
C > 0, Rankin’s method gives

d C
(A7) > T(T) <c (log N)Kee=t*
>y
PH(d)<z

with a fixed K¢. With A = 1/log z, the left side is at most

2
y = H (1 + Z(e + 1)Cp—e<1—*>), y =",

p<z e>1
For p < z one has p* < eand 1—\ > 1/2, so the factor at p is 1+O¢(1/p). Mertens’ theorem gives > op<z 1/p < L+O(1).
Hence the product is < (log N)5c. Since e=¢ = (log N)~*, the right side of (A.7) is Oc.4((log N)=4) for every
fixed A.

A.2. Lemma 6.5. Recall the setting of Section 6. Let £ be complex, supported in [1, Z], Z > 3, and fix Bgjy > 0.
The hypothesis (6.35) is that, for every P > 0, uniformly in h,k > 1 and reduced b mod k,

1 , _
(6.35) > gn—m S 6| <p €122 ()P (l0g(22)) 7,
n=b (k) L (n,kh)=1
(n,h)=1

with constants common to the family of pairs (Z,¢). The conclusion (6.36) is

(6.36) > Yo 1Ae(k,b)* <a [€]132(log 2) .
k<Z(log Z)~B1(A) b mod k

In the selected-factor form of Paper I, (3.48), &, = anl(n,r)=1, Z = [2T'], and (6.37) reads

(6.37) S Y Adg. )P < N TL™,  3Q < Z(logZ2) "7, Bp = Az + 15,
¢<3Q b mod q

where Nz is the interval mass in Paper I, (3.8).

Lemma 6.5 (Transferred mean-square estimate).

(i) If (6.35) holds, then (6.36) holds for every fized A > 0. Here B1(A) and the implied constant depend only on
A, Bgiv and the common constants.

(ii) Assume the hypotheses (3.1), (3.2), (3.6), (3.8) with its length condition, (3.11) and (3.25)-(3.27) of Paper L
Then the estimate (6.37) holds uniformly over the parameter bozes and selected factors of Paper I, Theorem 3.2.
Hence that theorem holds with this input in place of [3, Theorem 0(a)] at (5.48).

Proof of (i). Put E = ||€]|3, X = log(2Z) and, for 1 < Q < Z,
$(@Q) = V(k;&).
E<Q

Since 27 < Z2,logZ < A < 2log Z.
Characters. Orthogonality on the reduced classes gives Ag(k,b) = (k)" X2 . X(0) 32, énx(n). The centring
removes exactly the principal character. Hence

1 2
(A8) S@=3 s 2 X ex)]
E<Q ® xmod k n
X7#X0
Each x # xo modulo k is induced by a unique primitive ¢ mod f with f | k, f > 1. Write £ = fe. Then
X(n) = ¥(n)1(n,e)=1, since 1 already vanishes on primes of f. The pair (e, ) determines (k, x), and ¢(fe) > o(f)¢(e)

by (A.2). Therefore
prim

(A.9) SQ<Y — % i) SR G =Y &)

1<f<Q/e (,O(f ¥ mod f (n,e)=1
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Small conductors. Let F > 1 and 1 < f < F. Since > 1(b) =0,

Z*:w{Zé‘n— Zgn}

b mod f b(f ( ef)=
(nﬁ)

The bracket is the left side of (6.35) with k = f and h = e. For a fixed a > 0 it is at most C, EY/2Z"/27(e)Baiv \~a,
There are at most ¢(f) primitive characters modulo f, so
prim
(A.10) Z Z Ce()]> < CZEZT(e)*P A" o(f)? < CZEZr(e)?Pav FAA~20.
1<f§F f<F
Large conductors. The multlphcatlve large sieve, Paper I, (2.19), applied to ¢, = &,1(y,¢)=1 With support in [1, Z]
and [|c[|3 < E, gives

prim

YN C)P < (V2 + Z)E.

f<2voy
If p < --- < ps are the primes of f, then p; > i+ 1 and f/o(f) <[[;(i +1)/i =s+1<1+logf/log2. Thus
1/p(f) <3)\/V for V < f <2V, and

prim

> Z|C )? < AE<V+§)

ver<ov ¥

Summing over V = 2/F < Q gives, uniformly in e,

(A11) 3 ( Z VP <AB(Q+ %),

F<f<Q/e 4
If F > @, this range is empty.
Summation over e. Let r = [2Bg;y + 1] and m = 2". By (A.2) and (A.1),

Z T(e)ZBdiv < Z T(e)r < (1_|_10 m 1 2
< < g™, Y — <(1+1logQ)*.

e<@Q 90(6) e<@ e<Q w(e)
Inserting (A.10) and (A.11) in (A.9) gives

Z
(A.12) S(Q) <4 EA™HS (ZF?’A-QG +5+ Q).
Put
(A.13) Bi(A) = A+ 2[?Baw+11 4 7, F=\B, a=2B,.

For Q < Z(log Z)~B1 < 2B1Z)\=B1 each term in (A.12) is < EZ\™T3-B1 < EZ\~4. This is (6.36). The constants
depend only on A, By;, and the constant Cop, of (6.35). For Bg;y =1 one hasr =3, m =8 and B1(4) = A+15. O
Proof of (ii). Fix a box and a selected factor r of Paper I, (3.26). Put &, = a,1(,, ;)=1, With a as in Paper I, (3.8).
Then ¢ is supported in I7 C (T,27] C [1,Z2], Z = [2T1], |&,| <1, and E = ||€]|3 < Nz + 1. Its discrepancy (A.3) at
h=11is A(a'");q,b) of Paper I, (3.46). The support of 1 in Paper I, (3.27), gives ¢ < 5Q/2 < 3Q.
Low norm. If E < NzL=43~1 then (A 5), Q < T and log(3Q) < L give
> Vig&) < (Nz(1 +1og3Q) +3Q)E < TLE < NyTL™.
q<3Q
This is the first case of Paper I, (3.48).
High norm. Let E > NzL~=43~! For d,k > 1 and (I,k) =1,

Ak )= an—ﬁ > an,

nelr, n=l (k) nelr
(n,dr)=1 (n,dkr)=1

which is the discrepancy of Paper I, (3.25), with I = It and auxiliary divisor dr. Hence, for each Agw > 0,
(A.14) |A¢ (k1 d)| K agy TT(d)T(r)L=AW,

By Paper I, (3.26), 7 is up-rough and r < X%6 < N%6. With logug = foo?log N from Paper 1, (3.2), the number
Q(r) of prime factors with multiplicity satisfies Q(r) < 0.6/(¢y0?), so

7(r) < 2% = 0, (1).
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By Paper 1, (3.8), Nz < TL~%x, hence
EI/QZI/Q > TL*(Cbe+A3+1)/2.

By Paper 1, (3.11), T > X% 50 log(22) <, L. Take Agw = P + (Cpox + A3 +1)/2 in (A.14). This gives (6.35) for
& with Bg;y = 1, at every precision P. The constants depend only on o, Cpex, Az, P and the constants of Paper I,
(3.25). These are common to all boxes and selected factors.
By part (i) with Bgijy = 1 and A = Ajs, the range parameter is By (A43) = As + 15 = Bp. Paper I, (3.6), gives
Q < TX 297 hence
3Q < 3TX 2% < Z(log Z)~ P
for all sufficiently large X. Part (i) yields

Y Vigi€) < BEZ(log Z)~4* < NfTL™ .
q<3Q
This is (6.37), uniformly in the box and the selected factor.
In the proof of Paper I, Theorem 3.2, [3, Theorem 0(a)] is used only to obtain the second case of (3.48). See the
list of inputs after the statement of that theorem in Paper I. The two cases above give (3.48) for every box and
selected factor, with the same constants and quantifiers. The rest of that proof is unchanged. O

A.3. Lemma 6.8. Recall the notation of Section 6. Put L =log N, ¢ = loglog N,
5227 9

:N1/€3 :Nl/l _ _ —
i ¥ o UTURA T 900000 YT 10007

op =107°, 6 = 3

and, for an integer g and a residue e,

1ie,g=1
6.21 Kole) = 1.— _ Zleg=t
(6.21) q(€) =le=n (g 20)
(the last line of (6.21)). For a parent (H,2H] with N'/3/8 < H < 2N46+0(1/L) (6.38) defines
(6.38) D, =HN %, Dy = QNYtor /H, Q=N"L"B.

For a sequence f on (H,2H], (6.32) defines Af(I;k,b;h) as (A.3) with n restricted to the interval I. Then (6.34) is
the bound

(6.34) |Ap(Lik,bsh)| <p HT(W)L™, (b k) =1,
uniformly for I C (H,2H] and k,h > 1.

Lemma 6.8 (Two-factor convolution estimate). Let N'/3/8 < H < 2N-46+O0W/L) qnd HM < N. Let a,, n ~ H,

be one-bounded, supported on P~(n) > z, and satisfy (6.34) at the original parent H, where z = N1/ (loglog N)* ' oy
by, m ~ M, be one-bounded. Let Uy, Vi be dyadic modulus scales, allowing the singleton scale 1/2 for the integer 1,
such that
Uy < Dy, Vi < Da, UpVi < NURA,

Let f(r), r ~ Uy, and g(s), s ~ V1, be arbitrary one-bounded arrays, with the unary restrictions r < Dy, s < D,
(ry,N)=(s,N) =1 in force. Neither a pointwise condition rs < Q nor a joint condition (r,s) =1 is imposed on the
pair. Then, for every fixed A > 0, uniformly in these occupied-parent scales, f, g, unary interval cuts of a, and by,
and intervals I C [N/8,2N],

(6.45) Zf(r)g(s) Z b Krs(nm) <4 NL™4.
e n?rggl

Write H = N". Fixed-factor enlargements of the parents change h by O(1/L), so

(A-15) Loo1)<h<Zto(l), M NHW,

All implied constants below may depend on A, on the fixed comparison constants and on the constants in (6.34).
They do not depend on N, H, f, g, a or b. All fixed precisions are chosen before the final threshold for N.

Step 0: reductions. A unary cut a,1;(n) satisfies (6.34) with the same constants, since Ay, (1;k,b;h) = Ag(IN
J;k,b; h). The error is still measured at H. A unary cut of b, keeps it one-bounded. The product cut nm € I is
removed in Step 9. Until then we prove, for every fixed A > 0,

(A.16) S:= > fg(s) Y anbmKrs(nm) <a NI,

re~Up, s~V n~H, m~M
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Step 1: a shifted divisor moment and the mean square. For each fixed j and each interval J of length O(M) in
(M/2,4M],
(A.17) Z 7(jmn — N|) <; MHL.

n~H, meJ
mn#N

Let 1 < u < N3. Its prime factors above N'/8 have total multiplicity at most 24. Group the others greedily into at
most 25 factors, each at most N'/4. Submultiplicativity of 7 gives

T(u)j§224j Z 7(d)*™.
d|u
d<N1/4

For fixed n and d, put hy = (d,n). The congruence d | mn — N has no solution unless hy | N, and otherwise
O(Mho/d + 1) solutions m € J. Using (d,n) < 3|4, € and (A.1),

L M(d ,
> (@) (7( 7 o 4 1) < LO(Mr(n)®7+! 4 NY4).,
d§N1/4
Summing over n with (A.1), and using N'/* < M, proves (A.17).
Put Zy = [2H]. For each fixed P > 0 and every K’ < HN~7»/2,
(A.18) Z 7(k)V(k;a) <p H*L™F.
k<5K’
First let R > 0 be fixed. If [|al|5 < HL™F, then (A.5) gives Y-, s V(k;a) < (H(1+1og5K") + K')||al|3 < H2L'F.
If |a||3 > HL™E, then ||GHQZ}LI/2 > HL~1/2. Taking I = (H,2H] in (6.34) at precision P’ + R/2 gives (6.35) for
& =a with Z = Zy, Baiyv = 1 and common constants, since log(2Zy) =< L. This argument is uniform at every
requested precision P (after choosing P’ accordingly). Lemma 6.5(i) with A = P’ and B;(P’) = P’ + 15 gives
> Vi(k;a) < ||a|2Zn(log Zy) F < H*LF'.
k<Zp(log Zg)—F'~15
The range contains k < 5K’, because 5K'/H < 5N ~7»/2 beats every fixed power of L. Thus in both cases
Son<si Vikia) < H?L™ min(R—1,P") Ty insert 7(k), split at 7(k) = L. Below the split the cost is L. Above it,
(k) < LR 7(k)?, and V(k;a) < (2H/k + 1)(H + 1) by (A.5); hence by (A.1)
7(k)?

Z T(k)v(k'7 a) < I/_I%,IJ2 Z — K H2L4_R/.
k<5K’ k<B K
r(k)>L%

Choosing R’ = P + 4 and then R, P’ > P+ R’ + 1 proves (A.18).

For a z-rough integer t < N put ol = anl(pny=1. Since w(t) <logt/logz < £3 and each prime p | t exceeds z,

2H HL
.02 < Z( 1)
la —a'™5 < - » +1) < o

and by (A.5) and (A.1), uniformly in ¢,
H2L?
(A.19) Z (k) (k;a—a®) < .
k<5K’ z

Step 2: large smooth parts. Write s = dt with P*(d) < z < P~ (t). Consider the pairs (r,s) with d > y. Then the
z-smooth part of ¢ = rs exceeds y. A modulus ¢ has at most 7(q) factorizations ¢ = rs, and ¢ < 4U;V; < 4N". For
(¢, N) =1, counting m for each n coprime to ¢ gives

N N
’Z anbmqu(nm)‘ LK —+H+—.
e q ¢(q)
By (A.2), the contribution of these pairs to S is
7(q)? c 7(d")? u
<N > - TH . @< NLE Y =+ HN'L.
g<AN" g<4N® d'>y
q=d'h’, d'>y, P*(d)<z PT(d)<z

Here 7(q)? < 7(d")?7(h’)? and the sum over b’ is bounded by (A.1). By (A.7) the first term is O4(NL™4). The
second is at most N-?827+(1) since h 4 v < .46 + .5227 + o(1). Tt remains to treat d < y.
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Step 3: the first Cauchy square. Split d and t into dyadic shells d ~ D, t ~ S, with D <y, DS < V;. There are
O(L) choices of D and O(1) of S. Put

/\d(t) = g(dt)ldthl 1P*(t)>zlP+(d)§z7 K = UlD, k =rd.
Then |Ag(t)| <1, rs = kt, and (kt, N) =1 on the supports. One block of S is

= > f()bm Z)\d )Y anKye(mn).

r,d,m

Fix a smooth ¢ > 0 supported in [1/2,5/2], equal to 1 on [1,2]. Cauchy’s inequality in (r,d, m) gives
2
(A20)  |SoP <CKMS, Z¢( )1(”[ RS Z¢( )‘Z Aa(t) Zanlckt(mn)‘ .
t n

The indicator 1(,4 n)—1 is part of the orlglnal support and is kept. The scale conditions and (A.15) give, for large N,

(A21) % S A]\[*O’p/27 % S ]\/‘*‘01727 M > N.5470(1)’

because K < Dyy, KS < U;V; < NV and v — .54 = —.0173. In particular kt = o(M) and K = o(H).
Expand &' = 85 — 2Re Sy + S over tuples t = (r,d, t1,ta, n1,n2) with coefficient

c(t) = (r/Ui)1ra,ny=11a~DAd(t1) Na(t2)an, Gny, W(t) = L(ny bt )=(na,kta)=1
83 = Z CZ ¢(m/M)1kt1|mn17N1kt2\mn27N7
t m

1 mnz,k 2)=
Sy = ZcZw(m/M)lwmm_NW,
t m

1(mn k:tl):11(mn2 kto)=1
=>» ¢Y Y(m/M) = : .
Zt: ; p(kt1)p(kt2)

In 83 the factor w is automatic, since (kt;, N) = 1.
Step 4: restoration before the Chinese remainder theorem. Call a tuple ged-bad if one of
(A.22) (nl,ng) > 1, (tl,tg) > 1, (’I’Ll,tg) > 1, (’I’Lg,tl) > 1, (k,tltg) >1

holds. Call a tuple near-diagonal if |ny — no| < HL™%™; this condition is charged separately below. On the other
tuples k,t1,ts are pairwise coprime. For a set B of tuples define the formal terms

cw M¢ cwly—n, (1)M(0)
A2 Z = .
a2) PN e LR S

We show
§' = ME + Z(all) — MT(all) + O(Ry),
(A.24) 1y (H + KS)?
K )
where £ is the nonzero-frequency sum on good tuples defined in Step 6. The exponent C' is fixed after P and the
truncation parameters.

Resonant m. If mn; = N, then m | N. There are 7(N) = N°M) such m. For fixed (r,d) and such m, the
congruence terms over (t,n) number at most >, (2H/(kt) + 1) < H/K + S. The comparator terms are < L°H/K.
Hence these m contribute < N°WK(H/K + S)? to Sy, 82, S3 and to every subset of tuples below. This is the last
term of Ry.

Divisor truncation. For the other m put u; = |mn; — N| > 1. Let ©* be the event 7(uy), 7(u2) < LE=. On the
part of the complement with 7(uy) > 7(uz), the triples (r,d,t;) with kt; | u; number at most 7(u1)3. The to | uz
number at most 7(u1), and ny lies in one class modulo k, with O(H/K) choices. With 1., )5 pox < 7(u) L=,
(A.17) gives a contribution to S of

Ry <p M[fQL—P + MHLC [ZEK + 1} + NeW [H?Q + HQS} + N°

H MH?
—Cx 5 C5—Cx
(A.25) < L 7 E Y(im/M)T(u1)° < 7 L :

m,ny
The other part is symmetric. Choose Cx, > C5 + P.

Bad tuples in Ss. In this paragraph, “bad” means ¥* intersected with the five ged failures in (A.22); the near-
diagonal set is not included in this term and is charged separately below. On ¥* fix (m,n1). There are at most L3>
triples (r,d,t;) and at most O(L) candidate primes p for a failure in (A.22). Once ny is fixed, there are at most L=
choices of ty. Every witnessing prime exceeds z: it divides a z-rough n; or ¢;. Since (k,N) =1 and k | mn, — N, we
have (m,k) = (n1,k) =1 and ns = ny (mod k). Each failure places ng in one class modulo kp:
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p | (n1,n2): ptk; combine ny =0 (p) with no =ny (k).

p | (t1,t2), ptk: pfm, since p | mny — N and p{ N; combine mng = N (p) with ng =ny (k). If p | k, then
kty | mng — N and p | to give kp | mna — N.

p | (n1,t2): ptk and p{m; combine mny = N (p) with ny = ny (k).

p | (n2,t1): p1k; combine ny =0 (p) with no = ny (k).

p | (k,tita): since p > z > PT(d), p | r. If p | ta, then kty | mny — N gives kp | mny — N. If p | t; only,
exchange the two copies first.

The number of ns in one class modulo kp is O(H/(zK) + 1). Hence

(A.26) Sz(bad) < MHL*“=F1 [EK + 1]
z

The near-diagonal |n; — ny| < HL™“™ is counted in the same way, with H/z replaced by HL~““. Choose
Crr > P +4Cx + 1. This gives the first two terms of Ry. No joint condition (r,s) = 1 has been used. A prime p < z
dividing (r, s) divides d and only enlarges k. A prime p > z dividing (r, s) divides k and some ¢;. This is the last case
of (A.22).

Bad tuples in the density terms. For Sy, 8o and MT, dropping coprimality leaves the positive density

Cp_ 7
<L Err
since kt; = o(M) and q/¢(q) < L€ for ¢ < N°W. (In Sy the m-sum is nonzero only if n; is invertible modulo kty,
by (k,N) = (t;, N) = 1 and kt; | mny — N. Then m lies in one class modulo kt;.) For Z retain w and ny = n; (k),
with weight M/(ktit2). In particular (nq, k) = (n2, k) = 1 there. Without the bad condition these weights sum to
< LY MH?/K and < MH?/K, using >, g1/t <1, k =rd < K and, in Z, O(H/K) values of ns in one class
modulo k. As in S3 every witnessing prime p exceeds z. In each case below the prime p divides n; or ¢1, which is
fixed first together with p. Since w(ny),w(t1) < L, there are O(L) choices of p. We use

H 1 1 25 2
~ H : < — 41, E — < == =
#{712 p|n2}_p ; Stz_S » »
o
plte
5U,
5 . .
#r <50 plrb N

the last two have no +1, because they count multiples of p in [1,25] and [1, 2U7].

e p| (n1,n2): fix ny and p | ny. In 81, Sa, MT there are < H/z + 1 values of na. In Z, p 1k since (n1,k) = 1;
combining ny = 0 (p) with ns = ny (k) leaves O(H/(2K) + 1) values of ns.
p | (t1,t2): fix t1 and p | £1; the to-sum is at most 2/p < 2/z. The ny-count is unchanged; p | k is allowed.
p | (n1,t2): fix ny and p | ny; the to-sum is at most 2/z, and the ny-count is unchanged.
p| (n2,t1): fix t; and p | t;. In S;,Se, MT there are < H/z + 1 values of ny. In Z, p | k would contradict
(no, k) =1, so ptk; combining ny = 0 (p) with ny = ny (k) leaves O(H/(zK) + 1) values of no.
e p| (k,tite): the weights are symmetric in the two copies, so let p | t1; fix t; and p | t1. Since p > z > P*(d),
p | r, and there are at most 5U;/(2p) < 5U;/(2z) values of r. The d-, t3- and n-counts are unchanged.

In every case the bad part of each density term is < MHL%*[H/(2K) + 1]. This is part of Ry. The near-
diagonal is counted in the same way, with H/z replaced by HL~¢™. There are O(HL~™ + 1) values of ny, and
O(HL=%™ /K +1) in one class modulo k. Hence the near-diagonal is < M H?L% =™ /K + M HLC. This is part
of Ry once also Cpy > P + Cy,. Thus all bad tuples may be removed from Sy, S2,S3, 2, MT at the cost Rp.

Good tuples. On good tuples the two congruences in Sz are compatible exactly on the support w(t) = 1 and
ny = no (mod k). Then m lies in one class g modulo ktqts, with

1% _ antg + N’n,gktl

A.27 = d1).
(4.27) ktity, Kty p (medl)
Poisson summation gives
m M ~¢ hM hu
(A.28) 2 w(ﬂ) = tits Zw(ktltg)e(kt@)'
m=p (ktitz) h€Z

The term h = 0 gives Z(good). All three expanded summands vanish unless w(t) = 1. The following main-term
computations are on that support. For S; the smooth coprime m-sum is M) (0)@(ktits)/(ktits) + O(r(kt1ta)).
Division by ¢(kt1)p(kta) = (k)%p(t1)e(t2) gives MT(good) with total error N°W H2 /K. For Sy expand 1(,, t,)1
by Mébius inversion. The main term is M) (0)p(ts)/(ktits), with error O(7(t2)). Division by @(kts) = o(k)p(t2)
gives MT(good) with total error N°W H2S. Completing Z and MT back to all tuples costs Ry. This proves (A.24).
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Step 5: the zero mode. Expanding the centred class counts gives the exact identity, valid for all tuples including
those with ged failures,

) /UL a1 A1) Aa(Ea) .

(A.29) Z(all) — MT(all) = M$(0) Y ir/t) (d;\;)tl a(t)raltz) Z A yip (B, b)A o) (K, D).
r,d,ty o 12 b mod k

For fixed (k,t1,t2) both sides equal

Z A1 A2 Z A1 Z A2 Az(b): Z Q.

b mod k b mod k b mod k n=b (k)

Use |uv| < (Jul? + |[v]?)/2 and

V(k;a®) <2V (k;a) + 2V (k;a — a).
The sums ), o1/t are O(1), a given k has at most 7(k) factorizations k = rd, and k < 5K. By (A.18) with K’ = K
and (A.19),

(A.30) |Z(all) — MT(all)| <p MH? [L P LS].

z
Ounly |A\g| <1 is used, so Aq may vary with d. The factor 1/K is cancelled by KM in (A.20).
By (A.20), (A.24), (A.30) and (A.21), the contributions to |Sp| of all terms except ME are

(A.31) < NL P24 NLC [2*1/2 + (%)”Q} 1 NI [Mfl/z n (KWS)”Q] 4 NS

For the last term, M'/2(H+KS) < NU+h)/2+o(1) L N(A=h)/2+v+o(1) and (14-h)/2 < .73+0(1), (1—h)/24+v < .856034.
Step 6: nonzero frequencies. Fix d ~ D and let £; be the part of £ with this d:
c(t) ~¢ hM hu
5d = Z Z w )6 ) .
good b, w(t)=1 ktltg h20 (ktltg (ktltg
ni=na (k)

Put n = 1079 and
KS2N"

M )
with C' larger than every kt;to/(KS?). Since |1(€)| <; |€]77, the terms |h| > H, contribute O(N %) in total, taking
j >200/n. If H, < 1, & is negligible. This covers t =1, S = 1/2, where H, < KN"/M < N—-%7. Hence we may
assume S > 1 and H, > 1.

Reciprocity. For coprime w,v, u/v + v/u = 1/(uv) (mod 1). Applied to the first term of (A.27), with u = njts
and v = kt;, it gives

(A.32) H.=C

(hu) e(Nh(nl—ng)M)e( Nh )

kt1t2 n1t2 kt1t2n1
Put fo = (n1 — na)/k, a nonzero integer on good tuples. Cancelling k,
Nh t
(A.33) e(ﬂ>
n1t2

The conditions on ¢ are
(A34) (tl,NC) :1, (tl,J) :]., b:n27 C:nth, J:an

The first is kept. To separate the second, colour every prime in [z, N3] blue or red independently with probability
1/2. Since t; is z-rough,

t 2 (J
(A35) ]-(tl,J):l = ]Ecol 2w( LFws( )]-all primes of ¢1 blue ]-all primes >z of J red |

where w,(J) counts the primes > z of J. A shared prime makes the event empty. Otherwise its probability is the
reciprocal of the power of 2. Both counts are O(£?), so the multipliers are exp(O(¢3)) = N°(). Fix one colouring.

Split fo and A into signed dyadic blocks |fo| ~ F and h = ehy, hy ~ Hy > 0, with FF <« H/K and Hy < H,.
Below, hy is renamed h > 0. Fix d, this block, a sign &, and one prime colouring from (A.35). The outer tuple
is o = (r,n1,na,t2), with k = rd, b = ng, ¢ = nity and fy = (n1 — ng)/k. Its support contains k | n; — na, the
near-diagonal exclusion, and the conditions on (r,d,ni,n2,ts) inherited from the good tuples and w = 1. It also
requires every prime > z of J = kns to be red. The remaining ¢;-conditions are (t1, N¢) =1, t; ~ S and all primes
of t; blue. The colouring enforces (¢1,J) = 1. Write

— hsS _ EHOM o ENHO . ~
“= H0t17 Y2(O) o thS ’ Yl(o) - kt2n15’ Wo(u) - wO(u)w(YZ(O)U)e(Yl(O)U),
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where wy is a fixed smooth cutoff supported in (1/4,4) and equal to 1 on [1/2,2]. Since Hy < H,, k < K, to < S,
and N/(nyM) < 1, uniformly in all outer tuples, |Yi(0)| + |Y2(0)| < N7. On the original support, the remaining
Fourier weight is exactly o(hS/(Hot1)). Define the Mellin transform and its uniform majorant by

o(it) / Wo!( m(t) = Cy wp min{1, N?"(1 + [t[)~2}.
The compact support, two integrations by partb, and the bounds on Y7, Y5 give
[Wo(it)] /
sup ———— < 1, m(t) dt <y we N,
07? m(t) ]R ( ) P, wo

with the fixed constant C' 4, chosen large enough. Mellin inversion is the outer-dependent identity

hS 1 HoNit Wo(it)  _ipois
Wol—) =— t)(— h™ Y dt.
N————inner factors

outer coefficient

In particular W (it) /m(t) is not an inner ¢;-weight: it depends on k,ts,n; and the fixed sign and block.
The t-integral precedes Cauchy. Let By, > supy, 2¢(t1) and Boue > SUp, ow=(kn2) on this block, with Bj,Bout =

exp(0(¢£%)) = N°, For fixed real Mellin parameter ¢ set

S 2¢(v) .
)‘2) (t) = ;)‘d (v)?mlall primes of v blue 'qu

Mh(t) = h™ " Lher, Ln<n, ,

KS - 9ws (kn2) Ho\ it W (it

Ttg w(T/Ul))\d(t2)an1 Apy mlall primes >z of kng red (%) TTCL)((ZL)) .

The factor 1,<p, is the one-bounded mask on a terminal frequency block; it is independent of the outer tuple. The
sum over o is restricted to the outer support just specified. Choose the fixed cutoff ¥ with 0 < ¢ < 1. On the
dyadic support K.S/(kty) < 2. By the definitions of m, Bj, and Bgys, every other factor above has modulus at most
one. Hence |A4o(t)| < 2 and [N, (¢)], |7.(¢)] < 1, uniformly in the real ¢ and all original outer parameters. Using

1/(ktits) = (KS?)~1(K S/(kt2))(S/t1), the contribution of this block and colouring to & is

Dol [0 e Y X Nomte( L ar

v~ S h~Hg
(v,Nc)=1

Ao (t) -

Here (b,c) = 1 on the good support. The colour average and the O(L?) signed dyadic blocks are taken after the
estimate. Their cost is N°(1).

Second square, pointwise in t. Group the outer tuples by (b, ¢, fo). For fixed (b, ¢, fy), the factorization nits = ¢
has at most 7(c) = N°() choices. Then k = (n; — b)/fo and r = k/d are determined. The number of outer tuples is
< N°WH2S. Let p > 0 be a smooth majorant, at least 1 on their ranges b < H, ¢ < HS. Since b = ny is z-rough,
(b,po) = 1 for the least prime pg not dividing N, as py < log N < z. Define, for each real ¢,

W= 3 e Y| S X Nmine( TR

9

b,c)=1 fo~rF u~S e H,
((bﬁpo))* ’ (v,Nc)=1 ©
(A.36) o . I )
[€al < N )KSS/Q m(t)Wa(t )1/2 dt < N1te() _—— X5 (W4)1/2,
Wi = wp W),
signed blocks, colourings
teR

Here Wy(t) is formed with a fixed block and colouring; the supremum is taken afterwards. The displayed bound for
the full &; follows from the colour expectation and the sum over the O(L?) blocks. Their cost is a uniform N°(1),
Thus no outer coefficient is moved through Cauchy or the t-integral. Cauchy is applied inside the integral for each t.
No outer-dependent Mellin factor appears in A, (t).

For every fixed ¢, expand the square with z; = vv’, ko = h1v' — hov and y1 = foko. Since |X,(t)], |nn(t)| < 1, the
diagonal ky = 0 obeys, uniformly in ¢,

H4 4
(A.37) Waiag(t) < N°VH.S - H - F - HS < NW(DTS.
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For ko # 0, write m = |y1| < FH,S and separate the two signs of y;. The off-diagonal is a sum of expressions

Nmzb
(A.38) 3ok 3 (b, c)e(:t ”Zzl )
z1,m (b,c):(b,po):(zl,c):l
where bzi1 m(t) depends only on (d, S, F, Hy, €, colouring, ¢; z1,m), and not on (b, ¢, fo) or the original outer tuple. Its

summands are products of the one-bounded weights X, (¢),n,(t), and [b% , (¢)| < B., +m for the counting majorant
defined below. The support has (z1, Npo) = 1.

Coefficient norm. Fix C > 0. For 1 < § < N¢, 1 < H' < S and 1/2< F < N€ let B., 4, count t,t' ~ S,
(tt',N)=1,1 < |h1],|he| < H', fo ~ F, with tt’ = 21 and fo(h1t' — hat) = y1 # 0. Write yx for the largest divisor
of y composed of primes dividing N. Then
(A.39) > B2, ()" < NWFH?S.

21,y170

At fixed (21,41) there are at most 7(z1)7(|y1|) = N°) choices of (¢, fo). By Cauchy’s inequality the left side is at

most
O[S e 0= Y o) New ko),

f<oF t,t' ko#£0
where N; i (ko) counts (hi, ho) with hyt' — hot = ko. Since f§ < Zdlf, d|N= d?, the f-sum is at most 2F Py, with

O
0 pIN p
Write go = (¢,t'), t = gou, t' = gov and S" = S/gg. A fibre of (hy, ha) — ko is an arithmetic progression with step

(u,v). It has at most 1 + 2H’/S’ points, and at most one if S > 2H’. Also
(hon)" =" > @),  0<y(d)<d’,

dlko, d|N°
by telescoping each prime power. Let A4(t,t') count (hqy, he) with kg # 0 and d | kg. Then
2H'
(A.40) Q< Y [Z Aa(t,t)+ > 5 (t,t’)]
AN ¢t t,t/: 5’ <2H'

d<4H'S
For the first sum write (h1, h2) = e w with w primitive, |w|« = j < H’'. There are at most 8 such w and e < H'/j.
Put d. = d/(d,e). Since tt' is prime to d, a contributing w has (wy,d.) =1 (and w; = 0 forces d. = 1). Counting ¢
and then t' in one class modulo d., and using > _(d,e) < 7(d)E,
12 Q2

H"?S]|.
Tt

(A.41) D Ag(t,t') < C|r(d)
tt/

For the second sum (gg,d) = 1. There are O(H’S’/d) nonzero levels of hiv — hou divisible by d. Each has O(H'/S")

points, so A; < CH'?/d. Summing over go, with > go<25(5/90 + 1)%(g0/S) < S(8 + log25),

2H/ HISS HIQSQ
(A.42) > —Aq < C(1 +1log28S) < C(1 +1og28) .
t,t’: S'<2H'
Finally
Yor@dt=r, Y & <@AH'S) PR, P=]a-p"A)7
d|No° d|N>® p|N

d<4H'S
Since H' < S, H?S(H'S)'/? < H'?S?. Both P, and P, are N°(): with the primes of N in increasing order,
log Py < 3250w p! 1% < (log N)?+1/2, This proves (A.39).
With H' = H, we have H,/S < KSN"/M < N~ by (A.21). For every real Mellin parameter ¢, fixed
d, S, F, Hy,e and colouring, the coefficient sequences bz1 m(t) in (A.38) satisfy the uniform weighted estimate

S mn)E < S B2, (nn)’ < NYOFH2S?,
z1,m2>1 21,Y17#0

This follows from (A.39), since the inner complex weights have modulus at most one. In particular the implied
constant is independent of ¢ and of all original outer data (r, k,n1,ne,t2,b, ¢, fo). The dependence on these data was

placed in Ay (t) before Cauchy. Writing Zi( ) for the slices of Paper 1, (2.43), with np = pgm and ar = £ N, gives
(A.43) sup Z FUbE ()3 < N°DF(H,S)?, iuﬂg 16:F]12 < N°W F(H,.S)%
R jinee €
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Since (pg, N) = 1, the N-part of np = pgm is precisely mpy. This is the norm required by Paper I, (2.42)—(2.43), for
every t, without any Mellin factor in the inner coefficients.
Application of Paper I, Theorem 2.8. In (A.38) put

rp=z1~21, sr=po, Rr=21, Sr=p/2,
dr=b, cr=c, nr=pym, Y :=FH,S, Nr=CpY <N°DY, py<logN, ar==N,
with A = N. Since t,t' ~ S, z; = tt' € (52%,45?], which meets two dyadic windows. Split the z;-sum into
21 € (5%,25?] and 2z; € (252,45?]. Apply the theorem to each, with Z; = S? and Z; = 252 respectively. This costs

a factor 2 in the final bound, and Z; < S? in both windows. Then st € (St,2S7] and St > 3/2, since N is even
and pg > 3. The support has (ar, rrst) = 1. The domain of the theorem is exactly

(z1b,poc) =1 <= (b,c) = (21,¢) = (21,p0) = (b,po) = 1,
and (z1,po) = 1 holds by roughness. Exactly as in Paper I, (3.82)—(3.84), reducing the inverse modulo ¢ gives

(A.44)

arnrz1b Nmzb
o(Fe ) — (== ):
Poc c

also when pq | ¢. Split p into finitely many smooth pieces on strict dyadic windows in (b, ¢). Multiply by fixed smooth
cutoffs equal to 1 on the supported nr, 21, po. At ny > 1 use a cutoff vanishing below 1/2. All derivatives satisfy Paper I,
(2.39), with uniform seminorms. Take € = ey = 1072, All parameters lie in [1, N°], so X =2+ ACDNRS < 3N%°
in Paper I, (2.41). The prefactor there satisfies X¢+18< = xlo-1077 < N12107° for large N. Write 6x = 1.2-107°
for this fixed loss. This loss and the factors N7 = N0™” are far below three power savings obtained below. These
are N 00829 N—1317 and N—-2914 one for each term of the bound. It leaves the final saving N1 intact. Powers
of py are No(),

Put B = H and Cpux = HS. Then Y < Z, since Y/Z; < N"H?S/N < N—98 (see (A.47)). On a nonempty
fo-block the near-diagonal removal gives F' > ¢cHL =M /K, hence NY > cH?S3N NL=CM > ChuxBZ1. All exponents
of B, Caux in Paper I, (2.42), are nonnegative. By (2.42) and (A.43),

J?2 < N°W[N?(CouxBZ1 + NY) + Cawx BZ1(Canx/Z1)* + B*Y | Z, F(H,S)%;

the regular spectral product is Coux(Caux BV Z1)*° Z17%(BZ,)' =% = C1+2BZ?72°. With B> < N, F < H/K and
(A.32),

J2

: o NYHKS? H\20 HKS®
(A.45) i < N3t°M[L ) + Lg], La==%5— Lr= <§) e
Fix a real t. Apply the diagonal bound (A.37), Paper I, Theorem 2.8 with the uniform coefficient norm (A.43), and
(A.45). The resulting estimate is the same for every real ¢. Thus their supremum W} satisfies

H w11/2 Wi +o(1) H*S 3n/2+6x +o(1) 1/2

KS3/2(W4) , HTS?’«NW TJrN" X (La+Lg)™=.

All Mellin and colouring costs remain N7+°() as recorded in (A.36). No outer-dependent coefficient enters the norm.

Step 7: exponent reserves. With S < Vi /D, K = U; D and the three scale conditions, H2S < H?V;, KS° < U,V
and H?0K 8520 < H29U1V15_29. The smooth part D only helps. Using U; < HN 9, V3 < NT%*% /H and
Ul‘/l S Nva

(A.46) |E4| < NFo)

8299
1—v—h—0p, —w 2 555000

(A.47) 2—0—50+3h—4(op +w) > 56050807030’
2~ (5—20)v + (3 — 40)h — (4 — 20) (0, + w) > 13989520

on 1/3 < h < 23/50. The first minimum is at h = .46, the other two at h = 1/3. These are the savings of H2S/N,
L and Lg. Hence H2S/N < N—-00829 [, < N=1317 [,p < N=291 and (A.46) gives

H2
Summing over the O(D) values of d, |€] < CDH?*N~%1/K. Tts contribution to |Sp| through (A.20) is

[KM - M - DH?Nf»OOI/K]l/2 < ONDY2N~—0005 ~ pr1—.0004
since D <y = N°W),
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Step 8: parameter order and conclusion of (A.16). Fix A. Choose P > 2A + 20; then Cy; then Cps > max(P +
4Cx + 1, P+ C,). Here C, is the absolute exponent with ¢/¢(q) < L€ . The smooth weights, 17, € and €y are fixed
numbers. Choose the threshold for N last. By (A.31) and Step 7,

ISO| <<NL_A_3+N1_UP/8LC,

since (K/H)'/? < N=o»/* and 2~1/2 beats every power of L. Sum over the O(L) shells of D and the O(1) shells of S,
and add Step 2. This proves (A.16), uniformly in f, g,a,b and the scales. Of f and g we used only one-boundedness
and the unary support (rs, N) = 1.

Step 9: the product interval. Let I C [N/8,2N]and Cgiq > 1. Divide (H,2H] and (M, 2M] into O(L ) consecutive
intervals of relative length at most L~ Ceid Call a rectangle Ji x Jo interior if J;Jo C I, exterior if JyJo NI = @, and
boundary otherwise. On each interior rectangle apply (A.16) to a,1y, (n) and by, 15, (m), with saving A 4+ 2Cgiq. By
Step 0 the first array satisfies (6.34) at the original parent H. For fixed n, the m in boundary rectangles lie in O(1)
intervals of total length O(M L~Cerid). A modulus ¢ < 4N has at most 7(q) factorizations ¢ = rs. Counting m for
each n,

M [~ Caria M [~ Caria
S ore) Y [7 Y14 7} « NLC1=Cuia 4 FNVL,

S S q ¢(q)
with a fixed C;. The last term saves a fixed power, since h + v < .9827 + o(1). Taking Cgiqa = A + C1 proves
(6.45). O
A.4. Lemma 6.9. Recall (6.47):
(6.47) HM: =N, NP<H <N — Q<N®® Q)< N,

Lemma 6.9 (Central rectangular distribution). Let x be even and H.M. =< x. Let the bounds in (6.47) hold
with N replaced by x, with fized comparison constants. Let a,,b,, be one-bounded on the complete dyadic rectangle
n~ Heym ~ M. Let the tested a,, satisfy (6.34) at its original parent, with one fized divisor exponent and uniform
constants at every requested precision. Write

1 nm,q)=
D(Q7a’) = Z anbm (1nm_a (q9) — (Q)1> .

o H L v(q)
Then, for every fized A > 0,

(6.48) (g:)i}z(l Z - in&aars):l |D(rs,a)| < z(logz)~4.
r~Q1 s~Q2 a=b (r)

u(rs)*=1, (rs,z)=1
The constant is uniform over these families, rectangles, squarefree modulus supports and unary interval restrictions of

ay and by,. All errors are measured at the original parents. One outer residue b is chosen before s varies. In the
application it is N mod r.

Write H = H.,, M = M., L =logz, { =loglogx, z = xl/es, y = x'/*. Let ¢o > 0 be the fixed divisor exponent in
the hypothesis, so that for every D > 0, uniformly in intervals I C (H,2H], k,h > 1 and (u, k) =1,

(A.49) |Aa(I; kyus h)| < CpHT(h)*L™P.

Since Ag1, (I3 k,u;h) = Ay(I N J;k,u; k), a unary restriction of a satisfies (A.49) with the same constants. A unary
restriction of b keeps it one-bounded. We may therefore assume that a and b are the restricted arrays. We keep
(rs,x) =1 in (6.48) and throughout the signed residue-difference argument. The individual maxima in (6.48) are
nonnegative, but the signed differences in Step 2 are not. Enlarging their support does not preserve order. Every
selected coefficient below is extended by zero outside u(rs)? = 1 and (rs,x) = 1. On this support (r,s) = 1 and
¢(rs) = p(r)¢(s). Throughout, rs < 4Q1Q2 < Cz? with v = .5227, and M >> z-46.

Step 1: the projected comparator. For t = rs and reduced a = b (mod r) put Si(a) = >, , @nbmlpm=a (1) and

Ala,byr,s) = Si(a) — (r) Z anbm,

QD(t) (nm,t)=1
nm=b (r)
e(r) 1
F(byr,s) = Anbm | Lnm=b () — —— | -
b= 2 L0~ o)

Then exactly
(A.50) D(t,a) = A(a, b;r,s) + F(b;r, s).
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With o) = a,1 —
1 n n (n,s)—l?

(A.51) F(bsr,s) =

1
D> by (r,bm).
o(s) =

Mean square for a'®). The identity A, (I;k,u;h) = Au(I; k,u; sh) and (A.2) give
|Ayo) (I kyus h)| < CpHr(s)r(h)L™P.
Put hy = a(®) /7(s), which is one-bounded, and e, = 1y<n<2p. By the parallelogram identity ||hs+el|?+||hs —e||? >
2||e||?, there is €5 € {1} with
go=hotese, o3> leld > H2, ol < 4llel3 < 8.

Let Z = [2H] and ¢; = max(co, 1). By (A.49) for h,, by (A.6) for e, and since H < 2/2||g,/|2Z'/? and ||e||2Z1/2 >
H/2, both g4 and e satisfy (6.35) with Bg;y = ¢1. The constants are independent of s, the sign and the restriction. Here
log(2Z) =< L,as H > x-°°. Lemma 6.5(i) applies to both. Since A ) = 7(s) (A, —£5A¢) and [u—w|* < 2|u|*+2|w|?,
for every fixed Sy > 0,
(A.52) D Vika™)) <, m(s)**H? L™

k<2Q1
The range condition 2Q; < Z(log Z)~51(50) holds for large x, because Q/H < 2454550,

Bound for F. Each reduced class modulo r contains at most M/r + 1 values m ~ M. The map m — b permutes
the reduced classes. Cauchy’s inequality in (A.51) gives, uniformly in b,

2 M
‘; b A, (1, bm)] < 2M(7 + l)V(r;a(s)).

Cauchy’s inequality over r ~ @1 and (A.52) then give

3 mgx‘z b Ao (7, bm)‘ < [QUM(M/Qy + 1)7(s)20 H2L=5]"* « 7(s)° HML=50/2,
re~Qq m
since Q1 < M by a fixed power. Summing over s with (A.2) and (A.1),
co
A.53 max F(b;r,s)| < aL=5/? 7(s) <4 zL™4,
(A.53) % nax, XC; |F (s, s)] 2;2 ) <A
re~Q1 s~ ()2 SN 2

choosing Sy after A (the full order is fixed in Step 8).

Step 2: residue differences. For coprime r, s there are exactly ¢(s) reduced lifts a’ mod ¢t of b mod r. Every nm
coprime to ¢t with nm = b (r) lies in exactly one of them. Hence

1
(A.54) A(a,b;r,s) = o) > [Si(a) — Si(a’)].
(p(S a’ mod t, (a’,t)=1
a’'=b (r)

For each r, choose one reduced class b, (mod r) maximizing the masked sum of the projected differences, before s
varies. For each s with u(rs)? =1 and (rs,z) = 1, choose a reduced lift a, ; maximizing |A(a,b,;r, s)|. By (A.54)
and the triangle inequality, some reduced lift a;. ; = b, (mod r) satisfies

|Srs(ar,s) - Srs(a;’sﬂ > |A(a’r‘,87 br; T, 5>|

Choose |y,,s| = 1 to make this difference nonnegative real, and put v, s = 0 outside the masked squarefree support.
By (A.50), (A.53) and (A.54), it suffices to prove, uniformly for all these residues and phases,

(A.55) 27 =3 N v [Sslars) — Seslal.,)] <aaLA,

r~Q1 s~Q2
u(rs)*=1
(rs,xz)=1

This signed sum keeps the original mask.
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Step 3: large smooth parts and large divisor functions. We quote the completed-hyperbola lemma of Paper I:
Let ¢ mod ¢ be a unit. For integer intervals Jy, Jo, put

Ji# IS
(3.107) D =#{(u,v) € J1 x Jo :uv=c(q)} — %
P g
The Weil-Estermann bound [11, 12]
(3.108) |S(h, k3 q)| < 7(a)g"*(h, k, @)/
implies, uniformly in interval lengths and positions,
(3.109) D] < 7(q)q"/?log*(2q) + 7(q)* log® (29) /(a)-

For (A.56), set the lemma’s ¢ =t =rs, J; = (H,2H|NZ, Jo = (M,2M]NZ, and take ¢ = a or ¢ = a’. Both are units
modulo ¢ by the reduced-lift condition. Here J* = {u € J; : (u,t) = 1}. The source’s D is an unweighted counting
discrepancy. It differs from our weighted D(t, a). Define

Ci(c) =#{(n,m) e Jy x Jo:nm=c (modt)}.

The quoted lemma gives Ci(c) < #J5#J5/o(t) + O(E;), where E; = 7(t)t'/?1log?(2t) + 7(t)? log?(2t)/¢(t). Since
|anl, |bm| < 1, one has |S¢(c)| < C¢(c). This is the only passage from unweighted counts to the arbitrary complex
arrays. Every pair counted has (nm,t) = 1 automatically because ¢ is a unit. No coprimality hypothesis on the
arrays is inferred. Consequently,

AL o) < 50 4 o),

(1) (1)

using HM < Cz. The mask (¢,2) = 1 remains on the summation support but is not a hypothesis of Lemma 3.4. In
the smooth-part and divisor-function eliminations below, we first take absolute values termwise. Only then are the
nonnegative majorants enlarged. Write s = ko with P*(k) < z < P~ (p). If k > y, then the z-smooth part of ¢ is at
least y. A given t has at most 7(t) factorizations t = rs. By (A.56), (A.2), (A.1) and (A.7), the sum of the absolute

values of these masked terms in Zéx) is at most

7(h')? 7(d')? _
<o Y WL S TN S B < a4 a2
h'<Czv d'>y t<Cuzxv
PH(d)<z

(A.56) |St(a) — Si(a")] < Ci(a) + Ci(a’) <

and 3v/2 = .78405 < 1. In the same way the pairs with 7(rs) > LP~ contribute

t)? ,
< I Z T(t) +x3v/2LK < LK —Dr +x3v/2LK.
t<Cuzv
Choose D, = D.(A) > K' + A after the requested precision A. From now on k < y, and every remaining modulus
and every divisor of it has 7 < LP-.

Step 4: the first Cauchy square. Rename the outer modulus r as ¢ ~ @ := @)1 and write the inner one as s = kr,
with & ~ K < y smooth and r ~ R squarefree and z-rough. Then KR < Q2. On the support of (A.55), ¢,k,r are
pairwise coprime and squarefree, (gkr,z) = 1, and QKR < z¥. There are O(L?) choices of (K, R). Extend the
selected coefficients by zero and put

Fqkr = Yq,kr lp(qkr)2:11(qkr,x):17 |Fqk’f| <L
The 'k, are identical in both choices a, a’ of residue. For one shell the masked signed sum is

Z(I) = Z me Z Fqkran [1mn5aqkr (gkr) — 1mn5a1ﬂw (qkr)]a

q~Q, kK m r~R, n
(gk,z)=1 (rz)=1

where agi, = ayy,. = by (mod ¢) and b, does not depend on k,r. Put

féz) (m) = Z Fqk'r'an []ﬂnnzaqkr (gkr) — 1mn£a;,w (qk:'r)] .

r~R, n
(ryz)=1
With 1 as in Step 3 of the proof of Lemma 6.8,
(A57) ZOP < QKM Y > w(m/M)F) (m)

4~Q, kK m
(gk,x)=1
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For A; = Ai(q, k,7;) chosen from agky,, agy,., the four correlations, with signs +, —, —, +, are precisely
Co(A1, Az) = Z Z ¥(m/M) Z Loty Ukers
q~Q, k~K m ri,ra~R
(gk,z)=1 (rire,z)=1

X E anlanzlmnlel (qkrl)lmnngg (gkr2)-
ni,n2

We prove at arbitrary fixed precision P > 0 that

MH? )
QKLF? )’
where M T, contains the same mask and selected coefficients. It is independent of the choices of Ay, As. Since the
coefficients and support are the same in all four correlations, their main terms cancel. Equation (A.57) then gives
|Z®)| < £ L=P/2 before the O(L?) shell sum.

Write g = (r1,72), 11 = gu, 72 = gv, (u,v) =1, with g ~ G dyadic. Put dy = ¢kg and U = R/G. Then ¢, k, g,u, v
are pairwise coprime. The product of the two I'-supports imposes (¢gkguv,x) = 1. This modulus-only restriction
remains in the correlation and its zero mode. It may be omitted only from a termwise absolute-value majorant. It may
not be omitted from a signed expression or from an inner sum before squaring. The two congruences mny = A4; (dou),
mng = As (dov) are soluble exactly when

(A.59) ne = AsAiny  (mod dp), (n1, dou) = (na2,dov) =1,

and then m lies in one reduced class modulo ! = douv. Modulo ¢ both residues equal b, so ne = ny (mod ¢).

Step 5: large common factor. Let G > H/(QK L), with C, fixed later. The target is B= MH?/(QK) < 2H/(QK).
In the large-G estimate we first take absolute values of each weighted correlation term. Hence its nonnegative
counting majorant may be enlarged to all (¢, k, g, u, v), while C, itself stays masked. For fixed (g, k, g, u,v) the pairs
(n1,n2) in (A.59) lie in a congruence lattice of determinant dy. Let w be a shortest nonzero vector. If the line Rw
meets the positive rectangle, choose its sign so its coordinates are positive; otherwise the 5 = 0 contribution is empty.
Complete it to a reduced basis (w,w’). The component of w’ orthogonal to w has length h, = do/|w| > v/3|w]|/2.
In a disc of radius CH the points aw + Sw’ with 8 # 0 have |3| < H/h, and, for fixed 8, O(H/|w|+ 1) values of a.
Such points exist only if hy < H. Then |w| < h; < H and (H/h,)? < H?/dy, so they number O(H?/dy). Each
such pair has O(M/l 4 1) values of m. Hence these points contribute

(A.58) Co(Ar, Ay) = MT, + op(

M MH?
(1 + ) =HU? + ——.
QKG QRKGU? QKG
For 8 =0, (n1,n2) = aw with o > 1, and the two congruences fix am < Cz in one unit class ¢ (mod [). Here
l = dyuv = gkguv > 1, and c is a unit. Each original congruence has a unit right-hand side A;. Hence m and « are
units modulo every factor of [ on this line. For X < Cz, cover the positive integer hyperbola am < X by the O(L)

integer rectangles Jy o = {1}, Jo,0 = [1, [ X]], and, for j > 1 with 277! < X,

Jij= 27NNz, Ja=[1,1X/27H]NZ.
These rectangles may overcount. This is harmless for the positive quantity > _ .. ) 7(e). Each has #J1 j#J2; <
X, and their number is O(L). Apply the quoted Paper I, Lemma 3.4 with its modulus ¢ = [, unit ¢, and these two
integer intervals. Empty intervals contribute zero. The positive counts give, uniformly in ¢ and X,

ey < XL Lz TO] s
(A.60) ;{ () < S+ [0+ 2 ]L
e=c (1)

< QKGU?.

uniformly in the unit ¢ and X < Cx. A modulus [ has at most 75(I) < 7(I)* representations | = gkguv. Summing
(A.60) with (A.1),
< 2L + (QKGU?)3?LC.
With W = QK < g4545+0(1) | R « 29682 and WR < 25227, on this range of G,
MH?/(QKG) 1 < —-0455+0(1) H?U? < W3R < g—-0001+0(1)

x

B TG B eH = ' B
and (QKGU?)%/2 < (W2R2LC JH)3/? < -8181+0(1) while B > x10455=0(1) S the large-G part of C, is O(BLF)
at any requested fixed precision P. The mask was removed only after taking absolute values.

p—-045540(1)

IN

)
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Step 6: small common factor, Poisson and the zero mode. Let G < H/(QKL®). For one class ¢ mod [,
m M ~hM he
(A-61) > o(3) =T X))
m=c (1) h€eZ

and the terms |h| > 2"l/M contribute O(z~1%%) per tuple. We take n = 1075.

The zero mode is M1(0)/1 times the weighted number of compatible (n,75). It still carries the product of the
two I-supports, and thus (gkguv,z) = 1. After taking absolute values of the error, its positive majorant can be
enlarged. This is the only use of the unmasked range in (A.62). Put f, = a1, )=1. For fixed ni, the ny-sum in

(A.59) is a sum of f, over one reduced class ¢(n;) modulo dy. Replace it by ¢(dg)~* > (ns,dow)=1Onz- The error is
Ay, (do,c(n1)). The map ng + c(nq) hits each reduced class O(H/dp) times, so Cauchy’s inequality gives

7147, (doselnn)| < Hdy 'V (dos £,)"/2,

ny
A given dy has at most 73(do) < L?P~ representations, and dy < Dy = QKG. Multiplying by M/(douv) and summing
over u,v, the zero-mode error is

(A.62) <<@L2Dfsup[ > V(d0§fv)}1/2'

Do Y "4y<C’' Dy
Since v divides a remaining modulus, 7(v) < LP7. The identity Ay, (I;k,u;h) = Aq(I; k,u;vh) and (A.49) show
that f, satisfies (A.49) at precision D — coD,. As in Step 1, add ,e to make the norm at least (H/2)'/2. Both
sequences satisfy (6.35) with Bgiy = ¢; and uniform constants. Lemma 6.5(i) and linearity give, uniformly in v,

> V(o fo) <s, H'L™,

do<C' Dy
because C'Dy < C'H/L% < Z(log Z)~51(50) once Cy > B1(Sp) + 1. With D, = D.(A) fixed in Step 3, choose first
So > 4D, + 2A, then C, > B;(Sy) + 1, then the threshold for 2. Since Dy > cQK, (A.62) is O(BL*P~—50/2) =
O(BL=4).

What remains of the zero mode is the masked main term

n 7[2('@ dou)=1 anl] [Z dov)=1 @]
A .63 MT, o= My(0 Coroul ohon 1,dou)= (n2,dov)= ’
( ) .G 'l/}( ) , kzg:u . gkgul qkg doU’U(p(dO)
(gkguv,x)=1

with the previously imposed coprime/squarefree and dyadic conditions understood. This expression depends on the
modulus support and I', but not on Ay, As. Put MT, =3 .. MT, .
Step 7: the second square. It remains to bound the frequencies h # 0 in the masked correlation. Write
M M QKGU?
T QKGU?  gkguv ;
the second factor is a product of bounded weights in (g, k, g), in u and in v. The mask factors exactly as

Ligkguv,o)=1 = L(ghg,)=11(u,0)=11(0,2)=1-
Keep the first factor with the outer (g¢,k,g,n1,n2) data and the last two with the (u,v,h)-sum, together with
Lykgul'qkgv- No masked term is reintroduced into a signed sum.
Every z-rough u,v < 22 has O(¢3) prime factors. Colour each prime below z2? red or blue independently. A
coprime pair (u,v) is covered if all primes of u are red and all of v blue. This has probability at least 2-0(®) With

Jo = f20(£3)(1010gm +1)] independent colourings, the probability that one of the at most z* pairs is never covered
is < 1. Fix such a list and assign each pair to its first covering colouring. This partitions the coprime pairs into
J < Jo = 2°M) classes, and (uu',vv’) = 1 for any two pairs in one class.

On one class let Y be the sum over compatible (ny,n2), (u,v) and 0 < |h| < F, after removing M/(QKGU?),
where

(A.64) F=Cz"QKGU?/M.
If F < 1 there is nothing to bound. By CRT the class of m in the phase is

; Aini v + Ay dou (mod 1).

dou v
Cauchy’s inequality over the masked outer data (g, k, g, n1,n2), (¢kg, ) = 1, with ny = n; (¢) removes a and gives
(A.65) V> < H*KG Ds,
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since there are at most QKG-O(H(H/Q+1)) < H?KG outer tuples (Q < H). Here ) and D5 keep the x-mask. The
sum D3 runs over (gkg,z) = 1 and ne = n; (g). Its terms are a smooth majorant times the square of the (u, v, h)-sum.
This inner sum contains 1, z)—11(y,+)=1 and the selected I' coefficients. The congruence modulo kg stays inside the
square. In the expansion of this square each pair of copies keeps its zero—one masks. The later diagonal, Weil and
Ramanujan bounds are termwise bounds after taking absolute values of the expanded contributions. Hence they may
discard zero-one factors. We do not use the false inequality |}, )1 Zuo|? < D Zuw|?-

Expanding gives (u,v,h) and (u/,v',h') with 0 < |h],|W'| < F. Put A = A;(u), A" = A1(v), B = Az(v),
B’ = A5(v') and

A = hu'v' — W uv.
The two congruences modulo kg must agree, or the term vanishes. Let t = BA (mod dg). The (nq,n2)-sum is
ny na C1my CaT2
k= Z ¢<H>¢(H)e<douu’>e< v’ )7
ne=tni (do
(n1,doun’)=1, (n2,vv’)=1
c1 = (Ahu/v' — AR uv)vv’  (mod douu'), ca = (Bhu'v' — B'Wuv)doun’  (mod vv').

All inverses exist, since (uu',vv’) = 1 and both are prime to dy. Completing first in ny and then in ny,

H? S OH Ny O H _
(A.66) K= Bador Z w(m)w(m)S(CQ,Egdo;vv’) S(e1, b1 + locs; doun),

with c3 = uu/t vv’ (mod doun’) and the Kloosterman sum S(a, b;m) of Paper I, (2.35). The first completion produces
the phase e(fatnivv’/dy), which combines with the n;-phase to give c3. Let
(A.67) A =C2"QKGU?/H.
Frequencies with [/;| > A contribute O(z~1%9) per tuple. If A < 1, only (¢1,¢2) = (0,0) remains.
The target for D3 is T3 = H*U*G/K. By (A.65), a bound D3 < Tzx~* gives |V| < H2U?Gx~r/2.
Diagonal A = 0. Then uv | hu'v’, so for fixed (h,u’,v’) there are 2°(") choices of (h',u,v). Bounding K trivially
by O(H2/d0), as dyg < H,
diag 2
D:c))iiag < $0(1)H2FU2, D3 < ‘,En—i-o(l) QK H < x—40055+17+0(1).
3 €T

o(1

The divisor-counting bound z°() for the tuple count immediately above is loose. Only this 2°(!) factor is used in the

estimate for D8,
Ged bound. Put e = (u,u’), f = (v,0"), uo = u/e, uy =u'/e, vo =v/f, v1 =v'/f. Then

(A.68) (c1,ut)(co,vv") < (hyuguo) (R, urvr)(c1, %) (ca, f2).

The four factors are supported on disjoint sets of primes. If p | u, pfu/, then ¢; = Ahu/v'vv’ (mod p) with a unit
multiplier, so (¢1,p) = (h,p). The cases p | v’ only, p | v only and p | v" only are identical, with (', p), (h,p) and
(W,p). If p | e, the numerator of ¢; is p(Aha’v' — A’W a’'v) with u = pa”, u' = pa’. Thus the p-part of (cy,e?) is at
most p?. The case p | f is similar. Modulo g all four residues equal b,, so ¢; = bvv’A (mod ¢) and (c1,¢q) = (A, q).
For p | kg we use only (c1, kg) < kg. Hence

(A.69) (c1, dour’)(co, v0") < kg (A, q) (h,uv)(W,u'v")(u,u')*(v,v")?.

Long dual range, A > 1, A # 0. There are O(A?) pairs ({1, {3). Paper I, (2.35), gives

1S(a,b;m)| < 7(m)m*?(a,m)"/2.
Use the square root of (A.69) and (kg)/?(QKG)'/? < Q'/?KG. Then
K| < 221 Q12 K GU?
X (h,uv) 2 (R 0/ 2 (u, ) (0,0') (A, )2
The averages
> (h,a) < 2Fr(a), > (A, q) < CQr(|A)), > (u,u') < Ulog(20)
1<|h|<F ~Q wu U

follow from (h,a) = 3" 1 q) #(d) and counting multiples. Summing over the O(K'G) choices of (k, g),

long 7/2 175 R6
Déong < x2n+o(1)Q3/2K2G2U6F2’ D% < gAnto(l) Q /Ggf;R < x—.00005+47]+0(1)7
3
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using U = R/G, G > %, K < y; the possible absolute factor G2 < 8 is absorbed in the implied constant and in

z°W) and then
2 — 1(.4545) — 6(.0682) = .00005.
Short dual range, A < 1, A # 0. Now
H*$(0)* ~100
K= M Cov (€2) Cdguur (€1) + O(x )s
with Ramanujan sums ¢, (a) = S(a,0;m), and |ep(a)] < (a,m). By (A.69) each term is
H2
< QKGU
(u,u")? < U? and the averages above,

1)H2F2U27 Dihort < g:QWJrO(l)Wgx*'3291+2"+0(1),
Q T3 G2

since 2(.54) + .4545 + 2(.0682) — 2 = —.3291.

(A, q)(h,uv) (W, u/v") (u,u")? (v,v")%

With 3

w,u’ ~U

Dghort < ZL‘O(

Step 8: conclusion. After the z°(1) factors the three ratios are at most 299005457 These factors include J, the divisor
bounds, K < y and fixed powers of L. Take p = 10=%. Then |Y| < H?U?Gz~"/? on each masked colouring class.
Restoring M/(QKGU?) and the J = x°() classes, the nonzero frequencies contribute < Bz /% to each small-G
block of C,. The modulus mask was preserved through both Cauchy squares. Only termwise absolute-value majorants
were enlarged. There are O(L) common-factor blocks. Together with Steps 5 and 6 this proves (A.58) with the same
masked MT,, in each of its four choices of residues. Their signed combination is MT, — MT, — MT, + MT, = 0. Fix
a requested final exponent A. First choose the correlation precision P > 244 10. Then choose D, = D, (P) > K'+ P
(Step 3). Then choose Sy > 4D, + 2P, also large enough to make (A.53) smaller than zL=4710. Next take
Cy > B1(Sp) + 1, and finally the threshold for z. Equation (A.57) gives Z(®) < xL~"/2 on each shell. Sum over its
O(L?) choices of (K, R) and add the masked Step 1 and Step 3 errors. This proves exactly (6.48), with (rs,z) =1 as
stated. Every constant depends only on A, the comparison constants in (6.47) and the constants in (A.49). O

APPENDIX B. FINITE CALCULATIONS

This appendix gives the finite quantities used above. Each terminating decimal denotes an exact rational number.
All decimal interval endpoints are rounded outwards; decimal approximations in explanatory prose are not additional
certified bounds. The comparisons with prime sums occur in the main text.

B.1. Series bounds. For |z| < 1,

m-l  2k+1 |2[2m+1
B.1 tanh z — .
(B-1) arctani s ;O%H = 2m+ 1)1 - 22)
Write any positive rational as t = 2%v, where 2/3 < v < 4/3. Then use
—1
(B.2) logt = alog2 + 2 arctanh L—l—l’ log 2 = 2arctanh(1/3).
v

Also, for 0 < z < 1,

m N Zm+1
(B.3) 0<Lis(z)— Y 5 <

n (m+1)2(1—2)
These inequalities enclose the elementary functions below. Integer comparisons then give the printed rational bounds.

B.2. Four profile differences. Put

qo 100 g 50 % 88, 9 . 5T 1
T 1149’ ~ 3000 T 1w T 4000 ¢ 7 50007 T 64 500
h 11
(B.4) 5 =2, C=K-—a, B(z) = min{f, max{«a, C — 5z/2}}.

le' 5
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Define the elementary functions
~ o log(s—1)

7o : (2<s<4),

(B.5) Fls) == (1<s<3),

(B.6) sF(s) =1+ log(s —2)log(s — 1) — Liy (ﬁ - i)
_bgz(%l)—s—Lig(l/Q)—l—@ (3<s<5),

The two sieve normalizations satisfy
F=F/(2),  [f=[/(2€).
The raw multiplier 2/(e”«), a signed row coeflicient £1/4, and F = 2¢7F or f= 2671? combine to the displayed

1/a factor. The directed integrals below use these hatted functions. No further 1/4 or 2e” factor is applied. Also
Lis(t) = 3,51 t"/n? for 0 <t < 1. Write

Dp(s) = F(s) = F(s+6n),  Dg(s) = f(s+6n) — f(s).
For the three intervals in Table B.1, put

1 K —5x/2\ dx .

1 A B K —5z/2 —y\ dyd
(B.8) Ay = 7/ / Df( x/ y> ydr.

« L Ja Q Ty

These A; are those of equation (5.22). Closed or half-open interval endpoints have measure zero. The curved domain
is that of [27, (2.38)—(2.40)].

Proposition B.1. A directed interval computation certifies the following outward enclosure of the four elementary
integrals:

2004 4
(B.9) 57200 606486

108 <AL+ A5+ A7+ A< 108

In particular, their sum minus 10720 exzceeds 5719/10°. Also,
log 3 (5>\ . 5) A — e 21137254516197687 5137 21 179

(B.10)

< < — < —.
402 \ 2 L 4120000000000000 1000 4 25

TABLE B.1. Outward decimal bounds from the directed computation. Every endpoint is an exact
terminating rational.

1; lower bound upper bound
[25/128,1/4] 0.00162068  0.00169539
[1/4,7109/28000] 0.00040327  0.00041325
[25/128,93/400]  0.00056463  0.00059051
curved domain 0.00313145 0.00336572
0.00572003  0.00606487

ggﬂmwm.

S

Proof. The profiles are evaluated with directed interval arithmetic. An independent verifier rgchecks the (,:'l\irected
output. Put hg = 9/5000, p(s) = —F’(s), and let d be the right-branch derivative profile for f, so d(s) = f'(s) for
2 < s <4 and d(2) = 1/2 by continuous extension. The three one-dimensional rows each use 2048 equal cells:

k(bj — aj)

<k< .
5018 (0 < k < 2048)

T = aj +

For a cell [zg, 1] = [xk, Tk+1], define
K — 521 /2 L _ K —50/2+ he

- )

a a
Since Dp(s) = thG/a p(s + t) dt, the code’s lower and upper cell contributions are exactly
hG 1 — 2o
B.11 L="2¢ _le Ry
(B.11) P p(s+), e i— p(s-)
These hold because s_ < (K —5z/2)/a+t < s; for every = € [z, 21] and 0 <t < hg/a; also zp < z < 2.
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For the fourth integral, split at
506848823

2366940000
On each piece [a, b] of [py,xp| U [xp, ], the S10 routine uses x; = a + i(b—a)/96 and z; = j/96 for 0 < 4,j < 96.
For a cell [z;, zi11] X [z, 2j41], with 0 < ¢, j < 96, put

IB

bo = B(z;), b1 =DB(xit1), y-=a+ (b —a)z;, yy=a+(bo—a)zji,
K—5$i+1/2—y+ q _K—51'1/2_y7+hg
) + — .

a a
The substitution is y = a + (B(z) — a)z. Its executed lower and upper contributions are
ha by — « ha b — a
B.12 L=—(x; —X; ; — Zi d , U=—(z; — . — . d(g_).
( ) 2 (33 +1 T )(ZJ+1 Zj)mi+1y+ (Q+) o2 (3? +1 xT )(ZJ+1 zj) Ty (q )

For every point in this cell and 0 < ¢ < hg/a, ¢ < (K —52/2 —y)/a+t < ¢4, and

_ Blx) — _

by — o < (2) — « < bo a
Lit1Y+ Yy TiYy—

Hence the two positive factors are bounded separately, as in the code. The two rectangular grids contain 2 - 962 cells.

The total executed cell count is

32048 +2-96 - 96 = 24576.
The endpoint bounds use the following branch formulas. For 2 < s < 4,

s/(s—1)—log(s—1) , 1 2{s/(s—1) —log(s — 1)}
d(s) = 0 d(s)=-— —
(5) 52 > 5 (5) s(s —1)2 53
They extend continuously to s = 2 with d(2) = 1/2 and right derivative d’, (2) = —1. Thus the branch profile is
positive and decreasing on [2,4]. For positivity: the numerator decreases, and at s =4 it is 4/3 — log 3 > 0, since

e3> 1+4/3+ (4/3)2/2 + (4/3)3/6 > 3. For s > 3, put A(s) = F(s) — f(s — 1). Then

(sA(s)) = —sf(s—1) <0,  p(s)=A(s)/s,  P(s)=—2A(s)/s> — ['(s — 1)/s.

At s = 3 the two pieces give p(3) = 1/9, so p is continuous there; the displayed differential identities are used on s > 3.
The exact directed evaluation at Smax = 73930107/16000000 gives A(Smax) > 1597/100000 > 0. Hence A(s) > 0
throughout the required range 3 < s < Spax, and there p > 0 and p’ < 0. For s < 3, p(s) = 1/s? is also positive and
decreasing. The S10 mixed-corner range is

17359415273 57930107 17359415273 _ 219

o S ¢- < gy S ————r < 4, ST T

7910400000 16000000 7910400000 100
These inequalities justify using the decreasing positive d in (B.12). The lower bound refers only to the executed
mixed-corner interval.

The code evaluates the formulas by rational geometry and 256-bit Arb ball arithmetic. In profile_direct.py,
logarithms use Arb’s log() operation. Put w = s — 2. The dilogarithm uses Arb’s polylog(2) operation at the
negative argument —w, together with 72/12. These are the code’s evaluations of (B.5). By the Landen identity

Li Lip [ — L log2(1 Lis(1/2) + Slog?2 = T

o) = - Lio( ) - Jlogl+w) Lia(1/2) + jlog*2 = T3
the Arb expression equals the displayed formula. Arb supplies outward ball enclosures. The code does not use the
atanh and dilogarithm tail inequalities above. The exact directed rational endpoints are written to the result record.
The terminating decimals in the table are outward projections of each row’s directed endpoint. Their displayed
column sums are 0.00572003 and 0.00606487. The sharper bound (B.9) adds the unrounded rational endpoints in
RESULT .json before decimal projection. Summing before rounding proves the stated integer comparisons. Finally,
64 terms of log3 =23 273"+ /(2n + 1) and its geometric remainder give log3 < 10987/10000. This proves
(B.10). O

< 0.

Proposition B.1 concerns elementary integrals and one strip coefficient. Its application to the prime sums requires
the source comparisons, uniform errors and a single charge of the strip.
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B.3. The shifted three-variable integral. Here F, f are the linear-sieve functions. Their normalization is
F(s)=2¢"/s (1<s<3), f(s)=0 (s<2),
(B.13) (sF(s))' = f(s=1) (s>3), (sf(s))=F(s—1) (s>2),
0<f<1<F, f is nondecreasing.
These classical properties are the inputs to this calculation. Put u = 1/500, p, = 25/128 and hg = 9/5000. Define

() = mi 1+s 32-34s 57 3s () = va(s) -

v1(8) = min 5 " 39 64 5 ) v(s) = vi1(s) — u,
_ z, 332.%

(B.14) w(w,y)—{_oq c <y

O.(x,y,z) = max{v(z),v(y),v(z +y),v(x +y + 2),
Yz +2),24+2y+2), 0wy +2),2c+y+2)}

The unguarded branches include v(z) > 0 for u < x < p,. Thus replacing the inactive value —oo by 0 leaves this
maximum unchanged. For d = 0, h¢g, put

sz/ 1ff((@*(fv,y,Z)Jr;i*x*y*Z)/Z)
u<z<y<z<p. rYz
(B.15) Hiog = log(ps /),
Ryp = 500(F(30) — 1) + 500Hy0g(1 — £(30)) + 250H32,,(F(30) — 1),
Ga = 1/ps + Ryp + Ja.

The unshifted d = 0 profile and functional come from [27, (4.70)—(4.75)]. The parameter d and the shifted functional
Gq are defined in this paper. The retained-side argument uses the instance d = hg, constructed in (5.52). Paper II's
(5.4)—(5.5) are not the source of this shifted functional.

Proposition B.2. The shifted scalar satisfies

drdydz,

6073714261
109 '
Let Fh+ > F(30), f, < f(30), and H,J{ > Hyog be the directed table endpoints. Define
R(X,Y,Z) =500(X — 1) +500Z(1 —Y) + 250Z%(X — 1),
(B.17) Ry, =R(Fy, fy  Hy),
Un =1/ps + R+ J;} .
The construction has Fh+ >1, f, <1. Thus Ryp < Ry. This directed endpoint comparison is the monotonicity step

of [27, §4.6, (4.73)]. Table B.2 encloses these finite upper bounds. The constants Ky; and Lgy are printed exactly in
(5.48) and (5.49), with their Paper II locators. The normalization identities are

6073714261
M5 internal = — L T

6073714261
109 Uh> = —KwUp — Laa-

(B.16) 0<Gne <Un<

— LG1,
(B.18)
M5,intcrnal + Khi (

TABLE B.2. Directed bounds for the shifted profile with nyesn = 512.

Quantity lower endpoint upper endpoint

Ry, 0.000004373236955 0.000004373236956
JF 0.953709886776891 0.953709886776892
Un 6.073714260013847 6.073714260013848

6073714261/10° — U,  0.000000000986152  0.000000000986153

Proof. For the outer partition put n = 512, xg = u, T, = p«, and

(B.19) v =28 {248 (u + (s — u)\/i/n)J (1<i<n).
It is strictly increasing. For the inner integral write

oy = [ IO lr) td oy )

22

(B.20)
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Each branch residual decreases in x,y. Each guard’s active set is a down-set. Thus g4 is nondecreasing in z,y, guard
jumps included.

Let w; be an outward upper bound for log(x;/x;_1), on the 27128 lattice. Let v;; enclose gp (x;, ;) upwards on
that lattice. The diagonal cell has half the logarithmic square’s area. Hence

n
1
(B21) Ihe < J}j— = Zwl ijvij + 5101"01'2‘
=1 J<t
Split the inner interval at every affine crossing. Include every guard crossing and each branch kink. On each
resulting interval the argument is A/z + B. If ®(t) = flt(l — f(s))ds, then

(B.22) /q 1- f(ziéz +B) , _ ®(A/p+B) - ®(A/q+ B)

The trivial bound is 1/p — 1/q. The smaller of the two upper bounds may be used. For A = 0, the argument is
constant.
The delay equations give the primitive explicitly:
_ tF(t)

(B.23) P) =57 @) =t-1-2(P{t+1)=1) (t>0).

(A #0).

For ¢t > 30, monotonicity gives
(B.24) D(30) < D(t) < P(30) + (t — 30)(1 — £(30)).
We bound the trapezoid error. If g is either F or f and [a,a + hg] C [1,30] is one mesh panel, then

atho ho hy
(B.25) [ a6 ds = (0@ +glat b)) =~ 129", a<€<a+h
a
with one-sided interpretations at the integer breakpoints. The mesh has hy = 1/65536 and every breakpoint is a
mesh node. We prove the derivative bound independently of the quadrature table. Write C' = 2¢”. The elementary
inequality v < Hg — log 6 and the first three positive terms of the atanh series give

Loy o 842 lowg o 208 _12853 2
8%~ 19150 %Y 79400 VS Toaap T3 B~

Thus 0 < €' < 4 and log2 < 1. The defining functions satisfy

F(s)=C/s (1<s<3), f(s)=0(1<s<2), f(s)=Clog(s—1)/s (2<s<3),
s—1

s—1
sF(s):C+/1 (1) dt, sf(s):/1 Flydt (s> 3).

Induction on unit intervals gives 0 < F), f < C. If the delayed functions are in this range, the integrals have length
s—2,80 F(s) <C(s—1)/s < Cand f(s) < C(s—2)/s < C. For either companion pair (g,h) = (F, f) or (f, F),
differentiating on open unit intervals gives

h(s —1) —g(s) W(s—1)  2(g(s) —h(s—1))

g/(S) = fa g//(s) = P + 52 (S > 3)

For f, the first-derivative delay identity holds already for ¢ > 2. For F on 2 < t < 3, use F'(t) = —C/t?>. Hence
[F' ()], |f'(t)] < C/t for t > 2. Since g(s),h(s — 1) € [0,C], for s > 3
C 2C < 7C 14

") < —— 42 IO 10 gy
S R TN

On the initial intervals,
F'(s)=20/s3 (1<s<3), f'(s)=0(1<s<2),
" 2log(s — 1) 1 2
f(s)_C< 3 ) 32(3—1)> (2<s<3).

The formulas imply 0 < F” < 8 on [1,2], 0 < F”’ <1 on [2,3], and —4 < f” < log2 < 1 on [2,3]. Inside the
last parentheses each negative term has magnitude at most 1/2. The positive term is at most log2/4. Therefore
|¢"”| <8 < 12 on all smooth panel interiors of [1,30], with one-sided limits at the integer breakpoints.

The archived outward intervals and the independently computed exact rational intervals are recorded with the
reproducibility materials. The derivative check starts from the proved invariant and then rebuilds the delay table. It
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checks every computed unit-interval enclosure against the archived coarse intervals. It confirms that the computed
global bound is < 12, the recorded value:

range | F” i
T2 | 0.8 [0.0]
[2a 3] [_87 8] [_4a 4]
3,30] | [~12,12] [~12,12]

The computed bound is 8. Hence the absolute local remainder is at most 8h3/12 = (2/3)h3 < h}. The verifier
checks this radius against the hj panel allowance before it accepts the regenerated table. The M5 computation
builds the delay table with DEN=65536, S=128, 160-bit Arb interval arithmetic, and 1,900,545 generated nodes. The
shifted computation then evaluates the exact nmesn = 512 triangular grid, with 512 -513/2 = 131, 328 inner-grid
evaluations. It stores one aggregated row per outer index. Hence SHIFT-N512-fresh. json contains 512 rows for
the 131,328 evaluations. The M5 computation uses no Taylor model and no width-1/32 step. The historical Taylor
certificate provides background information and is not an input to this calculation. The table and shifted rows are
regenerated before the directed inclusion check. The verifier compares recorded JSON fields and exact row values. It
also checks SHA-256 hashes of the canonical compact-JSON integer arrays used by the real-inclusion verifier. These
canonical-array hashes differ from hashes of regenerated JSON files. File formatting is not used as a certificate.
Directed summation gives Table B.2. The positive last row proves the strict cap. The 512 aggregated rows give
the exact 131328-term sum used for J,j . The directed real-inclusion result records the directed tail and the cap
check. The reproducibility report documents the execution boundary. The two normalization identities follow by
expansion. O

The proposition concerns the scalar functional only. The prime-sum comparison is required separately in Section 5.

B.4. Unshifted comparison (historical and not used).

Status: historical and non-certified. This historical unshifted comparison records an earlier n = 8192 calculation for
context only. No current computation reproduces it. None of its values, table, constants or comparison is an input
to the main proof. The comparison concerns the unshifted functional G, := Gy. It is distinct from the main-line
coefficient bound Gy = 6088440363/10°. The main K2 and L3 comparisons use the latter via [27, (4.73), (4.75),
(4.79), (A.10a)]. They do not use Uy. The cited bound G, < G| is the coefficient used in the main argument. It does
not assert the separate, sharper G, < Uy comparison. This appendix proves that comparison only conditionally, as
an optional one. Its historical delay table was constructed separately, but no such table or producer is part of the
current proof package. The panel width is hg = 1/65536. At 192-bit precision, each trapezoid receives radius hj. On
smooth panel interiors, |F”|,|f"”| < 12. The panels meet the integer breakpoints. This bounds each local truncation
remainder. The endpoint enclosures pass through the delay recursion in Arb ball arithmetic. Accumulated input
radii are thus kept before outward rounding. All table endpoints are then rounded outwards to 27!2%. The primitive
and true tail use (B.24). This table gives a historical directed bound for R,,. It is kept only to reproduce the earlier
non-certified calculation. The separate earlier Taylor models are not part of the M5 computation. Let F,” > F(30),
fo < f(30), and HS' > Hyog be these directed endpoints. Define

(B.26) Ro = R(E, fy s HY) > Rup.

The earlier finite calculation used n = 8192 in (B.19). The outer sum has n(n +1)/2 = 33558528 nodes. Write J; for
that upper-corner sum. Table B.3 groups its eight consecutive row ranges. Each row lists a lower and upper bound
for the sum. The diagonal half-weights are already included.

TABLE B.3. Historical non-certified contributions to the unshifted sum.

Rows nodes lower endpoint upper endpoint
1-1024 524800 0.000002727813799350 0.000002727813799351
1025-2048 1573376 0.001226034866061399 0.001226034866061400
2049-3072 2621952 0.019651743682986805 0.019651743682986806
3073-4096 3670528 0.080548405705743750 0.080548405705743751
4097-5120 4719104 0.146720281588383935 0.146720281588383936
5121-6144 5767680 0.200161682376550457 0.200161682376550458
6145-7168 6816256 0.242188572133550572 0.242188572133550573
7169-8192 7864832 0.275672089024516687 0.275672089024516688
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The earlier, non-certified calculation reported
Jo < 0.966171537191592960294580903427,
Ry < 0.000004373236943357822206406687,

— +
(B.27) Up=1/ps + Ro+J5 + 5555
€ [6.086175910428536318116787310112545656706640625,
6.086175910428536318116787310112545656706640626].

The term 1/(2 - 10%5) bounds directed outer-sum rounding. The shifted computation does not use this interval. The
comparison with the continuous functional is one-sided:

(B.28) Historical comparison (not certified): G, = Gy < Uy.

No claim 2e77Uj < ¢ follows from the printed interval. The finite row sums alone prove no prime-sum estimate. The
source comparison and its error terms remain required.

B.5. The sixth-sum constant. The certified finite enclosure is
(B.29) gra € [0.0989598353353, 0.0989598353355].

Here gra denotes the integral quantity in Section 6. The constant used in the final bound is

989598353
(B.30) grato = — g = 0-0989598353.

Thus the certified enclosure gives

7499 5106819

B.31 2 (T5(1/2) — J,(5227/1 - 20
(B.31) gog9 (17 (1/2) = J5(5227/10000)) = sreemoestag

Only this conservative lower constant enters the final bound.

= gRA > JRA,lo-

B.6. Computer checks. Table B.4 lists the supplementary scripts. The second column states what each one
checks. The partitions and defining formulas are printed above. The exact-arithmetic checks use Python’s in-
teger and fraction types. Environment and timing details are recorded in the reproducibility materials. They
are not theorem inputs. A full numerical regeneration is distinguished from a compact check. The certifi-
cate bundle is available at the location given in the Data availability statement; its SHA-256 manifest hash is
81fc00441c3a3f0924995cd41263feddece827d9b40376dae531191c86£90ed3. The recorded M5 regeneration agrees
with the exact 512-row certificate. The reproducibility certificate set is independent. It consists of the H6 RESULT. json,
the 512-row M5 output, the Root—A enclosure, and the verifier scripts for those records. Each record is checked
against the source hashes and the manifest. None replaces an analytic estimate.

TABLE B.4. Scripts and finite checks.

Script Statements checked Time
Reproducibility
replay verifier manifests, source hashes, TeX structure, finite consistency checks, and the replay

producer verification run

H6/M5 producer

verification executes the H6 computation and M5 nyesn = 512 table, shifted probe replayed
and real-inclusion verifier, computing the derivative enclosure and

comparing regenerated outputs
H6 directed

verifier regenerates the directed H6 rows from the source inputs and Arb runtime replayed

M5 derivative

verifier exact rational unit-interval bounds for F”/ and f’’ and the panel radius replayed

M5 table, shift and

inclusion verifiers regenerates the DEN = 65536 delay table, nyesh = 512 rows, and real replayed
inclusion

Finite consistency
verifier exact finite arithmetic, orbit, and sign checks for the patches replayed
The reproducibility verifier checks the recorded inputs and then runs the producer verification. That run regenerates

the H6 output, the M5 delay table, the shifted rows and the real inclusion on the recorded platform. The earlier
unshifted calculation used Python 3.12.3 and python-flint 0.9.0, with four workers. Its slowest worker took 7639
seconds, rounded upwards. The historical unshifted comparison is optional and not certified. The main proof does
not use it, and it does not affect the shifted computation. Neither these scripts nor their agreement establishes a
uniform estimate. The final proof requires the analytic comparisons in Sections 5-8.
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B.7. Rows of the retained side. The index set Z of Section 5 consists of Paper II’s nineteen original row chains
and one outer chain. The outer chain T5 covers the upper part of S5, Lemma 5.1. Sixteen of the row chains are listed
below, each with its source parent and raw coefficient. The remaining three are Paper II's single-prefix comparisons
for S3, Sg and Sy. They keep Paper II’s own sources, restorations and error entries unchanged. The four rows of H
are restored to their parents S4, S5, S7 and Si9. The lower part of S5 has no separate restoration address. The four
joint rows are restored once to the joint source of G; with weights (2,1,1).

Row Parent Coefficient | Row Parent Coeflicient
S1-0  S1 3| S4 S4 -1
S1-1  S1 —3 | S5-low S5 -1
S1-2 S1 3| S7 S7 -1
S1-3  S1 —3 | S10-Ret S10 1
S2-0  S2 1| G1-0 G1(2,1,1) -1
S2-1  S2 -1 | G1-1 G1(2,1,1) 1
S2-2  S2 1| G1-2 G1 (2,1,1) -1
S2-3 S2 -1 | G1-3 G1 (2,1,1) 1

These sixteen rows, their seven source-parent restorations and four outer terms carry 91 error addresses. Each address
occurs exactly once. One outer term is the chain T5. The others are the strict BV piece of Sz, inside its joint group,
and two GG comparator entries. The same table has seven further rows with 38 addresses. They treat Ss3, Sg and Sy
another way, and this paper does not use them.

B.8. Statements for the sixth sum. The sixth-sum argument uses the following statements.

Statement

Lemma 6.2 (rough-factor distribution)

Lemma 6.4 (four-family Siegel-Walfisz); range N'/3/8 < H
Lemmas 6.6 and 6.7 (selector and tensor, applied per shell pair)
Lemma 6.5 (transferred mean square)

Lemma 6.8 (two-factor convolution)

Lemma 6.9 (central rectangles)

Proper powers, (6.26)

Fact 3.2 (maximal prime estimates)

Paper I, (2.21), as used in Paper I, (3.25)

Usk ofF Al TOOLS

The author devised the method of proof. Codex (OpenAl, Astra 6) derived and checked the estimates, wrote the
Python code for the certificates in Appendix B and ran blind reviews of the manuscript. Claude Code (Anthropic,
Claude Fable 5) checked the proofs, the numerical certificates and the references. The author checked every step of
the proof, every table and every reference, and takes full responsibility for the content of the paper.
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