A POWER SAVING BELOW TWO-THIRDS FOR EQUAL RADICALS OF
CONSECUTIVE PRODUCTS

RUIYI ZHANG

ABSTRACT. Let F(X) count positive integer pairs m < n < X with rad(m(m + 1)) = rad(n(n +
1)). We prove F(X) <. X'99/165%¢ for every ¢ > 0, improving the earlier exponent 2/3. A
four-corner parametrization divides these pairs into thirteen classes. Uniform estimates for those
classes combine with a finite exponent calculation and one choice of error terms.

1. INTRODUCTION

For a positive integer r, let rad(r) =[] . p. We count ordered pairs

plr
F(X)=#{(m,n) € Z2,:m < n < X, rad(m(m + 1)) = rad(n(n + 1))}.
Theorem 1.1. For everye >0 and X > 2,
F(X) <<€ X109/165+€.

The exponent is 1/165 below 2/3. Section 2 introduces the four-corner ged coordinates. It
also records the source-specific identities used here. The new part has three pieces: a first-
match partition into thirteen disjoint populations, uniform estimates for its new rows, and a finite
optimization of the long-shift remainder.

The minimum Sy below is the limiting minimum of the row savings. After the analytic loss Sy
and a conservative long-row charge go/4, the proof retains the smaller saving displayed below.

The earlier result [1, Theorem 1] gives exponent 2/3 for this counting function. Its support-
fibre lemma and low-radical estimate are used below; Appendix E states them and records the
substitutions. The quotient-tail and Farey-spacing estimates in that paper are context only. They
are not used. Two related papers by the author [2, 3] count primitive abc triples, not the pairs
counted here, and do not enter this proof.

At the chosen rational point, the minimum row saving is

_ 30869 _g 18677

~ 50000000 7T 707 165~ 165000000°

The source-uniform estimates spend a total analytic loss Sy = go/16. The long row has three
finite corrections: geometric, interval, and high-degree. Beyond the common threshold each is at

most go/4. We charge their maximum, not their sum. The remaining margin is

g0 1 1190 1
So=ho=Y =155t 16~ 165
Sections 2-3 give the canonical source and the exact row partition. Sections 46 treat the outer,
joint-corner, short-shift and intermediate rows. Section 7 handles the long row. Sections 8-10
allocate losses and sum the dyadic shells. The appendices contain the self-contained square-fibre
proof, the application of the cited estimates, and the branch arithmetic. The use of Al tools is
described after the appendices.

So
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We use Heath—Brown’s published Lemma 2 under its stated bihomogeneous hypotheses. The
fixed cubic branch uses the unnumbered theorem of Bombieri-Schmidt with its 1989 correction
[6]. Appendix E states both inputs and records the applications. Reuss’s Theorem 1 [7] is the
determinant-method input behind the low-radical estimate in [1]. That estimate is used here.
Tao’s Lemma 2.10 gives a comparison with the square-fibre estimate of Appendix B. The proof
uses that appendix theorem.

2. CANONICAL SOURCE AND PARAMETERS

For an integer Y > 2, let
Qy ={(m,n) €Z%,:m <n <Y, Y/2 <n, rad(m(m + 1)) = rad(n(n + 1))}.
An element of 2y is called a source pair. For each source pair define its four corner geds by
A =gcd(m,n), B=gcd(m,n+1), C=ged(m+1,n), D=gedim+1,n+1).

These four integers are pairwise coprime. For example, a prime dividing A and B would divide
both n and n + 1. A prime dividing A and C would divide both m and m + 1. The same two
consecutive pairs settle the other four pairs. Each corner divides the two entries in its definition.
Hence, by pairwise coprimality, AB | m, CD | m+1, AC | n, and BD | n+ 1. Define the positive

integer residuals
m m+ 1 n n+1

“TAB cp ' T AC BD
The residuals are pairwise coprime. First, ged(a,b) = ged(e,d) = 1, since each pair divides
consecutive integers. For the four cross pairs, divide the defining corner geds. This gives
ged(Ba, Ce) = ged(Aa, Dd) = ged(Db, Ac) = ged(Cb, Bd) = 1,

so ged(a, ¢) = ged(a, d) = ged(b, ¢) = ged(b,d) = 1 as well. The coordinates and mask are
m=ABa, m+1=CDb, n=ACec, n+1= BDd,

Z =ABCD, R=rad(Z), M = abcd,

Kies = M/rad(M), L =cd— ab,
a=ac, PB=bd, ~vy=ad, §6=bc,
u=(m+n+1)/(BC), t=(n—-m)/(AD),

CDb— ABa =1, BDd— ACc=1.
The four cross-ged identities above will be used below. The radical condition is exactly rad(M) | Z.
If p | a, then p | m. Equality of the original radicals forces p | n or p | n+1. Hence p | A or p | B.
The other residuals give the corresponding corner. Conversely, every prime of Z divides both
consecutive products. The mask ensures that no residual introduces a prime outside Z. Thus the
common radical is

(2.1)

rad(m(m+ 1)) =rad(n(n+1)) = R.
The identities
ZPM =m(m+ Dn(n+1), ZL=(n—m)(m+n+1)
give ut = L > 0 once the shifts are integral. Their integrality follows from the corner identities
m+n+1=C(Ac+ Db) = B(Aa + Dd), n—m = A(Cc — Ba) = D(Bd — Cb).
Since ged(B, C) = ged(A, D) = 1, the first numerator is divisible by BC and the second by AD.
Thus u, t are positive integers with product L. The shifts are units at the opposite corner pairs:

ged(u, AD) = ged(t, BC) = 1.
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Modulo a prime dividing A, the integer m + n + 1 is congruent to 1. Modulo a prime dividing
D, it is congruent to —1. Modulo a prime dividing B, n — m is congruent to —1. Modulo a
prime dividing C| it is congruent to 1. The denominator factors BC' and AD are coprime to these
opposite corner pairs.

The two conics, scale identities, and inverse maps from the same parametrization are

BD? — aA? = u, 5C% —yB? =1,
WA? — mn 7 6D2:u(m+1)(n+1),
m+n+1 m+n-+1
(2.2) 732 _ tm(n+ 1)7 502 — tn(m+ 1)7
n—m n—m
B = (cA+bD)/u, C = (aA+dD)/u,
A= (dB—bC)/t, D = (¢C — aB)/t.

We use only source points. They satisfy positivity, integrality, the four corner gcds and the cross
geds. They also satisfy the shell condition and the radical mask. We assert no converse for
arbitrary positive solutions of either conic.
The selected chart is deterministic:
(A7 D; u)7 u S t?

(2:3) (], K5 5) = {(B,C; t), t<u.

Thus u = t belongs to the first chart. Write (f, g) = (o, #) in the first chart and (f,g) = (7,90) in
the second. For a positive integer x, let v,(x) be the exponent of p in its prime factorization. For
a finite set of primes P, put

ep= [0, wo=1.
peEP

Then
fJ:f{p:p|J}7 gK:g{p:p‘K]n v:f/fjv w:g/gK7 TJ:rad(fJ)v T'K:I'ad(g[{)7
(2.4) IT = min(ry,v) min(rg, w).

These supported parts are functions of the canonical source. They are not extra summation
variables.

Set
So = %, €0 = ko = So, lo =250, Jjo=po= 350,
(2.5) ag = %5, 0= %, Acxp = 350,
QminZ%zg—%, Qmax:%gggzg_f'zsm 7021—250-
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We use the following notation.

Symbol Meaning

Y dyadic shell endpoint; Y/2 <n <Y

A, B,C,D four corner geds

a,b,c,d positive residual factors

Z,R,M,L ABCD, rad(Z), abcd, cd — ab

a, B,7,6 ac, bd, ad, bc

u,t positive shifts, with ut = L

J, K;s selected corner pair and its smaller shift

fr.95,v,w, I supported coefficients, complements, and their mask

S0, 90, Bo minimum saving, reserve, and allocated loss (values in the Introduction)
Define the high sector
(2.6) Chi = {(m,n) € Qy : R>Y?/370 M > Yimin pad(M) > Y237k},

The high sector is the complement of the first three predicates in (3.1). Those rows test the
complementary inequalities. For sources with R > Y5/37€_ the source identities give

(2.7) M < g2y [ < gyY3To g =14y

We have m(m + 1)n(n+1) < k3Y* and ZL = (n —m)(m +n+1) < kyY?2. Also Z > Y°/37<0,
On Cy;, the strict lower cuts on R and M also give

Y4730 < Z2M = m(m + Dn(n + 1) < 2kym?Y?,
so m? > Y273 /(2ky) > Y273 /3. Therefore
(2.8) m>Y™ /3.
Here 2ky < 3 for Y > 2. This last inequality does not use the radical cut in Cy;.
After the Q0 row of (3.1) has failed, K5 = M/rad(M) < Y?2er. After Q1 has failed,
L > Y13l After both Q2 chart tests have failed, the selected corners satisfy J, K > Y'1/3=Jo,

These are the non-strict complements used in the following partition. Display (3.1) states the
predicates and their order.

3. THE FIRST-MATCH PARTITION

Each predicate below is tested only after every earlier row has failed. Here s = min(u, t) in the
chart selected by (2.3).

row | predicate
OR R< Y5 3—eo
Oy | M <Y?/3<
Oraan | rad(M) < Yy'2/3~ko
Q0 | Kpes > Yo
Q1 |L<Ylsh
(3.1) Q2u | u<t, min(4,D) < Y1/3_3:0
Q2t |t <wu, min(B,C) < Y3
3u u<t, uyY®w
3t |t<u, t <Y
4E | Y% < s < Yb, min(v,w) < YP0
A4H | Y% <s< Y% o w>YP II<YPo
AP | Y% <5< YW g w>YPo, II>YPo
5W | the remaining source.
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Theorem 3.1 (Exact partition). The thirteen first-match sets in (3.1) are pairwise disjoint and
have union y. On 5W,

(3.2) s>YP, K <V, L>yYSho g >y,

Proof. The quantities in (3.1) are deterministic functions of the canonical source. Each of the first
twelve rows is intersected with the complements of the preceding predicates. So these rows are
disjoint. Their complement is exactly the last row, which proves exhaustiveness. Failure of Q0
gives Kies < Y& Failure of Q1 gives L > y1/3=lo On the complement of both chart-specific
Q2 tests, the selected corners satisfy J, K > Y1/3=7_ Failure of the 3u and 3¢ tests gives s > Y%,
If s < Y trichotomy gives exactly one of the 4F, 4H, 4P predicates. Therefore their complement
has s > Yo, O

The following boundary conventions apply after all earlier rows have failed. The first three
rows use non-strict upper cuts. Equality at Kyes = Y2, L = Y1/3=0 and min(J, K) = Y/3~0
survives the corresponding strict test. The chart equality u = ¢ selects the u-chart. The full first-
match order determines its row. The 3u, 3t tests include s = Y% while 51 contains s = Y. In
the open middle interval, 4F contains the boundary min(v,w) = YP0. Also 4H contains I = Y70
when v, w > YP0,

Remark 3.2 (Counting populations). The estimates below count the following populations:

(1) For Og, fix n first. Then apply the support-fibre lemma in [1] to the partners m.

(2) O, Orad M, Q0 use the complete fixed-M quadratic fibre, including all ordered factoriza-
tions M = (ab)(cd). Q1 instead fixes (P, L), with P = ab and Qproq = cd = P + L.

(3) Q2u,Q2t are disjoint chart populations. Their two analytic contributions apiece are ad-
ditive bounds for each population.

(4) 3u,3t,4E,4H,4P retain the corresponding earlier-failure predicates and the canonical
inverse filters. The 4P estimate is not applied to the 5W complement.

(5) bW is exactly the remaining first-match set in (3.1).

Fix the ordered residual factors (a,b, ¢, d), both shifts (u,t), the selected chart and its conic
coordinates. Then the inverse identities (2.2) reconstruct the remaining two corners. This is
the full canonical label used for inverse reconstruction. The outer-row divisor bound includes
ordered residual factorizations. The joint-row sums include their coefficient factorizations. The
later estimates retain the stated divisor or factor multiplicities. A larger set used to estimate
one row may intersect the set used for another row. The first-match partition makes the original
populations disjoint. Each row is bounded separately.

4. OUTER ROWS AND INHERITED FIBRES
The small-radical input is Theorem 3 of [1]. Appendix E states it, and Appendix C records the
shell substitution. With H =Y /2 and V = Y5/3-¢_ it gives
(4.1) #{n:Y/2<n <Y, rad(n(n+1)) < Y?/370} «, y/3-Sotn,
The threshold in that application is large enough that ¥ > 4 and Y'/3t€ > 4. These are exactly
the required conditions H > 2 and V < H?2.

Let Qg be a positive squarefree integer. For a positive integer @, let w(Q) denote the number
of distinct prime divisors of Q. Apply the support-fibre estimate [1, Lemma 2.1] with X = n:

(4.2) #{1 <m < n:rad(m(m+1)) | Qg} <, Y?"log(2Y).

Here Qg = rad(n(n + 1)) is squarefree and at most Y (Y + 1). The source equality of radicals
gives the divisibility condition for every partner. The bound follows from 2¢(@sf) <y Q%. Choose
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the internal exponents smaller than the requested final €. Absorbing the logarithm then proves
the Og row bound.

Proposition 4.1 (Five outer rows). For every e > 0,

#O0p, #O0r, #O0rman, #Q1 <. Y2350+
#Q0 <. Y*®.

Proof. The Op estimate is (4.1) followed by the partner-fibre bound (4.2). We apply the latter
with X = n and with the squarefree common radical as ). The defining equality of radicals
implies the required divisibility rad(m(m + 1)) | Q. Each logarithm and divisor factor uses a
separate portion of the arbitrary e.

For Oy, fix M < Y2/37%, Write P = ab, Qprod = ¢d, 50 PQproa = M, P < Qprod, and
Qprod — P = L > 0. There are at most dy(M) <, M" ordered choices of (a,b, c,d), where

dy(M) = #{(a,b,c,d) € Z% : abed = M}.

For each, the source identity

(4.3)

Qproam(m + 1) = Pn(n + 1)
is equivalent, after setting x =2n+ 1 and y = 2m + 1, to

(44) P$2 + (Qprod - P) = Qprodyz'

Appendix B bounds the number of such pairs by Y. The coefficients and nonzero shift have
height bounded by a fixed power of Y. For the theorem’s variable bound take xg = 2Y + 1, since
2n + 1 < mg. The source identity gives M < Y2(Y +1)2 < 4Y4, 50 P, Qprod, |Qproa — P| = L <
474 < ajg, and the fixed height exponent is Ap; = 4. Thus the implied constant is uniform in the

moving labels. Summing over M proves the Oj; bound.
For Opaq a1, (2.7) gives M < 4Y4. If Ry = Y2/3=ko then

(4.5) #{M < 4Y* :rad(M) < Ry} < Ro(4Y?1)° Z
M>1

rad(M)M?’

For fixed o > 0, the series is the convergent product

(=)

q
Fix the final target loss. Then choose a fixed o > 0 so small that 4o is below its allocated part.
Choose the divisor and fibre exponents independently, each within its own remaining allocation.
The resulting label count is O,(Y?/3~k0+47) " For each M, sum the at most dq(M) residual
factorizations and apply the same fixed-height fibre (4.4). Since kg = Sy, this gives the asserted
exponent.

On @O, failure of the first three rows and the Q0 predicate give

quax < M < K-/%/YQmax'

The interval length is at most (k3 — 1)Y%mex < 3y max—l < 1 for Y > 256. Thus at most one
integer M occurs. Its complete ordered factorization sum and the fibre (4.4) cost Y¢. We do not
declare the row empty.

On Q1, enumerate P = ab and L = cd —ab, and put Qproq = ¢d = P+ L. Since M = PQproq >
P2, (2.7) gives P < kyYmax/2 & Y1/3+5%  The Q1 predicate and the positivity of the integer L
give 1 < L < Y37 = y1/3-2%_ Hence the number of (P, L) labels is

< Y1/3+Soyl/3—250 _ Y2/3_SO.
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Each label fixes Qproa = P + L. Splitting P, Qproq into their ordered factors costs at most
Tdiv(P)Tdiv(Qprod) <5 Y. Then the fixed-height fibre (4.4) is used once. This row carries no
additional divisor sum over M. O

Remark 4.2. The source and theorem hypotheses in this section hold above fixed thresholds. Their
applications are recorded in Appendix C. The finitely many remaining Y are absorbed into the
implied constants in Proposition 4.1.

5. JOINT-CORNER AND SHORT-SHIFT ROWS

The two Q2 populations are disjoint. This is because the chart rule (2.3) assigns each source
to exactly one of u <t or t < u. In a dyadic sector for the selected corners, write
J = J(], K = KQ, P(] = J()Ko, Msec = min(Jo,Ko).
Here each dyadic sector means Jy < J < 2Jy and Ko < K < 2Ky. These half-open sectors are
disjoint. The Q2 predicate gives pigee < Y 1/3750,

Lemma 5.1 (Sector count). Fiz a positive selected shift s and a nonempty sector as above. Count
the canonical-source coefficient-corner triples with ged(f, K) = ged(g, J) = ged(s, JK) = 1, with
the second coefficient forced by the conic. Suppose that

fJI*<H,  gK*<H.

Then their number is

nor (1 Miee
<, Y H(PO+ P02>
for every n > 0, with an implied constant depending only on n. In the Q2u application take
H = uY. In the Q2t application we assert the natural cutoff H < tY 1Tt only on the first-
match population. There the earlier Or and Q1 rows have failed. That source-uniform bound is
proved in (5.1).

Proof. In the u chart the conic is gK? — fJ? = u. The imposed cutoff gives f.J?, gK? < H. For
the QQ2u application, the source scale identities permit the choice H = uY . The full source filter
gives ged(f, K) = ged(g,J) = 1 and ged(u, JK) = 1. These are the unit conditions for either
orientation. Thus the quadratic congruence has at most 2@ (K)+2 1oots modulo K2, or 2¢(/)+2
roots modulo J2. For odd prime powers each unit-square congruence has at most two roots. The
prime 2 contributes at most four roots modulo a power of 2. So the factor 2¢()+2 is a uniform
overcount, including the even modulus. Suppose first Jy > Kq. For fixed f and K,

fJ?=—u (mod K?).

This congruence has at most 2¢(K)+2 <, Y" root classes modulo K?. Each class contains at most
Jo/K?+1 integers J in the sector. There are O(Kp) choices of K and O(H/JZ) choices of f. The

resulting count is
1 K() 1 /L3
Y"H — | =Y"H | — =< .
< <JoKojL J&) <P0+ P

If Ky > Jy, reduce the conic modulo J2. This gives the same expression with Jy, K¢ interchanged.

For the ¢ chart the full filter gives ged(g,J) = ged(f, K) = 1 and ged(t, JK) = 1. Use
gK? — fJ? = t, now with (J,K) = (B,C). Combine the scale identities in (2.2), the source
bounds (2.7) and the failed Q1 inequality. They give

(5.1) fJ?, gK? <« ty!teoth,
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The source identity Zed = n(n + 1) and Z > R > Y5/37 give

cd =" D st
The denominator satisfies
L 1
cd=ab+ L <YV3*o  pn_m= _Lntn4l) el
cdim+n+1)

The second estimate uses n > Y/2, L > Y13~ m 4+ n+1 < 2Y, and the first estimate.
Substitution in the last two scale identities of (2.2) proves (5.1). The same congruence argument
applies, using 6C? =t (mod B?) or yB% = —t (mod C?). It gives the asserted sector bound. [

Proposition 5.2 (Joint-corner rows). For every e > 0,

#Q2U <. Y2/372222179/15000000+5 4 Y2/3730869/1250000+87

(5'2) #Q2t <. Y2/3—972179/7500000+€ —|—Y2/3_SO+€-

The terms in each line are additive contributions to one chart population. They are not separate
first-match rows.

Proof. On Q2u or Q2t, (2.7) and the failed earlier tests give

YQmin < M < K%/YCImax7 Y1/3—l0 S L < HYY1/3+€O,
1< s < Jry YV/6t0/2,

The last inequality follows from ut = L and s = min(u,t) < v/'L.

We also need a lower bound for the product of the selected corners. Again Zed = n(n+ 1) and
Z>R>Y%3 30 cd < kyY1/3T€0, The identity
n—m  n(n+1)

L cd(m+n+1)

(5.3)

and n > Y/2 imply
n—m

AD =u > uY?2/3—e,

Reducing the exponent by %eo absorbs the fixed constant for all sufficiently large Y. A sector has
AD < 4P,y. So its nonemptiness implies
WYy 2/3-5¢0/2

(5.4) Py > — a5 in the u chart.

In the ¢ chart, BC =t(m+n+1)/L, so (5.3) gives
tY2/37560/2
32 '

We reduce the exponent by 3¢ /2 from the scale bound BC' > tY?/3=€0_ This absorbs fixed dyadic
constants uniformly. This gives the exponent used in (5.7).

Apply Lemma 5.1 in each occupied sector. In the u chart, its two terms are bounded by (5.4)
and figec < y1/3do g

(5.5) BC > tY?3=—©  py>

(5.6) yn <Y1/3+560/2 i Y2/33j0+560> '
U

For the t chart, (5.1), (5.5), and the same corner bound give
y'2/3=3jo+6eo-+lo )

(57) yn <Y1/3+760/2+lo + ,
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The source has s < /Ry Y/0+0/2 Sum the first terms of (5.6)—(5.7) over this many shifts. This
adds 1/6 + €p/2 to their exponents. The second terms are harmonic in the selected shift and add
only O(logY). There are O(log?Y") corner sectors.

Fix a coefficient f, a sector corner pair and a shift. Then the conic forces the other coefficient
g. The number of ordered residual splits of f, g is at most 7giv(f)7aiv(9) <5 Y. The inverse
maps (2.2) then determine the remaining corners. The full canonical filter is retained. Choose
each internal exponent first. Then the divisor factors, root factors, dyadic logarithms and the
harmonic sum use a total arbitrarily small loss.

Substitute g = kg = Sp, lop = 25y and jg = 3Sy. This gives the four exponents

(5.8) 1/2 + 3Sp = 2/3 — 2222179/15000000, 2/3 — 95y + 55y = 2/3 — 30869/1250000,
) 1/2 +4Sp + 2Sp = 2/3 — 972179/7500000, 2/3 —9Sy + 6Sy + 2S5y = 2/3 — Sp.
This proves (5.2). O
A determinant estimate for the short-shift rows. Write
g i 30869 6 5 1 1
= = €n = = ———— = —_— = — = —
0= 0= M 7 5000000 "0 T 1257 64’ 10000’
2 2 3

(5.9) ¢-=3-6 q+=§+2e, T0:1—§€.

Thus ¢— = 9907393/15000000, ¢+ = 5092607/7500000, and 79 = 9907393/10000000. The high-
source inequalities give
70

(5.10) m > 7 Y& < M < kY%, ky=1+Y"L
The first inequality follows from (2.8). The lower bound for M follows from failure of the Ojs
predicate in the first-match partition (3.1). Its upper bound follows from failure of O and (2.7).

We first give the determinant estimate for each fixed shift and coefficient box. Suppose rg, sg >
1, Kget = (ro + 1)(so + 1), and Kget source points lie in one cell. In both applications below,
scale the two projective coordinates by the dyadic box centers. Then a determinant of the Kqet
monomial rows has the form

(5.11) | Adet| < CmSO(H1H2)roKdet/2(EF)SoKdet/2 m% 92 e \>2gne(ne—1)/2
ne=

e ne=Kaet
Here E,F are coeflicient scales and Hp, Ho are corner scales. The cell width in normalized
coordinates is A, and ¥ bounds the thickness of the source curve. In the u-chart, the remaining
functions in a level-¢ minor are =% x € [1/2,2]. Here ¥ bounds 6 in (1 — 6)7. In the t-chart,
put
or=Hp/He, a=(B/C)/or, m=0E[F, y=(BE/F)t/(C?).
Then z € [1/2,2], 1/16 < k¢ < 8, and the normalized coefficient ratio is

(B/F)(6/7) = kea® +y.

The level-¢ functions are therefore

J .
2t (ka4 y) = Z <2> Ei—zyexwzj—%.
=0
Fix the determinant degree. The derivatives in z of these finitely many monomials are then
uniformly bounded, since z € [1/2,2] and k; € [1/16,8]. The thickness is the normalized term
y. It is comparable to =, 1'in the 3t application below. This normalization gives the same level
and cell-width gains in (5.11). To verify (5.11), expand each monomial column as a sum of level

columns and use determinant multilinearity in the columns. In each resulting determinant, group
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columns with the same level and apply Laplace expansion over row subsets of the corresponding
sizes. In a level-¢ minor, factor the ¢-th power of the thickness coordinate from each evaluation
row. The resulting thickness exponent is ), ¢ny. If two evaluation points or two powers agree,
its remaining determinant is zero. Otherwise take n evaluation points in an interval of length A.
Take n functions with bounded derivatives through order n — 1. Successive divided differences
factor out the Vandermonde product. The remaining determinant is at most a constant times the
derivative bounds. This gives O(AN*~1/2) Thus this group contributes C’TO7SO)\W(W—1)/ 2. Here
all derivatives of the finitely many powers are bounded on the fixed compact interval. Row and
column scaling gives the first factor in (5.11).

Put beenn = logy (1/A) and pyn = logy (1/9). In the source boxes these exact quantities equal
their limiting exponents up to O(1/logY’). Then

beell 2v/2 3/2 beell
(5.12) > <uth5nz + %W(W - 1)) > beell it Kdgt — | pen + C2e Kot
£>0
For every A > 0, termwise completion of the square gives
A2 A3

D (A= ph)F > AKger —

2b
cell >0

bcell 2)
nwlng + n > AKget — — .
Z </Lt ¢ ot 2bcell 6bcellﬂth

2
)4

Taking A = (2beenjienKaer)'/? gives the leading term in (5.12). The square-completion loss is
A?/(2been) = pinKget- Replacing n% by ng(ng— 1) costs a separate (beenn/2)Kqet- For ro = [s0q/p]

or ro = [ s0q/p],
Top + S04 < 1/2

5 < s0q + g, Kdét > (r9s0)Y/2.

Here p and ¢ are the logarithmic scale exponents of the corner product and coefficient product in
the chosen chart. The 3u and 3t applications below specify their normalizations. Hence a fixed
positive margin in

(5.13) beellfth > gpq
makes every integerized determinant have absolute value less than 1. Here p, g, 11, range over
fixed compact intervals in both applications. The strict margin is uniform over the full source
boxes. Fix that margin and those compact intervals, and then choose sg. The degree-rounding
and lower-order terms are then smaller than the margin. This one fixed degree works for every
sufficiently large Y. The integerized matrix has rank below Kgei. Let r < Kget be the largest
order of a nonzero minor. If r = 0, a coordinate vector is a kernel vector. If » > 0, choose a
maximal nonzero r X r minor and one additional column. Cramer’s rule gives a nonzero integral
kernel vector. Its coordinates are minors of order at most r. The selected rows span the row space,
so this vector annihilates every row. Thus the kernel vector has polynomially bounded height and
gives a nonzero integral auxiliary polynomial. If a cell contains fewer than Ky points, those
points are counted directly. The degrees are fixed. The coefficient height of the polynomial is a
fixed power of Y. This holds because it is a minor of a matrix whose entries have fixed polynomial
height.

Heath-Brown’s Lemma 2 [4, Lemma 2, p. 8], stated in Appendix E, has no size restriction on
the second pair. In 3u and 3¢, the primitive coefficient pair is the first pair and the primitive
corner pair is the second. For an irreducible factor, let a. be its degree in the corner pair. Let
bq be its degree in the coefficient pair. In the theorem’s notation this is (a,b) = (bg, a.). Thus a
factor with a. > 2 has second-pair degree at least two. Any application of Heath—Brown below
has b; > 1. So both bidegrees are positive. The theorem’s exponent is 2/a. < 1. Here T} 4+ 1 and
the factor height are bounded by fixed powers of Y. Choose the theorem’s ¢ after those height
exponents. This gives O, (Y"(T1 + 1)).



A POWER SAVING BELOW TWO-THIRDS FOR EQUAL RADICALS OF CONSECUTIVE PRODUCTS 11

Let a bounded-degree integer polynomial have height Y¢. Then each primitive integer factor
has height YOc¢(M), For the proof, apply a fixed Kronecker substitution with base larger than the
total degree. Then use Gauss’s lemma and the univariate Landau—Mignotte factor bound. The
substitution has no collisions among the bounded-degree monomials.

The short-u row 3u. In the u-chart put a = ac, 5 = bd. The source identities (2.2) give

m+n+1 2
(m+1)(n+1) < m+1
The residual factors are pairwise coprime, and so are the corner factors. Hence

(5.14) BD? — aA? =, aA? = (1 - 6)3D?, 0=

(5.15) ged(ay, B) = ged(A, D) = 1.
Also
(5.16) % < aA? < um, % < BD? <u(m+1),

because n/(m +mn+ 1) > 1/3. Multiply these two scale identities and use o = M. This gives
um
5.17 AD > —— > uY?/375¢/2,
(5.17) " 3VM

The implied constant is absolute for sufficiently large Y. The unit conditions needed below are
also source consequences. If a prime divides A, it divides m,n. So it divides neither b | m + 1 nor
d | n+ 1. Hence ged(B,A) = 1. Also uBC = m +n+ 1 and ged(A, BC) =1, so ged(u, A) = 1.
Therefore ged(Bu, A) = 1. Every corner is at most Y + 1, and o, 8 < u(Y + 1).

Fix a positive shift u and a dyadic sector. The counted tuple is (o, A, D), with A, D in that
sector. The conic determines the second coefficient 3, subject to the integrality filter. Fix u < Y0
and dyadic scales

A=xH,, DxHp, axFkE, pxF.
There are O((log Y)*) such boxes. Put

AH EH?
X = 7Da py = logy A7 p =logy (HaHp), q=logy(EF), z=Ilogyu.
DH,4 U

The box and (5.16) imply, uniformly,
70— O(1/logY) < pp <1+ 0(1/logY), ¢-—O(1/logY) < q < g4 +0O(1/logY),

(5.18) p§z+ub—g+0(1/logY), 0 <z <ayp.

They also give

(5.19) = o0j1ey)<d< T L 0(1/logY).
ap+2/3+e/2 ~p~ 2/3—5e/2

The exact endpoints in (5.19) are 19814786,/21532607 and 20370428/19536965, both strictly be-
tween 0.9 and 1.1.

Set

q+ 54121135983551 B

5.20 By =—a; (1+a- L) = LN = [yt
(5:20) Gt 100000000000000
Let f(q,2z,1) = q(1 + (2 — q/2)/p). Its derivatives in z, i, ¢ have signs +,+, + on (5.18): for the
last sign,

2-4q 9351751
o 29722179
and for the p-derivative use ¢_/2 — ap > 0. Hence

(5.21) 2@ < Bu+0(1/logY).

1p

1+

+0(1/logY) >0,
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Put 6o = /4. From (5.18), pup > 10 — O(1/logY), and p,q < 14+ O(1/logY’). Therefore (5.21)
gives the direct margin

(But O — 21+ d)pa > €7 — o5~ O(1/logY) > 5
for all sufficiently large Y. The thickness in (5.14) satisfies § < 2Y ~#>. The strict margin absorbs
the factor 2.
Split x € (1/2,2) into N,, half-open intervals of length 3/(2N,). For Kget = (1o + 1)(so + 1)

source points in one interval, form the integer matrix whose k, (i, j)-entry is

AéDgo—iaiﬂso*j’
where 0 < i < rg and 0 < j < s9. Choose a fixed integer so sufficiently large in terms of dy
and the compact ranges in (5.19). Put ro = [soq/p]|. By (5.19), the possible ry form a finite
set and 79/so = q/p + O(1/s0) + O(1/logY) uniformly. The leading terms in (5.12) have a
uniform positive margin by (5.21). The ceiling and all remaining terms in (5.12) are uniformly
O(1/s0)+0(1/logY) relative to those leading terms. First choose sp, then the common threshold
for Y. Then these errors use less than half the margin. Apply the level estimate (5.11)—(5.13)
with bee = By +&+0(1/logY) and gy, = up+0(1/logY'). It makes every Kget-row determinant
zero for one common sufficiently large Y. Each entry is an integer of size at most

(Y+ 1)r0+(21/20)507

since u < Y% < Y1/20. Hence cofactors give a nonzero integer polynomial of degree at most
(r0,80). Its coefficient height is Y'¢¢ with fixed C¢. This gives the required integer auxiliary
polynomial.
We next count the lattice radii over the moving intervals. Write
a/E FH?
P=B/F ~ EHY
Since each normalized coefficient lies in [1,2), actual p lies in [1/2,2]. For each interval, crop its
image in p to (1/2,2). Empty intervals contain no source. The map x ++ xx ™2 has derivative
bounded above and below on [1/2, 2], uniformly in every nonempty box. We have 1/8 < k < 16
by the dyadic box inequalities and (5.14). Also § < 2Y~#» < 1/N,,. Hence the retained coefficient
directions have angular width O(1/N,). Any angular window of width w meets O(1 + N,w) of
them.
For a retained direction with unit vector ¢ and unit normal n, define

Al B) = (f (/B BIF), " (o, B/F)> ,

where the fixed ¢y makes the images under A of the source coefficient vectors lie in the disk
of radius 5. This linear map has determinant N, /(coEF). Its image of the integer coefficient
lattice has a Euclidean reduced basis by, by, with angle at least 60°. The inverse images form a
unimodular integer basis. For each source pair, write (vy,v2) for its coordinates in this reduced
basis. These are distinct from the original coefficient coordinates («, 3). Put T; = 5v/2/|b;|. Then
T, < T1, every source coefficient pair has lattice coordinates |v;| < T;, where v = (v1, v2), and

EF EF
5.22 Ty > — TE > —.
( ) 142 Nu’ 1 Nu
The determinant of the lattice and the operator norms of A and A~! are bounded by fixed
powers of Y. Every nonzero integer preimage has image length at least || A~1|~!. Minkowski’s
theorem bounds the shortest image vector by a constant times the square root of the covolume.
The reduced-basis angle and determinant then bound the second basis vector by a fixed power

p=r(l-0)x> &
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of Y as well. Apply A~!. Then both unimodular preimage vectors have polynomially bounded
coordinates. Thus the coefficient-lattice change keeps the auxiliary polynomial’s height at Y 9¢().

We now bound the complete interval sum. Put L, = max(1,(EF/N,)'/?). Intervals with
Ty < 2L, contribute O(N,, + (EFNu)1/2). For larger T1, place it in a dyadic range (T, 27]. Let
Xmin = (%1, x2) be the primitive shortest integer preimage. The definition of A gives

((x1/E,29/F)| < T, dist((z1/E,29/F),f) < (N,T)~".

A nonaxis dyadic annulus of normalized radius r contains O(r?EF) integer vectors, with r >
max(E~L, F~1). A fixed vector is compatible with O(1+(Tr)~!) interval directions. Sum EF (r?+
r/T) over the annuli up to r < T—!. This gives O(EF/T?) intervals in this T-range. Their
contribution to > (71 + 1) is O(EF/T). The vertical and horizontal primitive vectors are the
two axes. The retained source directions have coordinate ratio p € [1/2,2]. So they stay a fixed
positive angle from both axes. The corresponding vertical and horizontal cases cost O(F + N,,)
and O(FE + N,), respectively. Finally T} > (EF/N,)Y/? by (5.22). Summing the dyadic ranges
gives

(5.23) Y (T +1) <y YNy + VEFN,logY + E + F}.
intervals
For each interval, factor its auxiliary polynomial over Q. There are Og(1) factors, each of
fixed degree and height Y9¢(). Make the unimodular coefficient-lattice change. Then let an
irreducible factor have degree a. in the corner pair and b, in the coefficient pair. Write the
original coefficients a(v), 8(v) as homogeneous linear forms in the primitive lattice coordinates
v = (v1,v2). The following cases account for every factor.

(1) Ifit is not absolutely irreducible, its distinct conjugate components have no common curve
component. By bihomogeneous Bezout they have Og¢(1) rational common points. Each
rational point gives at most four signed primitive pairs.

(2) If a. = 0, the factor fixes O¢(1) primitive coeflicient ratios. For each, (5.14) is a square-
fibre equation. It has positive coeflicients «, 8 and nonzero shift u. The coefficients and
shift are at most (Y +1)2/2° and A <Y 4 1. Theorem B.1 with # = 2V and fixed height
exponent Ay, = 2 gives Y solutions uniformly.

(3) If by = 0, the factor fixes Og(1) primitive corner pairs. The solutions in (o, 8) to 3D? —
aA? = u form a progression with step (D?, A2). Its length in the a-box is at most

Y—1/3+56

E uY
1+ = <14+ =<1+ —=0(1
D2<< A2D2<< U o)

uniformly for v > 1, by (5.16)—(5.17).

(4) If ac > 2 and b, > 1, apply Heath-Brown’s Lemma 2. The first pair is the primitive
coefficient-lattice pair, bounded by 77 4+ 1. The second is the primitive corner pair. Its
degree in the second pair is a. > 2. Choose the theorem’s epsilon after the fixed polynomial
height exponent. Hence the count is O, (Y"(T + 1)).

(5) If a. = 1 and b; > 1, write the factor as AQ(v) + DP(v), with coprime nonzero homo-
geneous forms P, Q. The source equation forces P(v) = —A(, Q(v) = D( for a nonzero
integer ¢. The Sylvester identities put Res(P, Q)vfb"_l in the ideal (P, Q). Primitivity of

v therefore gives ¢ | Res(P, @). The resultant has fixed polynomial height, so its divisors

cost Y. Fix a divisor ¢ | Res(P, Q). Then the source conic gives the nonzero homogeneous

level equation
BV)Q(W) — a(v)P(v)? = uc?.

The left side is a nonzero binary form of degree do = 2b, 4+ 1. If it vanished identically,

coprimality of P,Q would force P? to divide the linear form B(v). This is impossible
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for b, > 1. Denote this form by ®. Its level is h = u¢? # 0. Define & = {v; € Z :
®(v1,v2) — h is identically zero in vo}. Writing ®(v1,0) = aqﬂ)il@, every v1 € & satisfies
a@vf‘l’ = h, so |€] < dp. If apg = 0, then &€ = @&. This includes the pure-power case.
There every slice is constant, and at most dg slices equal the nonzero target h. There
are at most 2|77 | 4+ 1 other first coordinates. For each, the nonzero polynomial in v2 has
degree at most dg. Hence it has at most dg integer roots. Each exceptional coordinate
contributes at most 2|75 | + 1 points. Thus

#{(Ul,vz) S Z2 : |’Uz’ < T, (I)(’Ul,’UQ) = h} < d@(QLTlJ + 1) + dq>(2|_T2J + 1)
< dde(Ty + 1), Ty <Th.
The corners are then forced.

Thus every full interval contributes Y"(T} + 1). The underfull intervals cost O¢(N,). Fix
the ordered residual factorizations o = ac, 5 = bd. The inverse formulas (2.2) determine B, C,
then m = ABa,n = ACc. The positivity, integrality, gcd, mask, shell and first-match filters
only discard candidates. The inverse multiplicity is at most 7qiy(a)7aiv(8) <y Y7, since o, 8 <
(Y +1)21/20_ The opposite shift is recovered from ut = L. Combine this with (5.23). For one
fixed u and one box the count is

(5.24) <y Y{N,+ VEFN,logY + E+ F}.

Split the 3u population counted by (5.24) into min(A, D) > Y/3= and its complement. In
the first part, (5.16) gives
(5.25) E+F <uy'\/3+2,

In the second part, suppose H4 < Hp. The other case is symmetric. For fixed A, £, the congruence
BD? = u (mod A?) has O(2¥(Y) = Y roots modulo A2, since ged(fu, A) = 1. Each root class
contributes O(Hp/A? + 1) values of D. Also 8 < uY/H?%. Summing over A, (3 gives
uY uwY Hy
+ 5 :
H,Hp H3,
For odd prime powers the unit-square congruence has at most two roots. At powers of 2 it has at

most four. The absolute factor 4 is absorbed in O(2¢(4)). By (5.17) and Hy < Y'/3~% the two
terms in (5.26) are at most

(5.26) <y V" {

Y2/3+5ef31/+0(1)

(527) Y1/3+56/2+o(1)
’ u

The second term sums harmonically over u. The first costs Zugyuo 1Y%,
Finally EF < M < k3Y%. Sum (5.24)—(5.27) over u < Y%, all boxes and the logarithmic
factors. Before the final loss allocation, this gives five exponents and their savings from 2/3

term and exponent saving from 2/3
5102312049347
- : B, 2 . ...
square-root term: ag + (¢+ + By + &)/ £00000000000000 (0.00850385 . . .)
interval term: ag + By + & 23206592049547
0 “ 300000000000000

(5.28) 2473
01 2 2 —_—
core axes: 1/3 4+ 2v + 2ag 13000

1619393

6000000
8003

500000

small corner, first: ag + 1/3 + 5e/2

small corner, second: 2/3 + 5e — 3v



A POWER SAVING BELOW TWO-THIRDS FOR EQUAL RADICALS OF CONSECUTIVE PRODUCTS 15

The smallest saving is 5102312049347,/600000000000000 > Sy. Fix the degree and height con-
stants. Then all fixed-height, divisor, dyadic and logarithmic losses can be assigned arbitrarily
small exponents. Therefore, for every € > 0,

(5.29) 43y < Y'2/3-5102312049347/600000000000000+<

The next proposition records this display as the complete first-match row estimate.

Proposition 5.3 (3u row estimate). For every € > 0, the complete first-match row satisfies
43y <, Y 2/3-5102312049347/600000000000000+=
19 .

Proof. The full row count is (5.29). Its five additive terms are bounded in (5.24)—-(5.28). The

least saving is the one displayed there. O
The short-t row 3t¢. In the t-chart use v = ad,§ = bc. The exact source equations are
1) B\? n—m
5.30 6C? —yB* =t -=(=) =———€(0,1/m).
(5.30) =t 2= () W) = s € O 1/m)
By (5.10), Brem < Y 7. The source heights and the Og, O, Q1 and (2t complements give
to c 07 6Y —do .
(5.31) EYq < BC <3tY*“, ~,0 < tY9, 2 < < 1 for all sufficiently large Y,
where 2 1 5833463 1
=—+4lp= == lo+2jo=———, do==—2 0.
Ct 3+0 q+s 9t 3+€+ 0t 2J0 15000000 073 e>
For the v/C? bound, start from the exact source identity
ZL
n—-m=————.
m+n+1

Then use BC = (m+n+1)t/L, m+n+1>Y/2 and L < kyY'/3+¢. Since 2xy < 3, this gives
BC > (t/3)Y?/3=¢ > (t/4)Y?%-. For the upper bound use L > Y130 and m4+n+1<2Y +1 <
3Y. This gives BC < 3tY2/3+lo_ Also
tm(n+1) m(n+1)
B?=—""/ c?=——"—-7
g o/ 750
using Z > Y®/3¢ and the lower bound for BC proves the last inequality in (5.31). The bound
for ¢ is symmetric. It uses 6C? = tn(m 4 1)/(n —m) and B,C > Y/3-Jo,
Fix t <Y? and a dyadic box
B=x<Hp, C=xHg, v=<E, (dxF
Put £L=InY, p=logy(8HpH¢), q = logy (128EF), z = logy t, and

— HpHcVEF
=t = )
8t
From (5.10)—(5.31), with xy < 3/2,
G- L -2 <l <(ct+ap)L+1In24, ¢ L+1n32<ly < qiL +1n288,

po =logy Z¢, 01 =In(8HpHc), {2 =In(128EF).

(5.32) 7oL —1n256 <InZ=; < (1 +e+ 1)L, p—z>q-—0(1/L).

Dyadicity gives BC/4 < HgH¢c < BC and EF < M < 4FEF. With (5.31) these imply 8HgH¢ >
Y- /2, SHpHe < 24tY°, 128EF > 32V~ and 128EF < 288Y%. They also give

ym <E < 3Ky y3a+/2 < gyl—i-e-&-lo
256 - 8 — 16 ’

which proves the two Z; bounds in (5.32). In particular 41, ¢, InZ; lie in [£/5,2L] for Y > 2048.
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Set o = Hg/H¢ and x = (B/C')/ot. The source has x € (1/2,2). Partition z € (1/2,2) into
E kE+1
L= (2 2020,
= (35
Equivalently, these are the intervals (koy/N, (k + 1)o;/N] for B/C. Here N/2 —1 <k <2N —1,

with N > 40 to be fixed below. Let 24 = |k?/N| and 7 = z40?/N. For = € I, the width of the
interval and (5.30) give

(5.33) |6 — eyl < 1802E/N,  0<~v < 2E.
The square of B/C differs from ry, by at most 507 /N. The additional term (B/C)?Bem is at most

402 /m, and the choice below has N < m. The endpoint k < 2N — 1 follows from z < 2. This is
the range used in the 502 /N bound. A nonempty box also gives

(5.34) F/16 < 02F < 8F.

Define the linear map
N Y2
A , === — , =
k(Y15 Y2) (o_th(yl TKY2) E>

Its image of Z? has covolume N/(0?E?) < N/(EF). By (5.33), coefficient pairs (d,7) in the box
map into the disk of radius 19. Choose a Euclidean reduced basis b1, by for this lattice. Let hq, ho
be its unimodular integer preimages. Put T; = 19v/2/|b;|. The reduced-basis angle is at least 60°.
Hence T < T7, every source pair has coordinates |v;| < T;, where v = (v, v2), and (5.34) gives
722 361v3  361V3ofE?  361V3EF EF

= > > 39——, T2 > T\Ts.
1b1||b2| = covol(Ax(Z2)) N 16 N N L=

The matrix Ay, its inverse, and the covolume have polynomial height. Every nonzero integer
preimage has image length at least ||.A,;1||_1. Minkowski’s theorem bounds the shortest image
vector by a constant times the square root of the covolume. The reduced-basis angle and de-
terminant then give a polynomial upper bound for the second vector. Apply .A,;l. Then both
unimodular integer preimages have polynomially bounded coordinates.

We now count the moving grid. The integer x4 lies in [IN/5,4N]. Each x4 comes from at most

two k, since
vV Ny <k < \/N({L‘4+1)

has length at most v/5/2 < 2 for x4 > N/5. Therefore it contains at most two integers. Take a
dyadic range T7 € (T,2T]. Write Ag(y) = by for the primitive shortest vector y = (y1,y2). Then

(5.36) 1 — riye| < oPE/(NT),  |y2| < E/T.

If yo = 0, primitivity gives y; = +1. The contribution over all k is then O(F + N). If y; = 0, then
y2 = 1. Since x4 > N/5, (5.36) bounds its total contribution by O(FE 4+ N). For y1y2 # 0, (5.36)
gives T < F and |y;| < F/T. Multiply the first inequality in (5.36) by N/o?. Then, for each
fixed y1, the nonzero integer yoxy lies in an interval of length O(E/T). Since E/T > 1, there
are O(E/T) such integer values. Their absolute values satisfy |yoz4| < NE/T, a fixed power
of Y. So each has Y7 factorizations as yox4. Each x4 has at most two k. Thus the number of
intervals in this T-range is O, (Y"EF/T?). This includes the endpoint cases |y;| < CF/T and
E/T > ¢ > 0. Their contribution to 3", (T3 (k) +1) is O, (Y"EF/T). By (5.35), T > (EF/N)/2,
Sum the dyadic T-ranges and pay the +1 terms. This gives

(5.37) > (Tu(k) +1) <, Y{N + VEFNlogY + E + F}.
k

(5.35) T\Tp =

For each interval I, apply the determinant construction (5.11) to the normalized monomials
7'¢, where ( = (E/F)(3/v) = xyw? +y. Scaling rows and columns back to the integer monomials
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gives (5.41). We choose the grid size N used above as follows. Put

3 5452607 5453607
. By = — = — =B s —— Ny = Yyt :
(5.38) 0= 3@ )= foaa00000 T PSS Too000000 M= Y
The exact gap
2226893
TO— VUVt =
0 T 5000000

shows that N; < m for all sufficiently large Y. Here m > Y™ /y/3 and Ny < 2Y*. In (5.33)-(5.37)
take N = N;. Since EF > M /4 > Y% /4, we have

E > Yi4-"" — Y690793/6000000
N, .

Thus (5.35) puts every dyadic radius T' above ¢y 90793/12000000 - 1 for a]] sufficiently large Y.
The separately counted +1 per grid interval is already included in the O(Ny) term of (5.37).
The determinant thickness ¥ in the normalized coefficient ratio is comparable to Z;'. The

conic gives
5§ (BY? Lt
v \C ~C?°

Normalize the coefficient ratio by E/F. Then the thickness is (E/F)t/(yC?) < t/(FHZ). From
(5.34), FH < EH% < HgHcVEF. Hence this thickness is =< =, 1. More precisely, the dyadic
bounds E < v < 2E, Ho < C < 2H¢, and 1/16 < 02E/F < 8 imply

=1
=t =1
256 = V==
Thus 0 < pgh—po < In256/L. The normalized cell width is exactly 1/Ny, so vy < beenp = logy Ny <
v+ 1In2/L.
The box bounds also give
by

q—
Ct + agn + O(l/ﬁ) S 51
The limiting endpoints are 9907393/10905214 > 0.9 and 10185214/9907393 < 1.1. So this ratio
belongs to [0.9, 1.1] for all sufficiently large Y. Choose a fixed integer sg sufficiently large in terms
of the strict margin below and this compact range. Set

lo
To = SOE .

The possible 9 form a finite set. The degree rounding and the lower-order terms in (5.12) are
uniformly O(1/sp) relative to the leading terms. Choose sg first. Then enlarge the threshold for
Y to absorb the O(1/L) errors.

The normalized scale parameters in (5.11) are p = ¢1/L, ¢ = ¢3/L, and g, = p+q/2 — 2z +
O(1/L). Precisely,

< Z—* +O1/L).

log(64v/128
to=p+q/2—z— g(ﬁ).

The displayed constant and the additional O(1/L) from the thickness comparison are among the
finite errors accounted for below. The limiting function

9 pg
Gy 2) Py s
(.4, ) 8p+q/2—=2
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is increasing in p, ¢,z on the source range. The relevant derivative numerators are ¢(q/2 — z),
p(p — z) and pg. With D = p+ q/2 — z, its three partial derivatives are

94q(q/2 - =) 9p(p—2) 9 pq

8 D? ’ 8 D2 8 D?’
On the stated source domain each has absolute value at most (9/8) -4 -25 = 112.5 < 120. Here

¢ /2~ ag = 8467393 - o —ap — 9187393 > 0.
30000000 ’ 15000000

The bound BC < 3tY“ gives the one-sided endpoint estimates

p<ct+z+1nﬁ q<q++ln288-

- L’ - L

First put p = ¢; + z + O(1/L£). Then the denominator is ¢; + ¢/2 + O(1/L), and q/(¢t + q/2)
increases. Thus the maximum is B;+O(1/L), attained at ¢ = ¢4, z = ag. For §p = £/4 = 1,/40000,

34547393
: —(1+60)Bi =€ —6¢By = ———""__ 5,
(5.39) ve = (1+00)B: = € = %0Bt = 1505566000000 ~

Now the uniform error. The upper endpoints in (5.32) change p,q from ¢; + z,¢+ by at most
In24/L,1n288/L. The exact normalization of zg contributes In(641/128)/L. The thickness com-
parison contributes at most In 256/L. Take the source range 0 < p,q,z < 2 and p+¢q/2—2z > 1/5.
There every first derivative of ®(p, q,z) = (9/8)pq/(p + q/2 — z) has absolute value at most 120.
Since In24 < 4, In288 < 6, In(64y/128) < 7, and In256 < 6, the total perturbation is at most
2760/L. We may therefore take C; = 4000. Hence, whenever

(5.40) (f — (5()Bt) InY > 2Ct(1 + (5()),

the determinant condition has the strict surplus required in (5.13). Take one interval with Kget =
(ro+1)(so + 1) source rows. Use columns indexed by 0 <i <1, 0 < j < sp, and multiply each
row by C"°~% . The resulting entry is

(5.41) C™y*(B/C)(§/y) = B'C™ "¢/~ € 7.

We have B,C <Y + 1 and 7, < Y%719 and the degrees are fixed. So every matrix entry
and cofactor has height YO, By (5.11)—(5.13), every integerized Kget X Kget determinant has
absolute value less than one. Hence it vanishes. If an interval has fewer than Ky source rows,
count those points directly. Otherwise the integer matrix has a nonzero rational kernel vector.
Clearing its denominator gives a nonzero integral auxiliary polynomial on that interval. It has
bounded bidegree and height Y O¢(1),

In this t-chart, ged(y, §) = ged(B, C) = 1. The transformed auxiliary factors have height Y 9¢(1)
by the fixed-degree factor-height argument above. These are the primitivity and height hypotheses
used in the square-fibre and Heath-Brown counts. The coefficient-lattice coordinates v = (vy, v2)
are primitive, since (v, d) is primitive and the basis change is unimodular. The original coefficients
~v(v),0(v) are homogeneous linear forms in these coordinates. Factor an auxiliary form over Q.
Let a. and b, be its degrees in the corner and coefficient pairs. There are five branches. The
conjugate-component Bezout argument above handles a factor that is not absolutely irreducible.
If a. = 0, it fixes O¢(1) primitive coefficient pairs. Then the square-fibre theorem (Theorem B.1 in
Appendix B) applies to 6C? —yB? = t, with # = 2Y and fixed height exponent Ay; = 2. If by =0,
it fixes a primitive corner pair (B, C). Reducing the conic modulo C? fixes 7. Also 0 < v < C?
by (5.31). So there is at most one coefficient pair. If a. > 2 and b, > 1, apply Heath-Brown’s
Lemma 2 with the primitive coefficient pair first. It gives O,(Y"(T1 + 1)). Finally, if a. = 1 and
by > 1, write the factor as BQ(v) + C'P(v), with coprime nonzero homogeneous forms P, Q). The
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conic forces P(v) = —B(, Q(v) = C(. The Sylvester identities and primitivity give ¢ | Res(P, Q).
There are Y choices for (. For each, the conic gives

I(V)Q(v)? =y (v)P(v)? = t¢*.
The left side is a nonzero binary form of degree 2b, + 1. An identity would force P? to divide
the linear form §(v), contrary to b; > 1. The preceding complete slice count applies with the
nonzero target h = t¢2. It counts O, (T} + 1) coefficient pairs. Then B, C are forced. Thus every
full interval contributes Y(T} + 1).
Fix the ordered factorizations v = ad, 0 = bc. The inverse formulas (2.2) determine

A= (dB—b0)/t, D = (¢cC —aB)/t,
then m = ABa,n = ACc. Also u = (cd — ab)/t. These are forced, not summed. The factor
multiplicity is 7qiv(7)7aiv(0) <5 Y. Thus, for fixed t and box, (5.37) gives
(5.42) <y Y{N; +/EFN;logY + E+ F}.

The row 3t is contained in this larger population with 1 <t < Y% [ > y1/3=b and B,C >
Y'1/3=3o, The restrictions ¢ < u and K, < Y2 only reduce it. There are O((logY)*) boxes.
By (5.31), EF < M < Y% and F+ F < tY9. Sum (5.42) once over the positive shifts ¢ < Y0,
This gives

(5.43) #3t<@fY”{Y““”i+§ﬂm+w++WV24—YW+%m}.
The three exponents and their savings are
term ‘ exponent ‘ saving from 2/3
(5.44) interval count 5933607,/10000000 2199179/30000000
' square-root count | 39611249/60000000 | 388751,/60000000 (0.00647918...)
coefficient axes 7273463/15000000 2726537/15000000.

The least saving is 388751/60000000 > Sy. Fix the uniform degree and height constants. Then
the fixed loss terms, divisor factors and logarithms fit within any prescribed € > 0. Hence

(5.45) 13t <. y'2/3388751/60000000+¢
’ € .

Proposition 5.4 (3t row estimate). For every ¢ > 0, the complete first-match row satisfies
3t <. Y'2/3-B88751/60000000+¢
6 .

Proof. The complete row is bounded in (5.43). Its three contributions and their savings are listed
in (5.44)—(5.45). 0

6. THE INTERMEDIATE ROWS

Throughout this section abbreviate

16 ~ 30869

25 %~ 5000000

The first five and Sy are the fixed parameters from (2.5); ppp = 16/25 is set here for the 4P grid.
In this section the chart and all source predicates are those of Section 3. If the selected chart

is the u-chart, then (J, K; f,g;s) = (A, D;ac,bd;u). If it is the t-chart, then (J, K; f,g;s) =

(B, C;ad,be;t). In either case

(6.1) gK? — fJ?=5>0, fg=M, ut = L.

The chart choice is unique, including equality u = t. Fix the residual factors, the chart, the shift
and the two selected corners. Then the inverse formulas in (2.2) determine the original pair. All

€ = €, kaDa l:lo’ j:joa b = Do, HHP =
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counts below keep the positivity, integrality, gcd, mask, shell and first-match tests when a relaxed
tuple is reconstructed.

6.1. The supported-part row 4F. Let f; be the full prime-power part of f supported on
primes dividing J. Let gx be the full prime-power part of g supported on primes dividing K.
Write

f:de, g:dgwa df:va dg:gKa
rad(dy) | J, rad(dy) | K.

Thus dy,dy contain all powers of their supported primes. For fixed (f,J) and (g, K), each is
uniquely determined.

Explicitly, dy is the unique largest divisor of f all of whose prime divisors divide J, and
v = f/dy. Similarly, d, is the unique largest divisor of g supported on K, and w = g/d,. Once g
and K are recovered in the v-tag, dg is determined by (g, K'). The same holds for ds in the w-tag.
The mask assigns every supported prime power to these determined parts.

In the w-chart, JK = AD = (n —m)/t, so JK < Yu/L. In the t-chart, JK = BC =
(m+n+1)/u,so JK <2Yt/L. We have s = u in the first chart, s = ¢ in the second, and ut = L.
Hence both inequalities give JK < 2Y's/L. The failed Q1 and selected-corner Q2 tests give the
weak lower bounds below. Thus

(6.2)

(6.3) JK < QTYS L>YyY3st J K > Y3,
Hence

(6.4) J, K < 25y /3447

The row has Y% < s < Yt and

(6.5) min(v, w) < Y?.

It has at most four disjoint tags. They are the selected chart and either v < YP or v > YP and
w < YP. By (6.5), the second alternative covers the complement of the first.
Each tag uses a uniform supported-power bound. For fixed C, D, > 0, if J < Y, then
(6.6) #{d<YP :rad(d) | J} <cpa Y™
To prove it, put 0 = a/(2D). Rankin’s inequality gives
#{d <YV irad(d) | T} <Y [0 -¢)
alJ
Fix any § > 0. All primes above a fixed threshold satisfy —log(1 —¢~?) < dlogq. The product
over the finitely many smaller primes is a constant. The remaining product is at most J°. Taking
d = a/(2C) proves (6.6), uniformly in the moving label J.
In the tag v < YP, enumerate (s,v, J,dy) and put
N =vdsJ* +s=fJ*+s.
For an actual source, N = gK? > 0. Thus K2 | N, and each divisor choice for K? forces
g = N/K?. There are at most 74iy(IV) choices. In the other tag enumerate (s, w, K,d,) and put
N =wd,K* — s = gK? — s.

Keep only N > 0. On an actual source N = fJ?, so J? | N and f = N/J? is forced. Discarding
N < 0 is safe, since an actual source has N = fJ? > 0.
Once f, g are known, the ordered residual splittings are

(a,c) with ac = f, (b,d) with bd =g or (a,d) with ad= f, (b,c) with bc = g,
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according to the chart. Their total number is at most 74iy (f)7aiv(g). Each splitting and (s, J, K)
determine the remaining corners, and then (m,n) by (2.2). Candidates failing an original-source
predicate are discarded. Once the ordered residuals are fixed, the reconstruction has multiplicity
at most one. Then ut = L determines the opposite shift.

Before the divisor estimates, discard formal candidates that violate the original source-height
conditions. Every retained source has J, K <Y +1, f,g,ds,dg < (Y +1)*,and 1 < N < (Y +1)*.
Apply (6.6) to the one supported part. Apply the standard estimate 7q4iv(g0) <, ¢fj to each of
N, f,g. Fix a target loss 7 > 0 and put "= Y +1. Apply (6.6) with 7" in place of its displayed base
variable Y, and take C' =1, D = 2, and output exponent o = n/4. Its Rankin parameters may be
o =n/16 and § = 7n/8. For the divisor bounds, take pn = 1/16 for 74;(IV) and py = pg = 1/8 for
Taiv(f), Taiv(g). Since N < T% and f,g < T?, each of the four multiplicative factors is On(T"/ 4,
Their product is O,(T") = O,(Y™"), uniformly in the retained source labels. Thus each fixed
(s,v,J), or its counterpart (s, w, K), contributes at most Y7 complete source records. Sum over
the small endpoint, then over the selected corner using (6.4), then over s < Y. This gives

(6.7) #AE <, YPHUSHH N g ) Y30t b,
1<s<Ybo

The direct sum satisfies > _y1, s < Y?%. At the parameter values in (2.5)

1 9907393 2
6. L byl o0 2 g
(6.8) 320 +1+7+P= 15500000 3

This equality, with n arbitrary, is the claimed 4F bound.

Proposition 6.1 (4E row estimate). For every n > 0, the complete first-match row satisfies
HAE <, Y2350+,

Proof. The full count is (6.7), and (6.8) gives its exponent. O

6.2. The opposite-shift cubic row 4H. For each prime dividing a residual, the radical mask
places that prime in one of the four corners. The adjacent coprimalities determine which corner.
Primes in a, b, ¢, d go respectively to one of (A, B), (C, D), (A, C), (B, D). These choices are unique,
since the two corners in each listed pair are coprime. Apply the same assignment to the full prime
powers. This gives four pairwise coprime parts, assigned to corners, whose product is M:

(ac)a, (bd)p, (ad)p, (bc)c.

Set
G, =rad((ac)a(bd)p), Gt = rad((ad)p(bc)c).
Then GGy = rad(M). In the u-chart, the supported prime-power parts are (ac)4 and (bd)p.
Their radicals have product G,,. In the ¢-chart the corresponding parts are (ad)p and (bc)c. Their
radicals have product G;. Put
IT = min(rad(dy), vse1) min(rad(dy), wsel ).

In 4H, v, weer > YP and II < YP. Hence neither minimum can equal vg Or wge. SO
IT = rad(dy)rad(dy) < YP. This is the selected chart’s assigned-corner radical product. Since
rad(M) > Y?2/3-k_ the opposite assigned-corner product satisfies

(6.9) Gopp > Ry := Y2/37F=p,

The two-sided prime assignment in the mask makes Gopp the complementary assigned-corner
product.

We use the following published theorem of Bombieri and Schmidt [5]. Let F' € Z[X, Z] be an
irreducible binary form of degree r > 3, and let N > 1. Then the number of primitive integer pairs
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(z,z) with |F(z,2)| = N is at most Cgr!T™®)  with an absolute Cps. Here primitive means
ged(x,z) = 1. This is the unnumbered theorem on pp. 69-70 of Inventiones Mathematicae 88
(1987), 6981, with the correction on p. 445 of Inventiones Mathematicae 97 (1989) [6]. Its bound
is uniform in the coefficients. It has no discriminant-coprimality or coefficient-height hypothesis.

Hence, for each fixed Cy > 0 and every n > 0, uniformly for positive integers ¢, s < Y0 and
0 < |h| <YCo,

(6.10) #{z,2 > 002’ — 2’ = h} <y Y7,

For the proof, let ¢ = ged(eq, ¢2). If ¢t h there are no solutions. Otherwise divide by c. This gives
coprime positive coefficients ¢}, ¢, and b’ = h/c # 0. For each g = ged(z, z), write © = gxg, 2z =
gzo. Then g% | I, (z0,20) = 1, and ¢}z —ch23 = h'/g>. If this cubic form is irreducible, Bombieri—
Schmidt gives at most C31+«(71/9°) primitive pairs for that g. There are at most 7ai, (|2']) choices
of g, and 3w(n) < Tdiv(n)l°g23. The divisor bound 74iy(n) <, n”, with p chosen after 7, makes
their total Oc,,(Y™).

If the normalized cubic is reducible, ¢|/c) is a rational cube. Coprimality then forces ¢j =
A3 ch = B3 for coprime positive integers Acype, Beube- Put X = Acube®, Z = Beubez. Then

cube’ cube
(X -2)(X*+XZ+2Z%) =H.

The nonzero integer X — Z is a signed divisor of h’. For each such divisor the resulting quadratic
has at most two integer roots. The divisor bound absorbs the content, gcd and reducible branches
into Y. Here I/ # 0, so the right side is nonzero.

For the opposite-chart conic count, write

Topp = rad(df,opp), Gopp = Tad(dg,opp);
di,opp = df,0pp/ Topps  @2,0pp = dg,opp/dopps
Jopp = roppjlv Kopp = {opp~1-

The actual conic becomes the integral equation

(6.11) (wOPPdZOPPZ%)qup - (voppdlvOijlz)rgpp =s5>0.
Here s is the shift of the opposite, counted chart. The selected shift is then L/s. The opposite
chart has data

(d.0pp: dg,0pp> Vopp: Wopp)
These are its supported parts and complementary factors from (2.4). They differ from (vgel, Weel)
in the 4H predicate. Suppose the endpoint squares are at most Hyy and roppgopp > Ro. Fix
5, Vopps Wopp, A1,0pps A2,0pp» J1, 21 Apply (6.10) to dyadic boxes ropp =< R, qopp =< @. There are
only O(log? Y) such boxes, and RQ > Ry/4. The endpoint conditions yield

jl < \/H4H/('Uoppd1,oppR3), 72 < \/H4H/(woppd2,opr3)a

VoppWoppd1,0ppd2,0ppToppdopp < Xcap-

The displayed coefficient product is VoppWoppdi,oppd2,0ppToppGopp = M. Failure of the Or cut and
(2.7) give M < k2Y% = 2 Y2326 Define Xypy := k3 Y?/3+2¢ here and take Xeop = Xap. If
either upper bound is below one, that class is empty. Otherwise put Nopp = VoppWopp- Sum over
its at most 7qiv(Nopp) factorizations. The number of (ji, 21) is at most the product of their upper
bounds, so

Hypg Z TdiV(NOpp) < Hypy \/ Xcap log(2Xcap)
Va1 0ppd2,0pp (RQ)3/? Nopp<Xeap)/ roy VNopp d1,0ppd2,0pp (RQ)?

(d1,0ppd2,0pp
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Here we use |y 7 Tdiv (N)N~Y2 < \/Zlog(2Z). Tt follows from 74, (N) = >__,_n 1 by summing
first over b. Summing (di opp,d20pp) harmonically and over the dyadic radical boxes costs only
Y. Since RQ > Ry/4, the fixed-shift count is

(6.12) N <y Hipv/ Xan Ry>Y".
Fix an outer tuple s, Vopp, Wopp: 1.0pp, d2,0pps J1, 21. Then the cubic coefficients in (6.11) are the
fixed positive integers ¢; = woppdgpppz% and c2 = Voppdi opp jf. The cubic unknowns are gopp and
Topp- S0 (6.10) applies uniformly in every dyadic radical box. The coefficients may vary between
outer tuples. The uniformity of (6.10) permits the preceding sum over those tuples and boxes.
All canonical-source filters are kept on reconstruction.

In the following displays, J, K,s denote the counted chart and its shift; this chart may be
opposite to the first-match chart. The variables in (6.11) come from the canonical source. In the
u-chart they are

(f797 J, K, 5) = (ac, bd, A7D,u)7 (df,oppa dg,oppavoppawopp) = (fJ79K7 f/fJ,g/gK),
and in the t-chart they are
(faga J) K7 S) = (ad7 bC) B) C7 t)u (df,oppv dg,Opp7U0pp7wOpp) - (fJugKu f/fJ79/9K)

The two ordered residual factorizations are the only inverse choices. In the u-chart, fix a solution
of (6.11) and choose ac = f and bd = g. Then

A+bD A+dD d — ab
(6.13) B:L, :%, T ua , m=ABa, n=ACec.
In the t-chart choose ad = f and bc = ¢g. Then

B — —aB -
(6.14) Az%, D:CC%, u= Cdt ab, m = ABa, n= ACec.

Only positive integral reconstructions passing the original mask, gcd, shell and first-match pred-
icates are kept. Hence 74iv(f)7qiv(g) bounds the inverse multiplicity, and ut = L determines the
other shift.

For the selected chart, ut = L determines the opposite shift. The source height and R > Y5/3—¢
give

U = Hyyl/3+67a07 H4H — 12&%y4/3+€*a07 RO — Y2/37k’7p,

where ky = 1 +Y ! <3/2for Y > 2. If t < u is selected, count the opposite u chart with
H = uY. Then sum the actual u < U once. If u <t is selected, count the opposite ¢ chart with
endpoint cap Hyy. Then sum the actual ¢ < U once; the other shift is forced. For the endpoint
bound in the t-chart, the canonical identities give

5 m(n+1) o n(m+1) 5 5
(6.15) (ad)B* = —iD (bc)C* = — D (be)C* — (ad)B* = t.
The high-height condition ABC'D > Y/3=¢ and n(n + 1) < kyY? give
n(n+1) 1/3
_ AT y1/3+e
“="apcp ="

Now BC = (m+n+1)/uand ABCDcd=n(n+1). Alson >Y/2 and m+n+1 <3Y. Hence
n(n+ 1)u uy?/3-¢
6.16 AD = >
(6.16) cdim+n+1) 12Ky
Thus both t-chart endpoint squares in (6.15) are at most 12/€%/Y4/ 3%¢ /. On the subrow u > Y90

this is at most Hyp. So this endpoint estimate uses both the high-height cut and the subrow
lower bound for u. The two counts are

(6.17) #4H, < U*Y \/Xyu Ry ?Y™", #4H, < UHyp\/ Xan Ry 2V,
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Here 4H; is the population selected in the t-chart (¢ < u) and counted through the opposite
u-chart. Similarly, 4H, is selected in the w-chart (u < t) and counted through the opposite
t-chart. The factor vXag = kyY/3%€ is the square-root factor in the fixed-shift cubic count
(6.12). Substitute U, Hygy and Ry from above into either expression. Both exponents equal

2
§—2ao—|—3e+2k—i—2p,

so the saving is

140441
6.18 =2q90—3e¢—2k—2p=——>5).
(6.18) T a0 e = 5000000 ~ 7°
The content split, reducible cubic count, residual divisor factors and inverse formulas each take
an arbitrary power loss. Their number is fixed. Summation over the shifts is the factor displayed

in (6.17).

Proposition 6.2 (4H row estimate). For every n > 0, the complete opposite-shift row satisfies
H4H <, Y?/3-140441/5000000+n

"7 .

Proof. The two endpoint counts in (6.17) have the common exponent of (6.18). Their finite sum
keeps that exponent. ]

6.3. The simultaneous-shift row 4P. The count in this row is simultaneous in both shifts. Its
source keeps v, w > YP and the strict defect bound II > YP. It also keeps the full canonical source
and all three high cuts. It keeps the mask, unit and gecd conditions and the selected-chart rule.
It keeps the outer and Q1/Q2 complements and the open middle-shift interval. The 4P estimate
below applies to this source. Section 7 counts the later 5W row separately.

In a dyadic box write

f=<E, g=F, J=<Hj, K =< Hg,
Sp < s <28y, Hap =28, Xup=H3IE, V.= Xup/Hj,
N — [Y16/25—|.

Here E and F' are integer powers of two. So EF is an integer common denominator for the
coefficient-lattice map below. We also put

2 2
q:§+26, th=§+l+bo,
(6.19)

1
c=1+e+1+by—2(1/3—3j), T="T 5¢

Ti0000 Tl g
The same enlarged source gives FF < Y9, HyHg < Y"P E F <« Y¢ and thickness Y ™. For
z=J/K,w=g/f, the conic is

gK? — fJ? =s.
In particular Hyp/X4p < Y ™7, uniformly in the dyadic box. This is the thickness estimate used
below. For fixed nonnegative degrees Aget, Bet, use the bidegree-(Aget, Bdet) columns

(6.20) {27y : 0 <7 < Aget, 0 < < Baet}, r=flg, y=K/J

Clearing each row by gAdet JBaet gives the integer entries in (6.24). The normalized determinant
has the strict criterion

h 1
(6.21) UHP > 2 Hpq 6

8 1 MHP:%-
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The statement of Lemma 7.1 fixes the 5W parameters in (7.2)—(7.6). For 4P we use the de-
terminant calculation in its proof, with the separate 4P parameters. The 4P grid exponent is
a = pgp = 16/25, and

3 ) 3
= < a < min(gmin, 70), Gmax < T0, bg > 26

The bounds Hy <Y +1land F < (Y + 1)2 follow from the source identities (2.2). The 4P row itself
has Hyp > Y%. The failed Q1 and Q2 cuts and the shell lower bound (2.8) supply the remaining
endpoint restrictions in the 4P boxes. In particular these source bounds give Xyp/Hyp < Y4 for
sufficiently large Y. The Taylor order is seven because 8upp = 8(16/25) = 128/25 > 4. With

q 5092607 _ hmp 24536965
oap 4800000 © 0 2T 7 T 29710179
we have 2/3 < py < 1, p1p2 < 8/9, and p; — 1 < 3(1 — p2)?. These include the strict trapezoid-
branch hypotheses in the proof of the general determinant lemma. They give its 4P specializa-
tion (a, p1,p2) = (16/25, 5092607 /4800000, 24536965/29719179). The determinant criterion needs
these strict range and strip-weight hypotheses as well as its displayed inequality. The exact col-
lared determinant margin is positive; it is recorded just below. Here p = ps = hyp/7 > 2/3, so 4P
uses the trapezoid branch. The stronger sufficient condition ppp > (9/8)gp implies its criterion
for 2/3 < p < 1, because

p1 =

Zp(1+3(1—p)2)—1:(1_3(;_p))320.

At (2.5), the collared gap ppp — (9/8)gp equals 368942136449/39625572000000 > 0. Fix half this
strict gap, then choose the finite degree family. All maximal-size integer minors have absolute
value less than one. Hence they vanish, and the integerized matrix M has rank r < D, where
D is its number of columns. If an interval contains fewer than D source rows, count those rows
directly; otherwise the vanishing D-minors imply rank below D. If r = 0, a coordinate vector is
in its kernel. Otherwise choose r pivot columns and r rows giving a nonsingular minor A, and
one free column j. Set the j-coordinate to det A, the other free coordinates to zero, and the pivot
coordinates to —adj(A)M; ;. This nonzero integer vector annihilates the selected rows. They
span the row space, so it annihilates every row. Its entries are minors of bounded order and have
polynomial height. The same argument covers the fixed anchor, the inverse monomials and every
endpoint branch.

For the normalization, use in each box the exact half-open ratio cells
1 Hy
2N Hg'
For a point in I;, put z = f/g, y = K/J, yo = r;17 Scel = 8/(fJ?), and aeen = z/y2 — 1. The
conic gives the exact identities

(622) T3 Il = (7“@', T‘Z'+1], 1= N, e ,4N — 1.

2

Y Yy /
€T — =V 1+ Qcell 1+ 5cell-

1+ 6cen’ Yo
The cell width and s < Hyp give

3 Y Hyp
(623) |ace11| < Na 0 < % - \/m < 2X4P.
Here rit1/ri=141/i<1+1/N and 1 —(1+ 5cell)_1/2 < Oeelt /2. Since Xo = Xyp/(2H4p), the
conic error in (6.23) is Hyp/(2X4p) = X51/4. Also NHyp/X4p < yHup—70to(l) « 1. Choose
a fixed Taylor degree T' and write /1 + acen = 1 + Pr(acen) + er. With X7 = N/3, (6.23)
gives |ocen| < Xy 1. Choose T large enough that the Taylor remainder is at most Xy 1/2, where
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Xy = X4p/(2H,p). Then the combined remainder 8 = (y/yo) — 1 — Pr(cen) satisfies |3| < X5,
uniformly over all boxes and shifts.
Take columns z"y?, 0 < r < Aget, 0 < j < Bget, and multiply each row by gAdet JBdet | The
resulting entries are the integers
(6.24) ngAdet*TKj JBaet—i
Write the polynomial in (6.20) as
Adet Bdet )
x,y) = Z Z e’y
r=0 j=0
With z = J/K = 1/y and w = g/ f = 1/, its reciprocal is

F(Z, w) _ ZBdetwAdecC’(]_/,w7 1/2,) _ Z cerBdet*ijdet*r'
T’j
It has degrees at most (Bget, Adet) in (2, w) and the same coefficient height. Its coefficient vector
permutes the full rectangular coefficient array. The column map is (r,j) — (a,b) = (Bget —
J, Adet — 7). In particular,
KB fhaap(J]K, g/ f) = TP g C(f /g, K/ J),
so the two integer matrices agree after clearing denominators, up to that column permutation.

After extracting the common anchor, the normalized entries are (1 + ccen)” (1 + Pr(cacen) + 3)7.
If D, = (Aget + 1)(Bget + 1), the anchor and row-clearing factors have logarithmic cost at most

D,
(6.25) f{AdetAl + ByetAa}, A1 =10g(324EV;), Ao =log(8H Hk),

The column-anchor factor is ygrﬂ . Its exponent sum is

> oer+i)= (Adet+B§et).

0<r<Aget
0<j<Bget

The other anchor bound is
Jyy'® < 2H;(2Hy /Hy)Y? = (8H; H )/,
Also V, = EH?2/H%, so

18V —= = 18V/EV,, (18\/EV,)? = 324EV,.

These inequalities give the constants 8 and 324 in the uniform anchor bounds. The conic and the
thickness give EFV, =< EF. So replacing one by the other changes only an absolute logarithmic
constant. The displayed cost follows from g < 9Vi, yo < 2Hg /H;, and J < 2H ;. Tt is independent
of i and s.

The proof of Lemma 7.1 derives the finite Cauchy—Binet expansion, the strip-weight lower
bound, the branch integrals and the integer-minor conclusion. It does so for general logarithmic
parameters satisfying its strict inequalities. We apply that calculation with the 4P parameters
and effective scales below. For this row put

= N/3, Xt =y,
and choose fixed constants C, Co such that, uniformly in every box,
AST = glogY + C1 > 10g(324EV,),  AST = huplogY + Cy > log(8H  H ).
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Such constants exist by the source bounds EV, <« EF <« Y9 and H;jHg < Y™P_  Also
Hyp/Xsp < Y™™, where 79 > 7. So for all sufficiently large YV, Xo = Xyp/(2Hsp) > XST.
Thus the actual Taylor error |5] < X, ' is at most (X$¥)~'. The arithmetic cost in (6.25) is
bounded by the one obtained from AT, AST. With

eff eff
h=logX, G =rlogY. Ra=T Ra= G fae= g
we have
P.g = 2 +0(1/logY), Reg = hﬁ +0(1/logY), Lot = Hap +0(1/1logY).
HHP T T
At the limiting 4P vector,
16 5092607 24536965 6400000
HHP =58 PL= 48000000 P27 29719179 det = 9906393
The corresponding normalized determinant margins are
8 368942136449 ) 14253084474184329457
9 P12 = Seesnanisdoon0 ~ 0 S0 TP T (o D) = e 6R08 155200000

Hence the strict margin in (6.21), with the fixed collar 7 = 79 —1/10000, applies to these uniform
majorants for all sufficiently large Y. The finite determinant calculation uses only the displayed
upper bounds for the two errors and the arithmetic cost. So it gives one degree choice and one
polynomial-height bound, uniformly in the cell, shift and box.

After bihomogenization and factorization, we count each factor. A factor that is not absolutely
irreducible meets a distinct conjugate in only boundedly many rational projective points at fixed
degree. For corner-degree-zero factors, first fix the primitive coefficient pair, then its ordered
residual factors. These fix L = ¢d — ab. Discard L < 0 and enumerate the divisor choices s | L.
For each fixed (f,g,s) apply Theorem B.1 with (a,b, h,n,m) = (f,g,s,J, K), x = 2Y, and fixed
height exponent Ap; = 2. The residuals are at most Y + 1, whence f,g,s < (Y + 1)? and
J,K <Y + 1. This costs Y per coefficient label. The selected shift is enumerated among the
divisors of L. Explicitly, this cost consists of three parts. They are the ordered residual splitting
factors 7qiv(f)7aiv(g), the selected-shift choices 74iv(L), and the uniform square-fibre bound for
each fixed (f,g,s). Give each operation its own small enough internal exponent. Then their
product is Y.

For a coefficient-degree-zero factor, fix its primitive positive corner pair (J, K). For two source

coefficient pairs the conic gives

4H pFE H,p _

(6.26) K*(gifo—g21) = s1fo—safi,  lgifo— g2fi] € —5— < BEF 22 < Y97 = o(1).
Hi Xup

Here s; < Hyp, fi < 2B, K > Hg, X4p = H3E, and Vi, = Xyp/H? < F by the source
box bounds. The cross determinant is an integer. It vanishes for all sufficiently large Y, since
To — ¢ = 9351751/30000000 > 0. Primitivity of (f;, g;) then forces the coefficient pairs to agree,
and the conic fixes the shift. This branch contributes O(N) primitive conic-coordinate tuples
across the primary cells. To return to complete canonical source records, include the ordered
residual factorizations. They cost 7qiv(f)7aiv(9) <y Y, so this branch is O, (Y"N).

Let the coefficient degree be b; > 1 and the corner degree a. > 2. Then apply Heath-Brown’s
bihomogeneous Lemma 2 [4] to the factor after the unimodular coefficient-lattice change of basis.
Its bidegree is (by, a.). The first pair is the primitive transformed coefficient pair of radius O(1; +
1). The second pair is the original primitive corner pair (J, K), with no size hypothesis. The
factor height is Y for a fixed C. Thus the count is O((T} + 1)2/%+¢yCe). Here 2/a, < 1
and T1 +1 < Y for a fixed C'. Choose the theorem’s internal ¢ < n/(C + C’ + 1); this
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bounds the count by Y"(T1 + 1). For corner degree one write the factor as KP(f,g) + JQ(f,9)
with coprime homogeneous P, (). Their nonzero resultant and homogeneous Bezout identities
give dy = ged(P(f,9),Q(f,9)) | Res(P,Q), since ged(f,g) = 1. The factor equation forces
(J,K) = £(P(f,g9)/do, —Q(f,g)/do), with at most one positive sign. Write f; = dy, gx = dy
for the supported parts and v = f/dy, w = g/dy. Write £¢, ¢, for the endpoint labels in the four
patterns (P(0,1),Q(1,0)):

P0,1) | Q0| £ | 4
#0 #0 | rad(dy) | rad(dy)

(6.27) #0 =0 |rad(dy) w
=0 #0 v rad(dy)

=0 =0 v w.

If P(0,1) # 0, reducing doJ = P(f, g) modulo rad(dy) gives rad(dy) | P(0,1). If P(0,1) = 0, then
f1P(f,g), and ged(v, J) = 1 gives v | dy | Res(P, Q). The same argument with Q(1,0) proves the
two g-side alternatives. The chosen endpoint labels satisfy £7f, > II > YP, since each is at least
the corresponding minimum in the definition of II. Each label divides a fixed nonzero endpoint
coefficient or resultant of polynomial height. So there are <, Y possible pairs of endpoint labels,
for any prescribed n > 0. Also ged(¢y,4y) = 1, since ged(f,g) = 1 and the labels are supported
on the respective parts of f and ¢g. Take two distinct primitive coefficient pairs with the same
labels. Their divisibilities combine, and the nonzero cross determinant is divisible by £;¢,. Take a
coefficient cell of width O(F/(EN)) in g/f. There the ratios are separated by at least £¢{,/(4E?),
since f; < 2E. Thus the number of pairs in one cell is

EF
1+—.
O( +Néf&v)

Summing over the O(N) coefficient cells and the divisor labels gives

EF EF
YT N+ — YT N+ —
< < " €f£g> < ( * Yp) ’

including unit labels and endpoint equalities. A factor equal to a source coordinate vanishes only
when that coordinate is zero, so it has no points in the positive source. This is separate from
the lattice shortest-vector axes, which are retained. This branch counts the primitive coefficient
and corner tuples. Recovering complete source pairs still needs the ordered residual splittings of
f and g, at most 7qiv(f)7aiv(g). That multiplicity is absorbed in the displayed Y.

For the high-degree factors use a second, coefficient-ratio grid. Write

Fi,
c E N7
The dyadic source has g/f > F/(2E), since g > F and f < 2E. Thus these O(N) cells cover its
full range F'/(2F) < g/f < 2F/E. Now use
g _ J 2 S S H4p —10

(6.29) _<K> +fK2’ e < X4p<<Y ,
and 79 > ppp. The relative displacement from the square map is then o(1/N). Each grid has
relative width O(1/N), and squaring preserves relative widths on positive intervals. Hence each
coefficient cell meets O(1) primary J/K cells, and conversely. Thus the cell polynomials from
(6.22) give O(1) factors per coefficient cell.

For a coefficient cell define the rational linear map

(6.30) Tto.5) = (Fla-rnng).

(6.28) i Cz = (ri(:7ric+1]7 I_N/QJ < ic < 2N.
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For a point in this cell, f/E € [1,2) and
0< —=(g—rif) < =2E == =2,

so its image lies in [0,2] x [1,2]. The matrix of 7;, is

(NéF _11/]/EE> det 7;, = N/(EF).

Let A;, = T;,Z%. Choose a Lagrange-reduced basis vi,vs of this image lattice. Its lengths are
A1 < Ao, and its angle is bounded away from zero. Write v; = 7; h;. Since vi,v2 are a lattice
basis, hi,ho € Z? form a unimodular basis of Z2. Hence every primitive coefficient pair has a
primitive transformed pair (z1,22) in (g, f) = x1h1 + x2he. Put 77 = 1/A1, To = 1/Xy. The
determinant and reduction give

EF
(631) T > Ts, TTy =< W, T >/ EF/N, max(\:t:ll, ’%2’) <1

for the transformed coordinates (z1, z2). For the last bound, the bounded image rectangle and the
angle bound imply |z;| < 1/\; < T1. The source has EF > Y?/37¢ and N =< Y'6/%5 so EF/N
grows as a positive power. A common denominator for the matrix of 7;, is EF. So every nonzero
image lattice vector has length at least (EF)~!. Also \; < \/N/(EF) by the two-dimensional
Minkowski bound, and A\j A2 < N/(EF) by reduction. Hence Ay < N. The inverse matrix is

T (1, y2) = ((F/N)(y1 +icya), Eya).

Since i, < N and E,F,N < YC for a fixed C, both v; and their integer preimages h; have
polynomial height. So substitution by the unimodular matrix [k hsa] keeps every fixed-degree
factor at polynomial coefficient height. The unimodular change uses no moving denominator.

The census below includes axes and first points. At scale Dy < 17 < 2Dpat, let (giat, fiar) be
the primitive preimage of the shortest basis vector. From (6.30),

(632) |flat| < E/Dlatu |glat‘ < F/Dlata |7;cflat - (NE/F)glat| < E/Dlat-

If fiat, g1at # 0, then E/ Dy, and F/ D)y are at least a fixed positive constant. There are O(F/Dyat)
choices for gj,;. For each, the integer product i.fi, lies in an interval of length O(E/Djyt). This
gives that many possible values. Each nonzero value has at most 7qiy (|ic fiat]|) <n Y factorizations
into i fiat, since all factors have polynomial height. Thus

. EF
(6.33) #{Zc T = Dla‘m flatglat 7& O} <<7] YUDT-
lat
If fiar = 0, primitivity gives gj, = £1 and 77 < F//N. So the sum over O(N) cells is O(F + N).
If glat = 0, then fi,s = £1, ic < N, and T} < E/N, giving O(E + N). Cells with T} < 1
contribute O(N). These cells, both axes and every +1 are kept. Weight (6.33) by T} =< Di,¢ and

sum geometrically from Di,; > /EF/N. This yields
(6.34) > (Tu(ic) +1) <, Y{N + VEFN + E + F}.

ic
This count factors the exact integer product i.fi.t- The number of cells in this dyadic range is
0,(Y"EF/D3).

For a factor with b, > 1 and a. > 2, the Heath-Brown bound above is Y"(T} 4+ 1). Summing
over coefficient cells by (6.34) gives Y"(N + VEFN + E + F). Short matrices, nonabsolute
factors and the two zero-degree branches contribute Y”7N. The corner-linear branch contributes
Y'(N + EF/YP), by the endpoint-label spacing argument above. These cases exhaust the fixed-
degree factorization.
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Combine the lattice census (6.34) with the corner-linear count. The complete bound then has
the form

EF
H#4P <, Y (N+\/EFN+E+F+YP>.

These local bounds are summed over the O(log* Y) choices of dyadic scales and the O(log Y') shift
scales. The resulting logarithmic factor is absorbed into the arbitrary Y loss. The four distinct
exponent contributions, in the order EF/YP EFN, N, and E + F, are

~ 9907393 q+p 9892607 16 5277821
P~ 15000000 ~ 2~ 15000000° T 25" ©7 10000000
Their savings relative to 2/3 are respectively

107393 2 4166537
15000000’ 75’ 30000000
The minimum is Sp = 30869/5000000. We combine the uniform lattice census (6.34), the finite
factor family and the polynomial-height estimates. With the divisor losses and the one simulta-
neous source inversion, this gives

(6.37) #4P <, Y2350+,

(6.35) q-

(6.36) So,

Proposition 6.3 (4P row estimate). For every n > 0, the complete simultaneous-shift row satis-

fies
#4P <, Y3750k,

Proof. Equations (6.34)—(6.36) bound every factor branch and its exponent. Then (6.37) sums
them with the source-uniform lattice and inverse bounds. O

The 4P estimate applies to its enlarged source. Section 7 counts 5W from its original-cell

source and geometric envelope.

7. THE LONG-SHIFT ROW AND ITS GEOMETRIC CAP
The row 5W is the exact first-match remainder after 4P. Its source keeps every earlier com-
plement. In particular,
(7.1) §>VY, Ko Y20 Ay =260+ ko = 350.

The selected corners and both shifts keep their lower bounds from Section 3. The remainder
predicate includes the exact bound K < Y Bexp,
With e = €g, k = ko, | = lp, 7 = jo, and p = pg, write

30869
SO € 50000007 SO? J p 3507
4166537 6 16
7.2 by = pooiiis, ag = o =35
(7.2) 0= 30000000 “° T 1250 MHP T a9
1 1
UV = ) g = .
64 10000
Set
2 2
min:*_S’ max — o 2S7
q 3 0 q 3 + 0
(7.3) m=1- %7 A = logy (1 + Y*l), ds = logy 2,

EC = IOgY(l + \/gy_m)v gend = lOgY((l + \/gy_TO)(l + Z/Y))

The source inequalities imply gmin < logy M < gmax + 2A. They also imply all endpoint compar-
isons used below. Each chart keeps its own shift interval throughout the count.
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7.1. A polynomial on each ratio cell. In a local chart box write
Do < J< 2Dy, FEg<K<2Ey, U< f<2U0y, Sp<s<2S,, Hy=25,

X
(7.4) X =DUy, Vi= ok
0
These symbols are local box scales. On the actual population the source identities give, uniformly,
X Ym M
7.5 —_— > — — < UpVi < 4M, Up < f, Vi<dg.
( ) HO 96 ) 18 0 ~ 0 f g

The selected chart stays fixed as part of the first-match source label. Independently, either count-
ing orientation (J, K; f,g;s) = (A, D;ac,bd;u) or (B,C;ad,bc;t) may be used on that retained
population. All constants in (7.5) are uniform in this orientation and its moving shift box. Here
T = fJ?/s equals mn/(m +n+1) > m/2 or m(n +1)/(n —m) > m, respectively. The dyadic
definitions give T' < 16X /Hy. Hence X/Hy > m/32 > Y™ /96. Also X/Hy < (Y +1)*/Yb < v*
for sufficiently large Y. The conic gives the other comparisons in (7.5) in both orientations. It
needs no lower bound for the unselected corners.
Put Rpox = Do/ Ep, Lgriqa = 2N, where
~203704280000000

_ Gmax _ s
7.6 = = , = . N = [y,
(7.6) M= 32 T 3U7360030572360° el =TS [yoe]

The original grid consists of exactly the 3N half-open cells

7 .
(77) Ty = ﬁRboxa Ii = (’r’i,’l“iJrl], 1 = N, e ,4N — 1,

for the ratio J/K. As Dy < J < 2Dy and Ey < K < 2FE), these cells cover the whole local source
ratio. For ro = r;, the relative width satisfies r;11/r; =1+ 1/i <1+ 1/N.
The exact determinant cap used to choose N is

90/8, 0<p<2/3,
(1+3(1-p)2)"", 2/3<p<l
Write gy = logy M, ¢ = logy(DoEy), and 7 = logy (X/Hp). The limiting comparison ratio is
p = co/7. The comparison logy N > qyr¢(p) + o(1) is the leading-order sufficient condition. The
proof below gives the uniform finite-Y margin after the source and arithmetic collars. For the

source comparison put ¢ = logy m, zs = logy s, and ¢, = logy L. In the second chart also put
zy, = logy u. The exact identities from (2.1)—(2.2) used below are

(n—m)(im+n+1)

(7.8) ¢(p) = {

n—m m+n-+1

t 1 t 1
(7.9) A2(ac) = — 0 B2(ad) = M7 C2(be) = tn(m +1)
m+n-+1 n—m n—m
In the first chart, s = u. The limiting source coordinates are
c* Zg — 2
(7.10) (¢, 7) = (0 + 2 — qu /2, 0), p7=ﬁ=1+w'

Before the change to local dyadic scales,

vm(m+n(n +1)
m(m+n+1)

n
m+n+1

(7.11)  logy(AD) — ¢* = logy . logy (A%f/u) — o = logy
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The first ratio factors as (1 + 1/m)Y2[n/(m +n + 1)](1 + 1/n)/2. The middle factor lies in
[1/(2 + 2/Y),1]. The source gives 79 — 2d2 < o < 1. Both shifts satisfy u,t > Y% and
L = ut < kyY/3+¢_ So for either chart shift s € {u,t},

(7.12) Zs < Gmax/2 — by + .
On the selected chart, s = min(u,t). So s < L gives the stronger individual estimate
zs < ! + = + é
-6 2 2

The alternative chart uses the other shift and the common bound (7.12). The stronger estimate
holds only for the selected smaller shift. It is recorded for that source coordinate. It is not used in
(7.15). Both chart caps use the common shift bound, which applies to either shift. The limiting
gap in this comparison is

max 1 e 30869
(7.13) q2 _%_<6+2>:Um%%>0'
The common shift bound minus the selected-shift bound is exactly
30869 4 A 50,
1000000 ~ 2

Thus their ordering needs no extra restriction on A. Small A is used below for the other strict
endpoint comparisons. Its terms tend to zero and are absorbed by their fixed margins. Since
dM > Qmin,

qm/2—zs > bp—3e/2—A>0
for all sufficiently large Y. Therefore

op1 _ am/2 — zs gp1 _ 1
w— =———2>0 =—->0.
oo o2 =% Oz, o©
Hence the maximum in ¢ is at ¢ = 1. Fix z5. On the triangle branch
d |9 9
— | = 1— 2 =—(1- > 0.
dint gl —an/2+z) | = (1 —au +2)
On the trapezoid branch, with r = qar/2 — zs,
d qm 1—3¢3,/4 + 322

- >0,
doar 14 3(qur /2 — 25)? (1 +3(qm/2 — 24)?)?

since gy < 1. So this chart’s maximum is at ¢y = ¢max + 2. At the joint upper endpoints o = 1,
Zs = Qmax/2 — by + A, the ratio is pj = 1 — byp. This is the alternative u-chart bound, even on
a source whose selected chart is ¢t. The comparison follows from the two lower shift bounds and
ut = L.
In the second chart, s = t. So the opposite shift satisfies z, > by on the entire 5W source, and
¢, <1/3 + e+ A. Its limiting coordinates are
1—2z,
1—4r+aqm/ 2
At A = 0, increasing ¢;, and decreasing z,, increase the ratio. So p5 < (1 — bg)/(qmin + qrr/2).
For finite Y, the denominator is at least Dy = gmin + qar/2 — A\, where D = guin + qar/2. With
¢ =1 — by, the triangle-branch derivative of gpr¢(c/Dy) is
9 C(Qmin - A)
8§ D2

(7.14) (1) =0 —2,1 =l +qu/2), p3=

> 0.
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Here 9/8 is the value of ¢(p)/p on this branch. On the trapezoid branch the derivative has the
sign of

14 3(1 = p2)® = 3(qar/Da)p2(1 = p2) > 1= 3pa(1 — pa) > 1/4,
since qp; < D), for all sufficiently large Y. The maximum is at gar = gmax +2A. There D) = 1 and
p5 = 1 —bg. The same endpoint applies to the first chart above. Thus both chart comparisons
give the finite bound

(7.15) amd(p;) < (Gmax + 2X)¢(1 — by) < 1m + 2.

Here j = 1,2 indexes the two local counting orientations and their starred comparison ratios.
Either orientation is available for every source, whatever its selected-chart tag. The collar below
compares the local ratios with them. Their common limiting cap as Y — 00 is gmax/(1+3b3) = m.
They are alternative counting routes for the same full 5W source. Each source box is counted
once, by its better route. The choice is made separately for each box.

It remains to bound the finite collars. For p € (0,1), ¢’ < 9/8. On the triangle branch ¢’ = 9/8.
On the trapezoid branch, with » =1 — p € [0,1/3], ¢' = 67/(1 + 3r?)? < 9/8. Thus the partial
derivatives of gasé(co/7) in (qur, co, 7) are bounded by (1,9/4,9/4) whenever gpy < 1 and 7 > 1/2.
In the two charts, (7.9) and the local scale definitions give

(7.16) lco — ¢*| < By, |t —171"| < By, By :6d2+%€end+)\-
For chart one the exact residuals are (7.11). For chart two they are

m+n+1
Y

(7.17) togy (B2t — 1 Y m+1l [ n
T %y I T VS Ve I

Here Y/2 < m+n+1 < 2Y. So the logarithm of (m +n + 1)/Y, and also its negative, has
magnitude at most dg. In (7.11), the middle factor n/(m+mn+1) lies between 1/(2+2/Y") and 1.
Its logarithm has magnitude at most da + A. The other factors contribute at most (hn, + hy)/2.
The local dyadic replacement of AD by DgEy costs at most 2ds. The replacement of A%f/u by
X/Hy costs at most 4ds. In the second chart, the first residual in (7.17) costs at most da, and
the second at most da + (hy, + hy)/2. Its local scale changes have the same respective costs 2ds
and 4da. Also hy, + hy < leng, where hy,, = logy (1 + 1/m), h, = logy (1 + 1/n). The bounds
m >Y™/y/3 and n > Y/2 imply

Bun + hy < logy (14 V3Y ) (1+2/Y)) = lena.

The larger of these bounds gives (7.16), with room for the extra A term in the first chart. This
keeps one do unit of slack beyond the largest bound above.
Put

(7.18) By = py +1ogy(96-18-324-8-3-2),  py = 11dy + 2lenq + 2\,

The six factors pay for fixed comparisons. The factor 96 is used in X/Hy > Y™ /96. The factor
18 is used in M < 18UyVi. The factor 324 is used in the first anchor A; = log(324UyVs),
together with UpV, < 4M. The factor 8 is used in the second anchor Ay = log(8DgEp). The
factors 3 and 2 are used in X; = N/3 and in Xy = X/(2Hy). The source collars contribute
at most 2\ in gps. Then (7.16) contributes at most (1 4+ 9/4 + 9/4)By + 2X < 6py. With the
fixed logarithmic comparisons above, these terms are bounded by 6Fy. The upper comparison
UopVi < 4M contributes logy 4 = 2ds. This lies in the 11ds part of py, hence in the 6py collar.
Also

logy (BC) — (1 — zy) = logy

Ay
logY

= qu + logy (324Uo Vi /M),
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so the coefficient of gay = logy M in this anchor is exactly one. Hence the full finite cap is at
most m + 6Ey. Since Ey — 0, we may impose 6Fy < £/2. This leaves a grid margin of at least
¢/2 in (7.6).

On the trapezoid branch the strict determinant surplus at the limiting source comparison is at
least

qmin§  997846754805373553496571768583986273
(7.19) m(m+¢&)  6225284767495687836225589800000000000000
= 0.0001602893... > 0.

The triangle branch has its own strict surplus. The fixed margin ¢ is charged in (7.6), before
the degree family is chosen. The closed source-parameter ranges are compact, and (7.19) gives
a positive surplus. Together they give a fixed dp > 0 below the minimum trapezoid-branch gap.
The inequalities

9351751 3e 972179

>0, b= >
30000000 07 79 7500000

put all ratios in compact subintervals of their required ranges. Thus one finite set of degrees, one
Taylor order, and one threshold work for every cell and shift.

(720) Gmin — Qgrid > 0, 70— Qgrid > 0, 70— qmax =

Lemma 7.1 (Ratio-cell determinant). Fiz the parameters in (7.2)~(7.6), with 3/5 < agiqa <
min(¢min, 70), gmax < 7o, and by > 3e/2. Let Y be sufficiently large. Keep the exact first-match
5W population (3.1), with its source masks, original selected-chart labels, and all preceding-row
complements. Take either counting orientation, any local box satisfying (7.4)—~(7.5) and X/Hy <
Y4, and any cell in (7.7). Then there is a nonzero polynomial F; € Z|X, Z] of degree at most Dy
and coefficient height at most YHo. Here Dy, Hg depend only on the fized parameter vector. It
satisfies Fy(J/K,g/f) = 0 for every retained source point in that cell and every admissible shift
in the box. The bounds are uniform in the counting orientation, original selected chart, box, cell,

labels and shift.

Proof. The proof is an integer calculation. We give the form used below. Put

f K 1 s T
'I:;a yzja Yo=r1;, , 5cellzﬁa acell:;%_l‘

The conic gives # = y?/(1 + deen1) and y/yo = /T + et V/1 + Ocent. As J/K € (14, 7i11], we have
i/(i+1) <y/yo <1, with i > N. Also

Hy _Hy 1

0< Gy < —20_ —
<Cell_UOD§ X N

for sufficiently large Y, since X/Hy > Y™ /96, N < 2Y%rid | and agnq < 79. Therefore
2
w/w? _ 2  Ho_ 3

el = SN TR S W
Next,
OSi_\/l'i_acell:\/1+acell(\/l+6cell_l) < %7
using v/T+ aeen < 1 and v/1+ 9 — 1 < §/2. Thus
(7.21) |cen] < 3/N, 0 <y/yo— VI+ acen < Ho/(2X).

As Xy = X/(2Hy), the conic error is Hy/(2X) = X5 /4. Set Tiay = 7. Let Pr,,, be the degree-
seven Taylor polynomial of v/1 + acen—1. For ¢ = |(1£2) |, we have cpi1/c = (k—1/2)/(k+1) < 1
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for k > 1, and cg = 429/32768. So, for |acen| < 1/2, the remainder is at most

08|acell| 429
1-— ’aceu‘ — 16384

The source gives X/Hy < Y* and agria > 3/5. Hence, once 4 - 38y ~8aaia < Y4 the Taylor
remainder is at most X, !/2, where X1 = N/3, X5 = X/(2H,). To check this, X/Hy < Y* gives
X,1 > 2Y~% So the Taylor bound is at most Y~*/2 < X, '/2. Add the conic error X' /4.
Then Been = y/yo — 1 — Pr,, (cen) satisfies [acen| < X7, |Been| < X5 ', uniformly.

Take columns z"y?, 0 < r < Aget, 0 < j < Bger. Multiply the row for (f, g, J, K) by gAdet JBdet,
The entries are the integers

(7.22) ngAdet*TKj JBaeti—i

After the anchor is removed the entries are (1 + acen)”(1 4 Pry,, (Qcen) + Been)?. With D, =
(Aget + 1)(Bget + 1), g < Vi, yo < 2Ey/ Dy, and J < 2Dy, the total row and column arithmetic
cost is at most

D.
(7.23) 7{AdetA1 + BdetAQ}, A= log(324U0V*), Aoy = log(8D0Eo).

|acell|8 < 2’acell‘8‘

This includes the factor y, De(AqevtBaer/2) -y, verify g < 9V, multiply the conic g/f = (J/K)? +
s/(fK?) by [:

= f(J/K)* + s/K? < 8UyD3/E2 + Hy/E? = 8V, + Ho/E% < 9V.,.
Here f < 2Uy, J/K < 2Dy/FEy, s < Hy, K > Ep, and X/Hy > Y™ /96 > 1 for sufficiently large
Y.

For the finite Cauchy—Binet calculation let ¢1 = log X1, ¢5 = log X9, p1 = A1/l1, p2 = Ao /s,
and lger = l1/l2. Set £ = lqet. Here X1 = N/3, Xo = X/(2Hy), {1 = log(N/3), and ¢y =
log(X/(2Hyp)). So the finite parameters in the strip comparison are exactly
log(324Uy Vi) _ log(8DyEjp) log(N/3)

log(N/3) ' 2T log(X/(2H)) % log(X/(2Hy))’
Define the strip weight

p1=

Wtrip = ¥4 kby).
trip SCZ>0>I<IEJI,1 »Bdet} Z (l 1 2)
|S|=Dv (i,k)ES

After column normalization the entries are polynomials in (cvel, Beell) Of Been-degree at most
Bget- The Taylor coefficients of /1 + acen — 1 have absolute sum at most one. So each col-
umn’s coefficient ¢'-norm is at most 24det3Baet Cauchy Binet, Hadamard, and the at most
2(AdetH1+BaetTay) (Baer 1) gubsets of the finite monomial set then give

log [A1| < log K Ay, Buet,Teay — Wtrips

(7.24) (Adert 14 BaerTiay) (Baer-H1) (12 (2Ader g Buer ) De

KAdetaBdetyTtay =2
Here K, By, Ty 1 fixed once the degree and Taylor order are fixed. It is independent of Y,
the box, the cell, and the shift.

We give the strip lower bound explicitly. Put A’ = Agqet + 1, B’ = Bget + 1, so D, = A'B’.
Suppose A’l; > B'l3/2. To each lattice point (i, k) attach its unit square [i,i + 1) x [k, k + 1).
For ®(z,y) = xf; + ylo, the integral over that square is i¢; + kly + (¢1 4 £2)/2. The union E of
the D, squares has area D, and lies in the strip x > 0,0 < y < B’. Among all sets of this area in
that strip, the integral of ® is smallest on the sublevel set E, = {® <w}N{z >0, 0 <y < B'}.
Points outside E, have & > w, and points removed from FE, have & < w. So exchanging equal
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areas cannot lower the integral. The condition above makes F, a trapezoid with right edge
x = (w — yl)/ly. Its area is
wB' — (B /2
b
Integrating first in x, then in y, gives

= A/B/, w = Algl + BI£2/2.

B, 2 262 1 1 B/3€2
(7.25) /‘@_/ wzf Pdy = GAPB 4 GABly — 2
- 0 1 1
Subtracting the unit-square correction gives
1 1 B33 1
2 ip > —APBU + A'B?ly — ——2 — —A'B' () + b).
(7 6) Wstrlp_ 9 1+2 2 2461 9 ( 1+ 2)

The integer row clearing and the anchor factors have total logarithmic cost at most Cyitn =
D.(AgqetA1 + BaetA2)/2, as in (7.23). As Aget < A’ and By < B’, this is at most D.(A'A; +
B'Ay)/2. Put z = A'/B’. Division by B’3(3/2 gives, on the trapezoid branch,

B/3€2 2 1 Z(ed ¢+ 1)
(7-27) Wstrip — Chrith = _gdet(pl - 1)2 + (1 - p2)z — 1204, - eB/ .
The first three terms form the concave quadratic
1
G(2) = ~laer(pr — 1)2° + (1 = p2)z — :
120 4et

If pp >2/3,p1 > 1, and p1 — 1 < 3(1 — p2)? — Or, then

__l=p 1 G(Z):3(1*P2)2*(P1*1)
2Zdet (pl - 1) - 2Edet7 12£det (pl - 1)

Here we use 3(1 — p2)? < 1 — po for po > 2/3. On the compact source range, z, £, and p; — 1
are uniformly bounded, and ¢(p; — 1) is bounded away from zero. Choose one fixed B’ so large
that the rounding loss £(p; — 1)/B"? and the boundary term (z, + 1/B’)(¢ + 1)/B’ sum to less
than half the minimum of G(z,). Then set A’ = [2,B’]. Since G(2) = G(zx) — £(p1 — 1)(z — 2:)?,
the bracket in (7.27) is positive uniformly. The strict source margin in (7.19) gives the positive
minimum. Choose the fixed lower threshold so that the total O(1/logY") collar is at most half
that minimum. The finite comparison then keeps at least half the limiting gap uniformly.

For ps < 2/3, use the whole quadrant in place of the strip. The sublevel set ® < w in z,y > 0
is a triangle of area

> 0.

Zx

2
w 2V/2
-D d = 22D\ /114,
2ily T © ]/ g e Vo
The unit-square error is D.(¢; + ¢2)/2. Put z = A’/B’. The leading weight minus the upper
bound for Cyitn, divided by B3l /2, is

z (4\3/5\/@ —p1lz —p2> .

Set v = v/fz. The parenthesis is the concave quadratic (4v/2/3)v — p1v? — po. Its maximum is at
v = 2v/2/(3p1), which corresponds to

8 8B’
Zx = a2 A, = a2, 10
Ipil 9Ip7

and the maximum value is (8/9 — p1p2)/p1. Thus the triangle branch has a uniform positive
gap whenever p1ps < 8/9. A fixed large enough B’ absorbs the square and rounding errors. At

*
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p2 = 2/3, the two threshold conditions agree. In both branches the source inequality N > y o),
with the fixed margin (7.19), gives these strict conditions for every cell.

After the fixed collar cutoff, the normalized bracket has a uniform positive lower bound on both
branches. Also ¢5 = log(X/(2Hy)) > 1ologY — log 192. Hence Witrip — Carith > ¢glog Y™ for some
fixed cg > 0 and all sufficiently large Y. The degrees and Taylor order range over a fixed finite
family. So

Kmax = max KAdet7Bdet,7

is fixed. Increase the determinant cutoff until cglog Y > log Knax. Then Wiirip — Carith > 10g Kmax
uniformly. Every cleared D.-minor is an integer of absolute value less than one, hence zero. The
matrix has rank r < D.. If r = 0, a coordinate vector gives a kernel polynomial. Otherwise choose
r pivot columns and r rows giving a nonsingular minor A, then one free column j. Set the j-
coordinate to det A, the other free coordinates to zero, and the pivot coordinates to —adj(A)M ;.
The resulting nonzero integer vector annihilates the selected rows. They span the row space, so it
annihilates every row. Its coordinates are bounded-order minors, so they have polynomial height.
This gives a nonzero integer polynomial C(x,y) vanishing at (x,y) = (f/g, K/J). If a cell has
fewer than D, rows, then r < D, is automatic and its points are counted directly; this includes
an empty cell. Define

(7.28) Fi(R,S) = RBaet§44eeC(1/5,1/R).

This is a nonzero integer polynomial of degrees at most (Bget, Adet), with the same coefficient
height. It vanishes at (R,S) = (J/K,g/f). The substitution permutes the coefficients, so the
integral polynomial and its height are unchanged. This proves the ratio-cell lemma. (Il

7.2. One reduced lattice and the complete cell census. The auxiliary polynomial is biho-
mogenized in the two primitive pairs. For its high-degree factors use the single canonical coefficient
lattice

i J(i) Vi Lgyia f
7.29 ji:{ J, li = = W-g,f:<gg—t'f,>.
(7.29) (@ Lgria " Lga Uo i(9: ) Vi (g = tf) Uo
Its determinant is Lgia/(UpVi). The map i — j(4) is injective, because ((i + 1)? — 2)/Lgria =
(2i +1)/(2N) > 1. Recall Ryox = Do/ Ey. So Vi/Uy = RZ__, and

we — (Leria/Vi —i(@)/Uo
! 0 1/Uy ’

The source conic gives g/f = (J/K)? + s/(fK?). Since r; = i Ryox/Lgria, J/K < ri(1+1/i), and
0< 7"12 -t < R%OX/Lgrid, for N > 4 we get

10 H

O<g/f_ti SR%OX <N+_X9)

As f < 2Uy, Lgria = 2N, and NHy/X < 2720 the first coordinate of Wj(g, f) lies between
zero and 41. Its second lies in [1,2]. So all source images lie in one fixed bounded rectangle.
Put A; = W;Z?. Choose a Lagrange-reduced basis v1,4,v2,; of this image lattice, with lengths
A1 < Ag; and angle bounded away from zero. Write vj; = W;h;;. Since vy ;,v2; are a basis of
A;, their integer preimages hq;, ho; form a unimodular basis of 72. The vector vy, is shortest in
the Euclidean norm of the image lattice A;. Define

o 32V2 7 32v2
’ A 2 Ao

Then T5; < T7;. The determinant identity gives Ty ;T5; < UpVi/ Lgrid. A unimodular change
preserves primitivity. By the bounded rectangle and the reduced-basis angle, every source point
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has coordinates O(T% ;) in this basis. The map and its inverse are rational matrices of polynomial
height. Explicitly,

_ Vi .
Wi (g1, y2) = (L —(y1 +J(Z)yz),on2) :
grid

A common denominator for W; is at most a fixed power of Y. So every nonzero vector of A; has
length at least Y~¢. Its covolume is Lgria/(UoVi) < Y¢. Minkowski’s bound and the reduced-
angle determinant identity then give A1 ;, Aa; < Y'©. The inverse matrix gives ||h;;|| < Y¢". Thus
the unimodular basis and every fixed-degree transformed factor have polynomial height, uniformly
in the box, cell and labels. The first-coordinate radius 77 ; satisfies

(7.30) D (Tii+1) <y YN + /UVaN + Up + Vi }.

1
Take a dyadic range Dj,y < T71; < 2D),¢. Write the primitive shortest preimage in source coordi-
nates as (wi,ws). It satisfies
o LgriaUo

(7.31) lwi| € Vi/Diag, |w2| < Up/Diag, w2j(i) = —y Wt O(Uy/Drat).

The first coordinate bound follows from the first component of W;, the bound j(i)/Lgra = O(1),
and |wa| < Up/Dyas. Suppose both coordinates are nonzero. Fix wy first. There are O(V,/Diat)
choices. For each such wy, (7.31) places the integer product w; = wyj(i) in an interval of length
O(Uy/Dat). As wa # 0, Uy/Dyay > 1. So this interval contains O(Uy/Dy,y) integers. Also w; # 0,
because j(i) > 0. For each fixed w;, the divisor bound gives Y choices of (we,j(i)). Injectivity
of j gives at most one index i for each j(i). So there are O, (Y"UyV./D%,) indices in this dyadic
range. Weighting by Dj,¢ and summing from the lattice minimum gives O, (Y"\/UyV,N). If
wo = 0, primitivity gives w; = £1, and the total is O(V, + N). If w; = 0, it is O(Up + N). The
cells with 77 ; < 1 and all endpoint +1 terms are included in N. This proves (7.30).

The nonzero product is at most a fixed power of Y. So its divisor estimate is uniform over the
boxes and cells. The lower limit Dy, > /UoVi/N follows from T4 ;T2 ; < UgVi/N and Ty ; > Ts ;.
Summing the unweighted number of non-axis indices over the same dyadic ranges gives O, (Y"N).
On the first axis, wo = 0. There primitivity gives w; = +1, and the contribution is V, + N. On
the second axis, w; = 0. There it gives wp = 1, and the contribution is Uy + N. The T1; < 1
bins contribute another O(N). The bound (7.30) keeps all these terms. The bins with T5; < 1
are included in the +1 terms.

A factor has degree (ac,by): corner degree first, coefficient degree second. If a. > 2 and b, > 1,
apply Heath—Brown’s published Lemma 2. Put the primitive coefficient-lattice pair first and the
primitive corner pair second. The bound is

(7.32) Ou oy (T1; + D)2/t ), 2/a, < 1,

and the second pair is unrestricted. The statement in Appendix E, cited as [4, Lemma 2, p. 8],
applies with the reduced coeflicient-lattice pair first and the corner pair second. Reversing the
degree order gives second-pair degree a.. The coefficient pair is bounded by X =< T ; 4+ 1, while
the corner pair is unrestricted. The source ged conditions make both pairs primitive. The factor
height is YO before 7 is chosen. The stated bound therefore gives (7.32). Polynomial factor
heights and the finite degree family let the loss be made arbitrary.
The remaining factors are as follows.
(1) A rational factor that is not absolutely irreducible has rational points only on intersections
with distinct conjugate components. Resultants in the four affine and infinity charts give
O(1) points at fixed degree.
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(2)

(7.33)

(7.34)

If a. = 0, a coefficient pair fixes the polynomial but not yet the shift. First choose its
ordered residual factors. These fix the nonzero integer L = cd — ab. Then enumerate s | L.
Apply the uniform square-fibre theorem of Appendix B with (a,b, h,n,m) = (f,g, s, J, K),
x = 2Y, and fixed height exponent Ay; = 2. This costs Y, including the shift divisor
count.

If by = 0, fix (J, K) and compare two coefficient pairs:

K*(g1fo — g2f1) = s1f2 — saf1,

35U _ 3UoViHo _ 6MHy
E2 2X ~ X

< BT6Y dmaxt2A=T0 — (1),

The determinant is an integer, so it vanishes for all sufficiently large Y. Primitivity
forces the coefficient pairs to agree. Then the conic fixes the shift. The strict gap is
T0 — gmax = 9351751/30000000. Since s;f; € [SpUp,4S,Up), the difference of two such
products has absolute value less than 35,Uy. Then (7.5) gives the bound.

For b, > 1 and a. = 1, write the factor as KP(f, g)+JQ(f, g), with coprime homogeneous
P, Q. Their resultant is nonzero. By its Bezout identities, ged(P(f, g), Q(f, g)) divides a
fixed polynomial-height integer. Write dy = ged(P(f,g), Q(f,g)). Homogeneous Bezout
identities and ged(f,g) = 1 give dy | Res(P, Q). Primitivity then determines the positive
corner pair (‘]’ K) = i(P(f> g)/d()? _Q(f7g)/d0)

Let dy = f; be the full prime-power part of f supported on primes dividing .J. Let
dg = g be the full prime-power part of g supported on primes dividing K. Put v = f/dy,
w = g/dg. As dy,d, contain the full powers of their supported primes, dy,d,,v,w are
pairwise coprime, and dydsow = fg = M. The four endpoint patterns use the labels

lg1f2 — g2f1] <

PO.1) | Q0| f | ¢
#0 #0 |rad(dy) | rad(dy)
#0 =0 |rad(dy) w
=0 #0 v rad(dy)
=0 =0 v w.

Suppose P(0,1) # 0. Every prime dividing dy divides J and does not divide K or g. The
factor equation modulo that prime gives P(f, g) = 0. Homogeneity then gives P(0,1) = 0.
Hence rad(ds) | P(0,1). If P(0,1) = 0, then f | P(f,g). As ged(v,J) = 1, the factor
equation gives v | Q(f,g). Sov | dy | Res(P, Q). The same argument with g, K, w, Q(1,0)
proves the two g-side entries. These divisibilities include full prime powers in v, w. The
zero endpoint cases are handled by the matching table entries. So each label divides a fixed
nonzero endpoint coefficient or resultant of polynomial height. Hence there are <, Y
possible pairs of endpoint labels for any fixed n > 0.

For each of the four patterns, the sum shown is the lower-corner base-Y exponent of
the matching full assigned-part product. In chart 1 these sums are

P+Q, P+(g—ca—-Q), (a—P)+Q, (ca—P)+(g—c—Q),
and in chart 2 they are
Rip+T, Rip+(q—c2—T), (co—Rrp)+T, (c2—Rip)+(q—c2a—T),

in the same row order. Here P,Q, Ryp,T are the logarithmic sums in (7.36). The forms
are P,Q. Put k(x) = z/rad(z). Pairwise coprimality gives k(d;)k(dg)k(v)k(w) =
M/rad(M) = Kyes. A label is either the full assigned part or its radical. So in every
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row

corresponding assigned-part product

KI‘QS ‘
By Kies < YAer each matching actual product is at least Y rat| where Epat is its lower-
corner exponent. Thus £, > Y Epar=Aexp - These are exactly the four chart pattern terms
with loss —Acyp in (7.37). Each of the eight assigned factors is below twice its dyadic

lower endpoint. So M < 28Y9. Also UyV, < 4M. Hence
Uo‘/:k S 210}/(]7 UO‘/; S 210Yq_Epat+Aexp.
g
For the spacing estimate, the conic gives

9 _ (1Y, s

foo\K fE*
Over a cell of width O(Dy/(EoN)) in J/K, the first term varies by O(D3/(EZN)) =
O(Vi/(UgN)). The second term has size O(Hy/(UygE3)), smaller by the factor

Hy/(UoE3) _ NHy _ o(1)

by (7.5)—(7.6) and agriq < 79. Hence the ratios g/f in one cell lie in an interval of length
O(Vi/(UyN)). Take two distinct primitive coefficient pairs with the same labels. Then
lily | f1g2 — fag1. This coefficient determinant is a nonzero integer, so its absolute value
is at least £y0y. As Uy < f1, fa < 2U)p, their ratios differ by at least Effg/(élUg). Therefore

UoVi

Negly

The graph equation gives at most one positive primitive corner pair from each coefficient
pair. Fix an endpoint pattern. Summing over the 3NN cells and the divisor-bounded labels

gives
0,7<Y77 (N+ W*)) .
Crly
By the bound above for this pattern, the count is
O”7 (Yﬁ (N + quEpat“FAexp)) .

The +1 term, unit labels, and endpoint equalities are kept. The eight chart-pattern classes
have fixed cardinality. So their sum adds no further power of Y.

fffg >

#{coefficient pairs in one cell} < 1+

The source corner coordinates are positive. The lattice census in (7.30) keeps both shortest-vector
axes, which contribute Uy + V. In either counting orientation take ¢ = ¢; or ¢ = co respectively,
as defined below. The four assigned factors of f and the four complementary factors of g give

Uy < f < 2ve, V. < 4g < 20y7c,

These two terms are charged through the first two savings in (7.37). The four graph patterns give
its other four savings. The grid and square-root terms are kept separately.
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7.3. The lower-corner linear program and lattice-point count. The exact finite optimiza-
tion below controls the source’s choice of chart or corner route. In each source box, let x, ..., z7
be the lower endpoints of the base-Y logarithms of the eight uniquely assigned corner factors, in
the order

(CLA, ap, bc, bD, CaA, CC, dB, dD).
Each factor is the full prime-power part of its residual supported on the eligible corner set.

Supported complementary parts are fixed by the complete coefficient-corner labels and are charged
through (6.6). Write

7
TAB = To + T1, TAC = T4 + Ts, QZZ%
i=0
(7.36) TABCD = To +T1+ T2+ 23, €1 =TAB+ TAC,
cy=mo+ 1 +16 +27, P =130+ 24, Q = z3 + 7,
Rip = 21 + xg, T =x9 + x5.

The source constraints include the canonical radical, shell, unit, chart, and corner-capacity in-
equalities. Their limiting affine logarithmic forms are listed in Appendix D. Their finite source
collars are recorded below. The source log coordinates u, 2y, z; also use their box lower endpoints.
Thus the eleven source coordinates are binned, and the auxiliary W is evaluated by (7.39) at
those endpoints. With py as in (7.18), every source-row inequality has lower-corner slack at most
py. The 22 affine source rows in Appendix D have coefficient £'-norm at most 8. So replacing
the eleven source coordinates by reference values costs at most 8dy. In deriving these rows from
(7.9), the remaining finite terms are logarithms of n/Y, (m+n+1)/Y, (m+1)/m, (n+1)/n,
and ky = 1+ 1/Y. The first two have absolute logarithm at most dy. The next two together are
at most £.nq. Each source row uses at most three further ds units, two f.,q units, and two powers
of ky. This gives the stated py. The count is applied after these source-row comparisons.

For chart 1 put (¢, F,G) = (c1, P,Q), and for chart 2 put (¢, F,G) = (co, Rrp,T). Its six
nominal savings are

2 2 n
- —c, - - c
3 ) 3 q )
2 2
(7'37) g_Q‘i‘F“‘G_Aexp, g_Q+F+(q_C_G)_Aexpa
2 2
g_q_‘_(C_F)‘i‘G_Aexpa g_Q"‘(C_F)'i‘(q_C_G)_Aexp'
Let A; be their minimum. The four assigned-corner savings are
2 +zy—cC
Ga=>— (B8 o bas+ 2 ),
3 2
2 + 2y —q+
GD=3<'u Zu2q Cl+$2+$6+zu>,
(7.38) 5 ]
_f (2 _ A 1 _ 2
GB—3 (2 2+4 2+x0+m7+zt>,
2 1 =z q 2
Ge=>—|--=2-24=2 .
c 3 (2 5 4+2+x3+x4+zt>

At the lower corner set
(7.39) W =max(0, A1, A2,G4,Gp,Gp,Ge).
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The exact linear program has the twelve nonnegative coordinates (zo,...,z7, W, 2y, 2t, 1), 22
source rows, two chart rows and four corner-route rows. The 72 branches come from the selected-
chart choice and the two six-way choices of minimizing chart scores. Dropping the inequalities
that enforce those choices enlarges each branch polytope. Exact primal and dual elimination on
these rational polytopes gives

1203113

90000000
In every branch the counting-row dual mass is 1, the source-row dual mass is at most 5, and
the total dual mass is at most 6. The finite certificate and its exact row matrix are given in
Appendix D.

Next we tie these nominal rows to counts on the same filtered box. In chart 1 write o = ac,
B = bd. For G A, record (A, ap,cc,u), with agca = f; paid through (6.6). The identity u+aA? =
BD? chooses D by a square-divisor choice and then fixes 3. For Gp, record (D,bc,dp,u), with
bpdp = gk paid in the same way. Then SD? — u = «A? chooses A and then fixes a. In both
cases split @ = ac, f = bd and reconstruct

A+bD A+dD d — ab
B:L, C’:L, p=C a’ m = ABa, n= ACec.
u u u
In chart 2 write v = ad, § = be. For Gp, record (B,aa,dp,t), with apdp paid through (6.6).
Then t 4+ yB? = §C? chooses C' and then fixes §. For G¢, record (C,bp,ca,t), with boco paid

through (6.6). Then 6C? — t = yB? chooses B and fixes . Split v = ad, § = bc and reconstruct

_ dB—bC’ D_ cC;aB’ " cd;ab, m= ABa, n—= ACc.

Each square-divisor choice and supported-prime choice costs Y at the fixed polynomial heights.
The residual products must also be split into their ordered corner factors. For example, splitting
a = ac and 8 = bd costs at most 7qiv (@) Taiv () <5 Y. The same bound holds for v = ad, § = be.
Once these choices are fixed, the inverse formulas give the other corners, and ut = L gives the
other shift. Thus the total inverse multiplicity is Y.

Each encoding freely enumerates one corner, two individual assigned parts, and the shift of
that route. These four data have upper dyadic endpoints costing 4ds. The supported parts are
determined by the full coefficient-corner labels. They are not extra free variables. Supported
parts use the full prime-power convention of (2.4). Their supported-prime choices are paid by
the uniform estimate (6.6). Each sum of two assigned-part coordinates is a lower bound for the
base-Y logarithm of their product. To compare the corner with its LP reference value, put

vp =logyn, H=logy(m+n+1), h,=Ilogy(1+1/m), h,=1logy(1+1/n).

Let subscript 7 denote the actual source values of u, 2y, q, c1, co. Define the lower-corner reference
exponents

(740) w 2 L5W - 5py, L5W

A=(ptz—c)/2, D=(u+zu—q+c1)/2
B=1/2—2,/2+q/4—c2/2, C=1/2—2,/2—q/4+ c2/2.
Take logarithms in (7.9), and use Z2M = m(m + 1)n(n+1) and ZL = (n —m)(m +n+ 1). This
gives the exact formulas

logy A = (ptr + 2ur — c1,)/2 + (v — H) /2,

logy D = (pr + Zuyr — Qr + Cl,r)/2 + (vn — H + hap + hn) /2,

oy B = 1/2 — 2 /2 00/ — a2+ (H — 1)/2 -+ (h — h) /4,
logy C=1/2— 2y, /2 —q; /44 c2, /2 + (H = 1)/2 + (him — hp) /4.

(7.41)
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Each of the eleven independently binned source coordinates lies between its lower endpoint and
that endpoint plus do. Apply this coordinatewise to the linear forms in (7.41), before combining
the corner coordinates into ¢, c1, co. This gives

logy A < A+ do, logy D < D + 3da + lena /2,
logy B<B+3dy/2+ \/2, logy C < C+3dy/2+Lc/2+4 \/2.

The exact correction in the C formula is (hy, — hy)/4 < €c/4. The ¢c/2 shown is conservative.
Here 0O < H —v, <do+ X, H—1<do+ A hypy + hyy < lepq, and 0 < hy, — hy, < L. The last
bound follows from m > Y™ /y/3, n > Y/2, and m < n. The coefficient variation from the lower
endpoints is at most dy for A and 3ds for D. The 3dy bound for D is conservative. Cancellation
between ¢ and c¢; reduces the positive-coordinate variation in its lower-corner form to at most ds.
We keep the larger uniform allowance. In each of B, C, the positive coefficients among q/4 — ¢o/2
(or its negative) sum to one across the original eight corner coordinates. So the upper variation
is at most da, and the other coordinates decrease the form. The other terms in (7.41) give the
corrections shown. Adding the 4dy data endpoints gives the four route costs

(7.43) Bdy,  Tdy+Llena/2,  11do/2+A/2,  11dy/2+ Le/2 + A/2.

By (7.3), o < lena- The two chart counts use the complete (7.30) and (7.35), with both axis
terms included in the six chart costs. They apply to the same filtered source box. Refine it at once
into the dyadic boxes of both counting orientations, keeping its original selected-chart label. The
fixed power of log Y refinements is absorbed in Y. Their lower-corner loss is at most 10ds. This
includes both axis terms and the four-part products in all graph patterns. For Y > 2, every route
cost is at most py, by its definition and ¢¢ < fonq. These are alternative bounds for the same
source box. Choose a route attaining (7.39). Its lattice-point count has geometric saving at least
W — py, before the arbitrary analytic loss allocated in Section 9. Then (7.40) gives Lz — 6py-.
The geometric, interval, and square-root terms enter the completed source count additively. The
axis costs are already in the chart bound. The number of terms is fixed. So the largest term
exponent, that is the minimum saving, controls their sum.

The interval and square-root terms in (7.30) have savings
2
Sint = § — Ggrid
_235120131355662893
~9520800917171070000
(744) 2 Gmax + Qgrid

DT 3T T

~29390272487700347267
 4760400458585535000000

(7.42)

~ 0.0246954,

~ 0.00617391.

For

ey = logy (1 + Y~ %erid), E, = 2X +logy 18,
the interval term has saving at least syt — cn. For the square-root term, M < Y amaxt2X and
N < Y%ridTeN give

VAMN < Y(qmax+agrid)/2+>\+CN/2+d2_

This is a conservative uniform upper bound for the finite high-degree correction. It uses the
largest allowed source product and the ceiling bound for N. It uses no correlation between those
endpoints. So the high-degree saving is at least syp — (Eq + ¢n)/2 — 12da, since

Eq+cn
————— 4+ 12dy = A
5 + 2 + 9

1 18
8y +%N+12d22A+%N+d2.
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Thus all endpoint terms are kept. Let n > 0. Choose all finite determinant, factor, divisor,
Rankin, and logarithmic losses to total at most 7/2. Then enlarge one threshold. This gives

oW = min(L5W — 6py, Sint — CN, SHD — (Eq + CN)/2 — 12d2) .
Thus
(7.45) #{5W sources in one box} <, y 2/3=oswtn/2,
The number of boxes is a fixed power of log Y. It is absorbed in the remaining 7/2. The margins
of the three limiting caps above Sy are

647471

Lsw — So = 90000000,
(0.007194)

88170305326616070517

(7.46) sint — So = 4760400458585535000000 ,
(0.018522)

128034121242821

sHD — So = 1190100114646383750000 > 0.
(1.076x1077)

The three limiting caps are at least Sy by (7.46). Their corrected versions bound the additive
contributions in (7.45), whose minimum controls the sum exponent. For Y > 4, since 19 > 1/2,

3 5 15
(14+V3Y ™) (14+2/Y)1+1/Y) < 2. 5 1= <%

Thus lepng + A < 2dsg, hence py < 15dy and 6py < 90log2/logY. The inequality log(1 +¢) < ¢

for t > 0 and agrq > 1/2 give, for Y > 2,

Y —Qarid 1 ey Y14 %Y71/2 1
< , + =< < .
logY logY 2 logY logY

cy <
Therefore, for Y > 4,

+log 18 + 12log2 + 1
Eq+cN+12d2§ 5 log 18 + og 2+ <9010g2.
2 logY logY
Thus every correction in (7.45) is at most 90log2/logY’, and (7.46) gives
YS()—U5W < 290.

The finite corrections therefore change only the implied constant. After the box sum, (7.45)
implies the uniform estimate

(7.47) #5W <, Y2/3=Sotn,

Proposition 7.2 (5W row estimate). For every n > 0, the complete first-match remainder
satisfies

#5W <, Y350t

Proof. The three additive source-box contributions are bounded in (7.45). Their limiting caps
and positive margins are (7.46). This gives (7.47). O

The threshold in (7.47) depends on 7 and the fixed source parameters. It does not depend on
any moving cell, shift, label, factor, or resultant value. For each box and cell the degree set and
height exponents are fixed. For each selected factor the polynomial, its endpoint coefficients and
its resultant are fixed. They may vary between boxes, cells and factors.



A POWER SAVING BELOW TWO-THIRDS FOR EQUAL RADICALS OF CONSECUTIVE PRODUCTS 45

The exact global reserve is

(7.48)

1 18677
go = So —

165 — 165000000 ~ "

It is used in Section 9 to choose one common loss and one Yg,.. The source-to-count argument
above gives the uniform estimate used there.

Put
30869
S pr— p— p— 77 l pr— 2S 5 ] pr— pr— 3S 5
(8 1) 0 €0 0 5000000 0 0 Jo Po 0
: 6 4166537
an = —— = — =
07 1257 %7 30000000° P

8. EXACT EXPONENT SUMMARY

All entries below are limiting savings from 2/3 at this fixed rational parameter vector. Sections 7
and 9 handle the finite source collars and the arbitrary analytic losses. The row estimates in
Sections 4-7 give the exact values in the second column. The symbolic counting exponents and
their evaluations are displayed in Sections 5-6 (for 3u, 3t, 4H, and 4P). Appendix D collects the

parameter vector, exact savings, and margins above Sy.
The table expands the savings used in the preceding row estimates. The minimum row and its margin are read
from the exact fractions. The rounded decimals are annotations only.

Contribution Limiting saving Decimal
Or 30869,/5000000 -
Oum 30869,/5000000 -
Orad M 30869,/5000000 -
Q0 2/3 ,
Q1 30869,/5000000 -
Q2tint 972179/7500000 -
Q2tharm 30869/5000000 -
Q2uint 2222179/15000000 -
Q2Unarm 30869,/1250000 -
3sqre 5102312049347 ,/600000000000000 -
3int 23206592049347/300000000000000 -
3tcore 2473/12000 .
3Usmall, 1 1619393/6000000 -
3Usmall,2 8003 /500000 -
3tsqre 388751,/60000000 -
3tint 2199179/30000000 -
taxes 2726537/15000000 -
4E 30869,/5000000 —
4H 140441 /5000000 -
4Pygrapn 30869,/5000000 -
4Pyp 107393,/15000000 —
4Peover 2/75 -
4 Paxes 4166537,/30000000 -
SWin 29390272487700347267 0.006174

4760400458585535000000
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Contribution Limiting saving Decimal
235120131355662893

5Win 0.024695
¢ 9520800917171070000

Lsw 1203113,/90000000 0.013368

Some entries add up within one row estimate. These are the five 3u entries, the three 3t
entries, the four 4P entries, the two Q2 terms per chart and the three 5W entries. In each row
the largest exponent controls the sum. Equivalently, the smallest saving does. In each 5W source
box, Section 7 selects the best chart and assigned-corner route. The three displayed terms are the
geometric, interval and high-degree contributions that follow. In the Q2 entries, Q2tint, Q2tharm
are the first and second terms of the Q2t estimate (5.2). Likewise, Q2uint, Q2unarm are the terms
of the Q2u estimate. Each pair is summed within its own first-match population. The table has
26 scalar terms. After grouping the three 5W contributions, 24 effective terms remain.

The minimum row saving is Sp. It is attained by Or, Onr, Orad mr, @1, Q2tharm, 4E, and 4 Pgraph-
In the final row the smallest of the three savings is 5Wyp, and

128034121242821

1190100114646383750000
The 72-branch minimum used for the geometric cap is

1203113 647471
(8.3) Lsw

90000000 W =50 = 50000000
Section 7 proves the branch construction and the comparison needed for 5. No LP value is used
as a count by itself.

(8.2) 5Wap — So = (about 1.076 x 1077) > 0.

Proposition 8.1 (Reserve). Put
1 18677 g0 18677

-Gy - = 2 _ 9% _ i
90 =20 7 165 = 165000000 =16 ~ 2620000000
Then
g 1  1lgo 16205447 1
8.4 So—Byg— 2 = — >
(8-4) 0= P = =165 16 ~ 2620000000 ~ 165

Proof. Put the displayed fractions over the common denominator 2640000000. The loss g is
charged once to each complete analytic row estimate. In the last row, the go/4 term covers the
maximum of the geometric, interval, and high-degree corrections. O

9. ONE LOSS AND ONE THRESHOLD

Fix the rational vector in (8.1) and the complete analytic loss Sy = go/16 from (8.4). In every
determinant application, the positive exponent gap is fixed first. The degree and the matrix
dimensions are chosen after it. This gives a finite family of degrees and dimensions. A moving
box may select one member of it. The coefficients, the polynomial and the resultant may vary
with the box and with Y. Only their degrees and height exponents are uniform. Nonvanishing
comes from the source determinant, from coprimality, or from the endpoint alternative in the
relevant row. The height bound plays no part in it.

Fix a selected member. The cofactor solution and the explicit integerizer give a polynomial
height Y¢. Here C; depends only on the fixed degree, the dimension and the allocated loss.
Hence a nonzero resultant is an integer of size at most Y<i for a fixed exponent C!. The integer
itself may change as the source labels move.

We allocate the loss as follows. Suppose one complete row proof contains IN; divisor, Heath—
Brown, square-fibre, or lattice estimates. Let the j-th estimate apply to a parameter bounded by
Y"i. Here N; is the fixed finite number of estimate stages in the complete row proof. A stage
repeated over moving boxes keeps its one uniform exponent choice. It does not incur a new loss
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for each box. Choose h;; at least as large as every polynomial-height exponent in that invocation.
This covers the auxiliary form, its integerization, any nonzero resultant and the size exponent
of the counted parameter. For a product of height factors, add their exponents when choosing
hij. Then it bounds the total contribution of the product. The degrees and height exponents are
uniform over the complete moving source family in that row. Choose the internal exponent p;;
so that

Bo

(9.1) 0 < pij < SNi(L+ )’
Then

N;
> hijpij < %-
j=1

Allocate the other fixed portions of Sy to the finitely many dyadic sums, logarithms and divisor
multiplicities in the same complete row proof. This is one allocation for the whole row. After a
row estimate is stated, no factor or inverse count is charged again.

The thirteen first-match estimates are stated in Propositions 4.1 and 5.2, and in the row
Propositions 5.3, 5.4, 6.1, 6.2, 6.3, and 7.2. They use the finite cutoff data summarized below.
Each cutoff is fixed by the corresponding proof and depends only on By and the rational vector.
The table records conditions and the estimates that supply them; it does not give numerical values
for all row thresholds or analytic implied constants. Equation (9.4) takes the maximum of the
thresholds used in those proofs, including all displayed row conditions.

TABLE 1. Threshold conditions for the thirteen row estimates.

Row Threshold conditions included in Y;(8o)

Or Y >64, H=Y/2>2,V =Y?3% < H?; fixed-height partner and
low-radical estimates

Onm Ordered residual-factor divisor bound and the fixed-height quadratic-fibre
estimate

Orad M One fixed positive Rankin parameter and the same quadratic-fibre estimate

Q0 Y > 256 and 3Y dmax—1 < 1

Q1 Fixed-height bound for all (P, L) labels

Q2u 1/3 — 5eg > 0; unit-root count, one u-sum, and the dyadic sector count

Q2t 1/3 — 6eg — lp > 0; corresponding t-chart count and one t-sum

3u Positive determinant gap, finite factor family, all-aspect lattice count, axes,
and inverse bounds

3t Determinant cutoff, fixed grid condition N > 40, and later lattice, factor,
census, and inverse cutoffs

4F Four supported-factor sums, their fixed-height bounds, and the single shift
sum

4H Reducible, content, and primitive cubic branches, including the
primitive-form estimate

4P Graph, high-degree, cover, and axis bounds, with simultaneous shifts
counted once

5W Lemma 7.1, finite chart comparisons, original-grid census, factor branches,

endpoint bounds, assigned-corner cases, and the geometric envelope; in
particular 6By < £/2 and 576Y dmax+2A=70 < 1 in (7.33)
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In the 5W row, the geometric cutoff is
(9.2) Tyoom = %2
90

For logY > Tyeom, log2 < 7/10 gives
90 log 2 < 63 _ 9%

logY 252/g0 4~
The high-degree correction in (7.45) is separate from the geometric correction. Since agriq > 1/2,
for Y > 2,

(9.3)

ey _YTh4gyTl2og
A+ — < < .
2 logY logY
Also, cy =logy (1 + Y ~%rid) < Y ~%rid /log Y, so the interval correction is smaller than 1/log Y.
Consequently

1
slogl18+12log2 + 1

Baten | gq, <2088t 12008241 90log2 g0

2 logY logY 4

Here %log 18 + 12log2 = 9.763.... Thus each of the geometric correction 6py, the interval
correction cy, and the high-degree correction (E, + cn)/2 + 12dy is at most go/4. The final
row estimate is charged their maximum, not their sum. We retain this conservative charge in
the reserve (8.4); it is unnecessary for the exponent in Proposition 7.2, where the three finite
corrections are absorbed into the implied constant. The determinant, census and geometric-
envelope thresholds in that row are the conditions used in Section 7. The contribution 90 is
the source-mass 5 plus the one geometric collar mass 1, each times the coefficient 15 in the row
margin.

Let Y;(8o) be the maximum of the finitely many thresholds used in the proof of row i, after
applying (9.1). Define

(94) TO = ma’X{37 Tgeom, 10gYi(50), o 710g }/13(50)}) Yﬁnal = [6T0—| + 1.

Since Ty > 3, Ygana > [€3] + 1 = 22 > 4. Thus the elementary conditions Y > 4 of the 5W
accounting hold at the common cutoff. The maximum runs over the thirteen fixed row estimates
and their fixed finite degree families. It does not run over moving source labels. It includes the
separate post-determinant thresholds of the 3t row.

Proposition 9.1 (Common-loss assembly). ForY > Ygna1, each row i # 5W is
#row; <g, Y2/3_”+B°, r; > So,

and the last row satisfies
#EW <, Y23 S0tbotoo/d,

Consequently #Qy <. Y'109/165+¢

Proof. The first twelve row estimates are complete counts. They include the moving labels, shifts,

coefficient factorizations and inverse multiplicities. By Section 8, their minimum saving is Sp. By

(7.46), the three limiting values Lz, Sint, Sup in the definition of o5y are each at least Sy. Hence

the corrected minimum satisfies

E,+cn
2

The three corresponding source-box contributions are added in (7.45), so this minimum controls

their sum exponent. The corrections have separate sources. First, 6py is the finite source-to-
lower-corner allowance in (7.40)—(7.43). Next, ¢y is the ceiling correction from N = [Y%rid] in

osw > So — maX<6PY7 CN, + 12d2> .
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(7.6). Last, (E4+cn)/2+ 12dy bounds the finite square-root term v4AM N. This uses the source-
product and grid-ceiling bounds just before (7.45). The margins add no losses beyond these three
terms. By (9.3) and the correction bounds above, each of the three corrections is at most gg/4
for Y > Ygna. Hence o5 > Sy — go/4. Apply (7.45) with n = [y, using the remaining (/2 for
the box sum. Thus the total count is

<3 y2/3=So+fo+go/4 _ y109/165-11g0/16 - 1109/165

There are thirteen rows. Their finite sum changes only the implied constant.

10. DyADIC SHELLS
For Y = 2¢, the shells 2/~! < n < 2% are disjoint. By Proposition 9.1, for every i with 2° > Ygpa1,
Let I be the least integer with X < 2/. Then 2/ < 2X and
(10'2) Z 2i(109/165+5) <. (2X)109/165+8.
i<I
The finitely many shells below Yg,a1 are absorbed by
YV —
oy < XD

1 1
) < §max(1,Yﬁ2n;1°‘)Yo‘,
Each pair counted by F'(X) lies in exactly one shell. This proves Theorem 1.1.

a =109/165 + ¢.

APPENDIX A. BOUNDARY RULES FOR THE FIRST-MATCH PARTITION

All cuts in the partition apply to the original pair. The table gives the first-match row for each
equality, after all earlier rows are tested. The notation is that of Section 3.

boundary first-match row
R = Y5 3—e€o OR
M = Y2/3760 O
rad(M) = Y?/3~ko Orad M
Ko = YRexp fails QO0; continue testing
L =YYl fails Q1; continue testing
(A1) min(J, K) = Y/3770 | fails strict Q2; test later rows
u=t u-chart
s=Y 3u or 3t, as selected
s=Yb oW
min (v, w) = YP° 4F
I=YP, ww>YPo 4H
II>YPo, wvw>YPo 4P

The rows for 4F, 4H, 4P require that all earlier predicates fail and that Y% < s < Y. Equality
at the lower-corner boundary fails the strict Q2 cut. It then goes to the first later row whose
predicate holds. The weak lower-corner inequalities describe the complements of the strict ()2
cuts.

The row predicates are Boolean functions of the original pair. A counting argument may round
an interval endpoint outward to an integer. This only enlarges the counted set. No real rounding
enters the definition of a source row. Take the explicit inverse in (2.2). Then test positivity,
integrality, the gcd, the shell and the mask. Each accepted reconstructed tuple then gives at most
one original pair.
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Fix the ordered residual tuple that determines L. Then the identity ut = L determines the
opposite shift. Hence a sum over u or over ¢ is a sum over one source coordinate. It is not a
product of independent shift ranges. In the 4H and 4P rows this identity forces the opposite
shift. In 5W both shifts stay in the original-cell source. Its geometric envelope adds no new shift
sum.

The four Q2 count contributions fall into two populations:

population ‘ contributions ‘ selected chart
Q2u Q2uint + Q2Unarm u <t
ta Q2tint + Q2tharm t<u

Section 8 computes their savings. The two terms on a line are added to bound one chart popula-
tion. They are not separate rows. Their exponents and savings are

term ‘ chart contribution ‘ exponent ‘ saving
Q2tint interval term in Q2t | 1/24+6Sp | 1/6 — 6Sy = 972179/7500000
(A.2) Q2tparm | harmonic term in Q2t | 2/3 — Sy So
Q2Uint interval term in Q2u | 1/2 43Sy | 1/6 — 3Sp = 2222179/15000000
Q2Uparm | harmonic term in Q2u | 2/3 — 4.5y 45y = 30869,/1250000

In each chart the larger exponent controls the sum. This is the smaller saving. No term is an
additional source population.
The partition is disjoint and exhaustive. Hence

#Qy = #Opr + #O0pm + #O0raa m + #QO0 + #Q1 + #Q2u + #Q2t
(A.3) 3+ #3t + HAE + #AH + #4P + #5W.

The first-match convention is essential. A relaxed set that bounds one row may overlap another
relaxed counting set. Still, every original pair goes to exactly one row. So the populations satisfy
the exact identity (A.3).

APPENDIX B. A UNIFORM SQUARE-FIBRE BOUND

Tao’s Lemma 2.10 [8, Lemma 2.10] gives a related square-fibre bound. Appendix E states its
hypotheses. The self-contained theorem below gives the fixed-¢, fixed-polynomial-height version
used here. It assumes no uniform Pell-orbit or regulator bound.

Theorem B.1 (Uniform square fibres). Fiz A > 1. For every e > 0 there is a constant C s such
that, for x > 2, positive integers a,b < x*, and a nonzero integer h with |h| < z4,

(B.1) #{(n,m) € Z%y: an* + h =bm? n <z} < Ca.a°.
The constant is independent of a,b,h. The exponent A is fixed.
Lemma B.2 (Divisor bound). For every § > 0, 74iv(N) <5 N° for N > 1.

Proof. For primes p > 21/ 0§41 <27 < p%. There are finitely many smaller primes. For each of
them sup;~q(j + 1)p~% < co. Multiply over the prime factorization. O

Lemma B.3 (Roots of a quadratic congruence). If D > 2 is squarefree and M > 1, then
(B.2) #{rmod M :r>=D (mod M)} < 4.2¢M),
For M =1 there is one residue class.

Proof. Tt suffices to count roots modulo prime powers. For an odd prime p | D, there is one
root modulo p and none modulo p®, e > 2. Here a root would have valuation at least one. Its
square would then have valuation at least two. If p 4 D, a root 7 is a unit. For any other root
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r, p¢ | (r —ro)(r + 19). The two factors are not both divisible by p. So r = ¢ or —ry (mod p°).
There are at most two roots.

Let p = 2. If D is even, squarefreeness gives D = 2 (mod 4). Then there are no roots modulo
2¢ for e > 2, and at most one modulo 2. Let D be odd and let rg be one root. Multiplication by
7‘0_1 injects the roots into solutions of 22 = 1 (mod 2¢). For e = 1,2 there are at most two. Let
e > 3. Then z is odd, and exactly one of z — 1,z + 1 is divisible by 2 but not 4. Their product
is divisible by 2¢. So the other is divisible by 2¢7!. Hence z = 1 or —1 (mod 2°71). This gives at
most four classes modulo 2¢. The Chinese remainder theorem multiplies these local bounds, and
(B.2) follows. O

Lemma B.4 (Spacing in one norm class). Let D > 2 be squarefree, N € Z \ {0}, and H > 1.
The number of positive integral solutions of

X?2-DY?=N, X+YVD<H

15 at most
log H

B.3 A7y, N2<1+>.
( ) d1v(| |) 10g(2 + \/§>
Proof. Put g = ged(X,Y). Then g2 | N. For each of at most 74;,(|N|) choices of g, set U = X/g,
V =Y/g, and Ny = N/g%. The pair (U, V) is primitive. Also ged(V,|No|) = 1. Otherwise, by the
norm equation, a common prime would divide U?, hence U. This contradicts primitivity. Thus
r=UV~! (mod |Np|) is defined and satisfies r> = D. For modulus one use its unique class. By
(B.2), there are at most 474;,(|V|) such classes.

Take two solutions in one class. Write o; = U; + V;v/D > 1. Direct multiplication gives

ag U Uz — DVi V3 iUz — UiV

(B.4) ety tV'D, . , b= N

Here s,t are the integer coefficients of this norm-one quotient. This local ¢ is unrelated to either
source shift. Both numerators are divisible by Ny. To see this, work modulo |Np| and use U; = rV;
and r2 = D. Hence s, t are integers even when Ny < 0. The quotient has norm one. Let a; /az > 1.
Its conjugate is the positive reciprocal. Thus s = (a1/ag + ae/a1)/2 > 1. Since s is an integer,
s> 2, and

@
L ostVs2—1>2+ V3.

03]
Distinct pairs have distinct «;, as /D is irrational. Hence each class contains at most 1 +

log H/ log(2++/3) solutions. Multiply by the choices of g and of the residue class to get (B.3). O
Proof of Theorem B.1. Write ab = Dc? with D squarefree and put
X =bm, Yy = en, N = bh.
Then
(B.5) X2 - DYZ = v*m? — abn® = bh = N #0.
This map is injective. From the original equation and n < x,
bm < \/mg \f2:cA+1, cn\/B:\/%nSxAH.

Thus X + Yov/D < 32471 and |N| < 224,

If D > 2, apply Lemma B.4. Then Lemma B.2 absorbs the two divisor factors and the logarithm
into z°. Its exponent is chosen in terms of A,e. If D =1, (B.5) factors as (X — Yp)(X +Yy) = N.
Each positive divisor X + Y{ of |N| fixes the signed factor X — Yy = N/(X + Yj). So it gives at
most one pair. The divisor bound then proves (B.1) in this case too. ]
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Remark B.5. Every use has positive coefficients and a nonzero shift. The coefficients and the shift
have fixed polynomial height. One variable is bounded, and the equation then bounds the other.
No discriminant-dependent constant or fundamental-unit estimate occurs.

In the conic uses of Sections 6 and 7, put (a,b, h,n,m) = (f,g,s,J, K). The source bounds
give 1 < f,9,s < (Y +1)2 and J,K <Y + 1. Take x = 2Y and the fixed height exponent
Apg = 2, with theorem parameter A = Ap;. All height hypotheses hold, since (Y + 1)% < (2Y)?
and Y + 1 < 2Y. The coefficients are positive and the selected shift satisfies s > 0. Suppose the
factorization does not fix the shift. Then we first fix the ordered residual factors, which determine
L. Next we enumerate s | L. As L < (Y + 1)2, this costs at most 7qi,(L) <5 Y?. Thus the
theorem is applied once per fixed nonzero shift, with its uniform constant. The shift divisor count
is part of the allocated loss.

APPENDIX C. APPLICATION OF THE LOW-RADICAL ESTIMATE

Theorem 3 of [1], stated in Appendix E, holds uniformly for real H > 2 and 1 <V < H?. Its
determinant-method input is Reuss’s Theorem 1 [7]; we use the consequence stated in Paper 1.
For the outer row Og, set
H=Y/2, vV =Y?5/3-5%, Sy = 30869,/5000000.

ForY >64, H> 2,V > 1, and
Vv

_ 4y —1/3-S
=4 /35 < 1.
Hence that theorem applies. Its two terms satisfy
\4 — 9y2/3-50 HT/12 — 9-T/12y7/12 ~ 2/3-So
H ’ - ’
because
2 7 1157393
28—

3 12 7 15000000 ~
Keep the common factor H” = (Y/2)". Then

(Y/2)" (2Yz/3fso 4 2*7/12Y7/12> <, Y2350,

Consequently

#{V/2 <t <Y :rad(t(t + 1)) < YP/3750) «, y2/3-Sotn
with one constant for every Y > 64. This is the low-radical input of Section 4. The partner count
there separately uses Lemma 2.1 of Paper 1 [1].

APPENDIX D. EXACT EXPONENTS AND FINITE OPTIMIZATION

All numbers in this appendix are exact rationals. Set

30869 30869 92607
0= =80 = 50000000 0 “P° 7T 25000000 70T PO T 00T 5000000°
6 4166537 92607
D.1 - — 7YY Aoy, = =
(D.1) 40 = 195 %™ 30000000’ p = 3% = 555000
16 1 c 1
= —_— V= — = —.
HHP = 5> 64’ 10000

The target saving and reserve are
18677

1
165’ 165000000
The table gives every source-count contribution. The margin is the displayed saving minus .Sp.
A zero margin marks a binding contribution. Two chart terms of one population are both listed,

(D.Q) Starget = go = S() - Starget =
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since their counts add. The smaller saving controls their sum. The three displayed 5W savings
are additive contributions to the complete count. Their minimum controls the exponent of the
sum. The chart and assigned-corner routes are selected in each source box as in Section 7.

Contribution Saving Margin above Sy
Or 30869/5000000 0
Oum 30869/5000000 0
Orad M 30869/5000000 0
Q0 2/3 9907393/15000000
Q1 30869/5000000 0
Q2%ins 972179/7500000 1851751,/15000000
Q2tharm 30869,/5000000 0
Q2Uing, 2222179/15000000 532393/3750000
Q2Uparm 30869/1250000 92607/5000000
3Usqrt 5102312049347,/600000000000000 1398032049347,/600000000000000
3int, 23206592049347/300000000000000 21354452049347/300000000000000
3Ucore 2473/12000 2998643/15000000
3Usmall, 1 1619393,/6000000 7911751 /30000000
3Usmall,2 8003/500000 49161/5000000
3tsqrt 388751/60000000 18323,/60000000
3tint 2199179/30000000 402793/6000000
3taxes 2726537/15000000 263393/1500000
4F 30869/5000000 0
4H 140441,/5000000 27393/1250000
4 Pyraph 30869/5000000 0
4Pup 107393/15000000 7393,/7500000
4P, over 2/75 307393/15000000
4 Pxes 4166537/30000000 3981323/30000000
1203113 647471
5Weeom 90000000 90000000
(0.013368) (0.007194)
235120131355662893 88170305326616070517
5Wint 9520800917171070000 4760400458585535000000
(0.024695) (0.018522)
29390272487700347267 128034121242821
5Whp 4760400458585535000000 1190100114646383750000
(0.006174) (1.076x1077)

Decimals in parentheses are rounded annotations. All comparisons and margins use the exact

rational entries.
Thus the seven binding source contributions are

OR7 OMa Orade le Qcharm’ 4E7 4P graph?

each with saving exactly Sp. The high-degree term limits the 3u aggregate. The high-degree term
also limits the 3t aggregate. The graph term limits the 4P aggregate. For 5W, the minimum
saving among the geometric, interval and high-degree contributions controls the combined count
in (7.45).

The limiting linear program. Let xzg,...,x7 be the base-Y logarithms of the eight assigned
corner factors, in the order

(aa,aB,bc,bp,ca,cc,dp,dp).
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Put
a=x0+T1 +T2+2x3, Y=T4+IT5+Te+T7, q=a+7,
c1=x9+xT1+x4+2x5, C2=2x0+ 21+ T+ 27,
P=xg+z4, Q=z3+ 27, T =19+ 5.
The other variables are W, z,,, z;, u > 0. Here W is a candidate saving, z, = logy u, z; = logy ¢,
and p = logy m. Every branch uses the limiting source constraints below. They are not finite-
source identities. Section 7 records the finite relations and their collars.

(D.3)
Ryp = x1 + ws,

2407393 5092607 9907393 2092607
2407393 - . 9092607 9907393 2092607
7500000 — = 15000000° 30000000 — ' = 6000000’
9907393 5092607 2407393 _
—_——— Z. V4
15000000 = 7= 7500000° 7500000 — v T =T
(D.4)
e -1 _ 9907393 g
pr—— =% E=% F=795500000 ' 2’
2 2t > b 2y + 2 < 75092607
w k=70 v = 7500000
The four assigned-corner capacity inequalities are
D5) ESUNE 1 L _ 92607
‘ g0 T T TAT 5T T 5% T 51 = 56500000
(D.6) LS S 11 92607
‘ 92 T T3 T T T TT T 9% T 51 = 5600000
07 1.3 1 L L _ 92607
. —To+ =1 — T4 — =5+ Te+ 2y — = —
g PO T T T AT T TEE T 92 T 5H = 5000000
D) 1 L B L 5092607
. —=To— =T1+ T2+ —xa+ x5+ 2y + = —_—,
g0 T QT T AT QT 95 T 52 T 5 = 5000000
The selected-chart condition is z, < z; in chart 1 and z; < z, in chart 2. In chart 1 also impose
D.9) . _ 4722179 . (62 + 23 + 76 4 ) 4722179
. Zy — C _— Zu — \XT X X xr —_—,
2= =a5000007  H TR T R TESTEC AT = 2600000
in chart 2 impose
(D10) 20 + . _ 4722179 et e oy < 10277821
S AOT I T TS T A T S 06600 TOT I LATES T 2T RS TE00000

The four assigned-corner route scores are the G4,Gp,Gp,G¢ in (7.38). A branch also imposes
W >0and W > Ga,Gp,Gp,Ge. Fori,j €{0,1,2,3,4,5} impose W > Cy; and W > Cy ;. The
six values in each chart are defined by

(D.11)

Ci, Caj
2/3 —c1 2/3 — ¢y
2/3—q+a 2/3—q+co

9722179/15000000 — z1 — 29 — 5 — Tg
9722179/15000000 — x1 — 23 — x5 — X7
9722179/15000000 — zg — 22 — T4 — Tg

9722179/15000000 — g — 23 — T4 — Z7
9722179/15000000 — xg — z2 — x5 — =7
9722179/15000000 — z1 — 3 — T4 — T

CU s W N = Of =
T W N = O

9722179/15000000 — zg — x3 — T4 — X7 9722179/15000000 — 1 — x2 — T5 — Tg

Derivation of the 22 limiting source rows. The source rows are R1-R6 and R9-R24 in the
certificate order below. The LP linear forms P, @ are those of (D.3). For the source products
write Py = ab and Qg = cd, and write L = Qgc — Pac. Set lge = logy L, age = logy Pae,
Ysre = 108y Qsre, and Gsre = Oigre + Ysre = logy M. Write £ = z, + z; for the limiting LP coordinate.
The finite logarithmic collars come from ky = 14+Y !, from factors of two and from the endpoint
terms in Z2M = m(m + 1)n(n + 1). They are included in (7.42)—(7.43). The LP rows are their
limiting affine inequalities. The table writes them in limiting LP endpoint coordinates q, ¥, z, 2,
distinct from the finite source logarithms with subscript src. The limiting coordinates are denoted
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by ¢ and ¢; z,, z; are the LP variables corresponding to the finite logarithms logy u,logy t. The
subscript src marks source quantities before taking limits. Labels R1-R28 refer throughout to the
certificate row numbering below.

Limiting  Source derivation

LP row

R1 If Pyo < L, then Psye < L < ky Y345 If P > L, then Pye < VM < kyYmax/2,
Since gmax/2 = 1/3 + Sp, these give the displayed limiting upper bound.

R2 If Py < L, then Que < 2L, 50 Pape = M/Que > Y0 /(26y Y1/3+50)  whose limiting
exponent is 1/3 — 2Sy. If Ps.c > L, then Qgyc < 2Py and M < 2P2 | giving the stronger
limiting lower exponent gmin/2 =1/3 — Sy/2.

R3 If Py < L, then Qgc < 2L; otherwise Qgre < 2Psc < 2v/M . Thus the source gives Ygre <
1/3 4 Sp + logy (2ky); for sufficiently large Y this implies the weaker ygc < 1/3 +550/2.

R4 Since Pye < Qsre; We have agre < Ysre; With gsre = Qsre + Ysre > min, this gives ygc >
Qmin/2-

R5 The failed Og cut gives M < n%Y‘ImﬂX, hence gsre < Gmax + 2A, where A = logy ky; the
LP uses the limiting bound ¢ < ¢pax.

R6 The failed Oy cut gives M > Y9min hence ¢src > ¢min-

R9 Failure of Q1 gives L > Y37t 50 £ > 1/3 — lo.

R10 Since L = Qgrc — Psre < Qgre, taking logarithms gives fgc < Yere-

R11 The mask gives agca < AKes. Taking logarithms and replacing the finite logy A by its
lower-corner reference A = (u + 2, — ¢1)/2 from (7.41)-(7.42) gives o + x4 — A < Agxp,
which is (D.5).

R12 The mask gives bpdp < DK,es. Replacing the finite logy D by its lower-corner reference
D= (42, —q+c1)/2 from (7.41)—(7.42) gives xg + x7 — D < Aeyp, which is (D.6).

R13 The source B-corner capacity is apdp < BK,es. Taking logarithms and using the limiting

corner form B =1/2—z,/2+q/4—c3/2, where Ryp = x1 +x¢ and ¢o = o+ 1 +x6 + 27,
gives the limiting inequality below. Here ¢ denotes the LP coordinate corresponding to
the source exponent g defined above; its finite endpoint error is included in the source
collar:
Rip +Zu/2 — q/4—|— 62/2 < 1/2—|— Aexp~

Use 1/2 = u/2+ (v — «)/4, from the limiting source equality, and expand. This gives row
R13, namely (D.7).

R14 The source C-corner capacity is boce < CKes, 50 T + 24 /2 + q/4 — c2/2 < 1/2 4+ Aexp,
where T = x5 + 5. Using the limiting equality first rewrites this as

TH 2,/2+a/2—c2/2 — p)/2 < Aexp-
Now eliminate o« = v + 2u — 2 and expand. This gives row R14, namely (D.8) with right
side 14 Aexp = 5092607/5000000; its finite endpoint error is included in the source collar.

Using (7.41), after the h,, — h,, terms cancel, the finite right sides in rows R13 and R14
are respectively
H—v, H+v,—-2
Aexp + — =, 1+Acxp++.
After removing the limiting row constants, each endpoint residual is at most ds /2 before
lower-corner binning; that binning is included in py.
R15-R16 Put v, =logy n and h, = logy (1 4+ 1/r). The exact source identity is

o+ ('Ysrc - asrc)/z =Vp+ (hn - hm)/27
obtained by taking logarithms of Qscm(m + 1) = Pyen(n+1). Since Y/2 < n <Y,
—dy <vp, —1<0, and |hy, — hin| < Lena- The finite discrepancy is absorbed in the source
collar. In the limiting LP, row R15 is pu + (v — a)/2 < 1, and row R16 is the reverse
inequality o+ (v —«a)/2 > 1.
R17 The source has m <n <Y, hence p < 1.
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Limiting  Source derivation

LP row

R18 Since m+1 < 2m, n+1 < 2Y, and Z > Y®/375  the identity Z2M = m(m + 1)n(n+1)
gives Y10/3=250tase < 4m2Y2, hence the finite bound g > Guin + Gsre/2 — d2, where
dy = logy 2. The LP uses the limiting weak inequality > ¢min + ¢/2; the finite dg loss
is included in the source collar py.

R19-R20 The 5W predicate has u,t > Y hence z,, 2 > b.

R21 The source has L < kyY1/3+50 5o its limiting bound is lge < 1/3 4+ Sy. The displayed
LP bound ¢ < gmax is a redundant, weaker relaxation; it only enlarges the feasible set and
can lower the LP minimum.

R22 The selected-chart rule (2.3) gives z,, < z; in chart 1 and z; < z, in chart 2.

R23-R24 The strict Q2 cuts have failed. In chart 1, the complement is the lower-corner inequality
(D.9); in chart 2, it is (D.10).

Rows R11-R14 are the four limiting logarithmic capacity inequalities. They come from the two-
sided assignment of each residual prime to its unique eligible corner. Rows R13-R14 use equality
rows R15-R16. Rows R3 and R21 weaken stronger source bounds. So the relaxed feasible set
only grows. The six counting rows R7, R8 and R25-R28 come from the chart costs (7.37), the
route scores (7.38), the endpoint patterns (6.27), (7.34), and the route-score and endpoint bounds
(7.41)—(7.43). They are not extra source premises.

Fix an actual source. Keep its selected chart. Then choose a minimizing form for each of
the two counting orientations. Its endpoint data then place it in one of the 2 -6 -6 = 72 cases.
Dropping the inequalities that enforce the minimizing choices enlarges that case. Hence a lower
bound on every displayed relaxation applies to the original source.

The certificates number the inequalities as follows.

e R1-R6: the upper and lower bounds for «, then for v, then for q.
R7-R8: W Z 01’7; and W Z Cg}j.

R9-R10: the lower bound for z, + z; and its upper bound by 7.
R11-R14: the four capacity inequalities as displayed.

R15-R16: the two directions of the equality in (D.4).

R17-R18: the upper and lower bounds for .

R19-R20: the lower bounds for z,, z:.

R21: the upper bound for z, + z;.

R22: the selected-chart inequality.

R23-R24: the two core inequalities for that chart.

R25-R28: W > G 4,Gp,Gp,Gc, in this order.

The six counting rows are R7, R8, and R25-R28.

Fach branch has 28 inequalities. These are the displayed source bounds, the two selected
chart score rows from (D.11) and the four assigned-corner rows. The table below gives their
exact dual certificates. Write the rows as a, - x < b,. The listed nonnegative multipliers satisfy
> Arar > —ey coordinatewise, ) ..o A = 1 over the six counting rows, and — > A.b, = Woy;.
As z > 0, these relations give —W < ZT ANy - x < Er Arb. Thus every branch satisfies

1203113

~ 90000000

(D.12) W > Lsw,  Lsw
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The value is attained in the relaxed branch (1,2,5) by
(xoy .oy, W, 2, 28, 1) =
24907393 5648249 2092607
( ’ 90000000 90000000 " " 9000000’
5648249 3981323 1203113 4166537 6018677 )

(D.13)

90000000 90000000 90000000 30000000 30000000

Exchange the two corner pairs. This gives a feasible point of the chart-swapped branch (2,5, 2)
with the same value. In the coordinate order of (D.3), the permutation is

(.’EQ, ey X7y Ry Zt) ? (l‘lu Ly L3, T2, X6, X7, T4, L5, Zt, Zu),

with W and p fixed. Consequently the exact optimization margin is
1203113 647471

.14 —— — Sy = ——— .
(D-14) 90000000 %™ 90000000 ”

The common-loss reserve is
g0 go 1 1lgo o 1

16 4 165 16 ~ 165
The threshold in Section 9 bounds each of the 5 geometric, interval, and high-degree corrections
by go/4. The assembly charges their maximum, not their sum. The exact fractions and the

certificate table give the finite optimization explicitly.

Table of branch certificates. In the table, W,; ; is the lower bound for branch (o;4,j) in
the lower-bound column. An entry r : ¢ means A\, = c¢ for the inequality row numbered above.
Omitted multipliers are zero. A multiplier list may wrap onto continuation lines with blank
branch and lower-bound columns; all such lines belong to the same certificate.

Table 2: Exact dual certificates for the 72 chart and score branches.

Branch (chart; 4, j) lower bound Nonzero entries of A

1;0,0 4722179,/30000000 1:1/2; 5:1/2; 7:1/2; 8:1/2

1;0,1 4722179/30000000 5:1/2; 7:1/2; 8:1/2; 15:1/2; 18:1/2

1;0,2 21943969,/150000000 7:3/5; 8:2/5; 10:1/10; 11:2/5; 15:1/10; 17:1; 18:9/10; 22:1/10

;0,3 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 23:1

1;0,4 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 23:1

1;0,5 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 23:1

1;1,0 4722179/30000000 5:1/2; 7:1/2; 8:1/2; 15:1/2; 18:1/2

1;1,1 4722179/30000000 1:1/2; 5:1/2; 7:1/2; 8:1/2

1;1,2 21943969/150000000 1:1/10; 5:2/5; 7:3/5; 8:2/5; 10:1/10; 12:2/5; 15:1/5; 22:1/10

1;1,3 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 24:1

1;1,4 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 24:1

1;1,5 3796109,/30000000 5:1/4; 7:1; 10:1/2; 15:1/2; 17:1/2; 22:1/2; 24:1

1;2,0 21017899,/150000000 7:2/5; 8:3/5; 13:2/5; 15:1/5; 17:1; 18:1; 19:1/5

1;2,1 21017899,/150000000 1:1/5; 7:2/5; 8:3/5; 14:2/5; 17:3/5; 18:4/5; 19:1/5

1;2,2 1157393/3750000 7:1/2; 8:1/2; 17:1; 18:1

1;2,3 18424903,/180000000 1:1/6; 7:1/2; 8:1/2; 14:1/3; 17:5/6; 18:1; 19:1/6

1;2,4 18424903,/180000000 7:1/2; 8:1/2; 13:1/3; 15:1/6; 17:7/6; 18:7/6; 19:1/6

1;2,5 1203113/90000000 8:1/3; 10:2/3; 15:2/3; 17:2/3; 18:4/3; 19:1; 27:1/3; 28:1/3

1;3,0 3796109,/90000000 7:2/9; 8:1/3; 10:5/18; 13:2/9; 15:7/18; 17:7/9; 18:5/6; 22:5/18;
26:4/9

1;3,1 3796109,/90000000 7:2/9; 8:1/3; 10:5/18; 14:2/9; 15:1/6; 17:7/9; 18:5/6; 22:5/18;
26:4/9

1;3,2 4413489,/40000000 7:1/4; 8:1/4; 10:3/8; 15:3/8; 17:3/4; 18:7/8; 22:3/8; 26:1/2

1;3,3 4166537,/30000000 7:1/2; 8:1/2; 15:1/2; 17:1; 18:3/2

1;3,4 4166537,/30000000 7:1/2; 8:1/2; 16:1/2; 17:2; 18:3/2

1;3,5 5462257,/135000000 7:1/3; 8:4/9; 10:2/9; 15:2/9; 17:11/9; 18:10/9; 23:1/3; 27:1/9;
28:1/9

1;4,0 3796109,/90000000 7:2/9; 8:1/3; 10:5/18; 13:2/9; 15:7/18; 17:7/9; 18:5/6; 22:5/18;

25:4/9
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Branch (chart;, j) lower bound Nonzero entries of A

1;4,1 3796109,/90000000 7:2/9; 8:1/3; 10:5/18; 14:2/9; 15:1/6; 17:7/9; 18:5/6; 22:5/18;
25:4/9

1;4,2 4413489,/40000000 7:1/4; 8:1/4; 10:3/8; 15:3/8; 17:3/4; 18:7/8; 22:3/8; 25:1/2

1;4,3 4166537,/30000000 7:1/2; 8:1/2; 16:1/2; 17:2; 18:3/2

1;4,4 4166537,/30000000 7:1/2; 8:1/2; 15:1/2; 17:1; 18:3/2

1;4,5 5462257 /135000000 7:1/3; 8:4/9; 10:2/9; 15:2/9; 17:11/9; 18:10/9; 24:1/3; 27:1/9;
28:1/9

1;5,0 3981323,/90000000 7:1/3; 10:1/2; 15:1/2; 17:2/3; 18:5/6; 22:1/2; 25:1/3; 26:1/3

1;5,1 3981323,/90000000 7:1/3; 10:1/2; 15:1/2; 17:2/3; 18:5/6; 22:1/2; 25:1/3; 26:1/3

1;5,2 3981323,/90000000 8:1/3; 10:1/2; 15:1/2; 17:2/3; 18:5/6; 22:1/2; 25:1/3; 26:1/3

1;5,3 3981323,/90000000 7:1/3; 10:1/2; 15:1/2; 17:2/3; 18:5/6; 22:1/2; 25:1/3; 26:1/3

1;5,4 3981323,/90000000 7:1/3; 10:1/2; 15:1/2; 17:2/3; 18:5/6; 22:1/2; 25:1/3; 26:1/3

1;5,5 1157393/3750000 7:1/2; 8:1/2; 17:1; 18:1

2:0,0 4722179/30000000 7:1/2; 8:1/2; 16:1/2; 17:2; 18:3/2

2;:0,1 4722179/30000000 7:1/2; 8:1/2; 15:1/2; 17:1; 18:3/2

2:0,2 21017899,/150000000 7:3/5; 8:2/5; 10:1/5; 11:2/5; 15:1/5; 17:1; 18:1; 20:1/5

2:0,3 3796109,/90000000 7:1/3; 8:2/9; 10:1/6; 11:2/9; 15:1/6; 17:7/9; 18:5/6; 22:5/18;
28:4/9

2;0,4 3796109,/90000000 5:7/18; 7:1/3; 8:2/9; 10:1/6; 11:2/9; 15:1/6; 18:1/18; 22:5/18;
27:4/9

2;0,5 3981323,/90000000 8:1/3; 10:1/6; 15:1/6; 17:2/3; 18:5/6; 22:1/2; 27:1/3; 28:1/3

2:1,0 4722179/30000000 7:1/2; 8:1/2; 15:1/2; 17:1; 18:3/2

2;1,1 4722179/30000000 1:1/2; 5:1/2; 7:1/2; 8:1/2

2;1,2 21017899,/150000000 5:1/2; 7:3/5; 8:2/5; 10:1/5; 12:2/5; 15:1/5; 20:1/5

2;1,3 3796109,/90000000 5:7/18; 7:1/3; 8:2/9; 10:1/6; 12:2/9; 15:1/6; 18:1/18; 22:5/18;
28:4/9

2;1,4 3796109,/90000000 5:7/18; 7:1/3; 8:2/9; 10:1/6; 12:2/9; 15:1/6; 18:1/18; 22:5/18;
27:4/9

2;1,5 3981323,/90000000 8:1/3; 10:1/6; 15:1/6; 17:2/3; 18:5/6; 22:1/2; 27:1/3; 28:1/3

2;2,0 5416537/37500000 7:2/5; 8:3/5; 9:1/10; 13:2/5; 15:1/5; 17:1; 18:1; 22:1/10

2:2,1 5416537/37500000 7:2/5; 8:3/5; 9:1/10; 14:2/5; 16:1/5; 17:1; 18:1; 22:1/10

2;2,2 1157393/3750000 7:1/2; 8:1/2; 17:1; 18:1

2;2,3 4413489,/40000000 7:1/4; 8:1/4; 10:1/8; 15:1/8; 17:3/4; 18:7/8; 22:3/8; 28:1/2

2;2,4 4413489,/40000000 7:1/4; 8:1/4; 10:1/8; 15:1/8; 17:3/4; 18:7/8; 22:3/8; 27:1/2

2;2,5 3981323,/90000000 8:1/3; 10:1/6; 15:1/6; 17:2/3; 18:5/6; 22:1/2; 27:1/3; 28:1/3

2;3,0 219893/1875000 5:1/2; 8:1; 9:1/2; 15:1; 22:1/2; 23:1

2;3,1 219893/1875000 5:1/2; 8:1; 9:1/2; 16:1; 22:1/2; 24:1

2;3,2 18424903,/180000000 7:1/2; 8:1/2; 10:1/6; 12:1/3; 15:1/6; 17:7/6; 18:7/6; 20:1/6

2:3,3 4166537,/30000000 7:1/2; 8:1/2; 15:1/2; 17:1; 18:3/2

2;3,4 4166537,/30000000 1:1/2; 5:1/2; 7:1/2; 8:1/2

2;3,5 3981323,/90000000 8:1/3; 10:1/6; 15:1/6; 17:2/3; 18:5/6; 22:1/2; 27:1/3; 28:1/3

2;4,0 219893/1875000 5:1/2; 8:1; 9:1/2; 15:1; 22:1/2; 23:1

2;4,1 219893/1875000 5:1/2; 8:1; 9:1/2; 16:1; 22:1/2; 24:1

2;4,2 18424903,/180000000 7:1/2; 8:1/2; 10:1/6; 11:1/3; 15:1/6; 17:7/6; 18:7/6; 20:1/6

2:4,3 4166537,/30000000 1:1/2; 5:1/2; 7:1/2; 8:1/2

2;4,4 4166537,/30000000 5:1/2; 7:1/2; 8:1/2; 15:1/2; 18:1/2

2;4,5 3981323,/90000000 8:1/3; 10:1/6; 15:1/6; 17:2/3; 18:5/6; 22:1/2; 27:1/3; 28:1/3

2;5,0 219893/1875000 8:1; 9:1/2; 15:1; 17:1; 18:1; 22:1/2; 23:1

2;5,1 219893/1875000 1:1/2; 8:1; 9:1/2; 16:1/2; 18:1/2; 22:1/2; 24:1

2:5,2 1203113/90000000 5:1/3; 8:1/3; 10:1; 15:1; 18:2/3; 20:1; 25:1/3; 26:1/3

2;5,3 5462257 /135000000 1:1/9; 5:1/2; 7:4/9; 8:1/3; 15:4/9; 23:1/3; 25:1/9; 26:1/9

2;:5,4 5462257,/135000000 1:1/3; 5:5/18; 7:4/9; 8:1/3; 18:2/9; 24:1/3; 25:1/9; 26:1/9

2;5,5 1157393/3750000 7:1/2; 8:1/2; 17:1; 18:1

APPENDIX E. CITED STATEMENTS AND THEIR APPLICATIONS

This appendix lists the inputs from earlier work and the parameter substitutions at their
applications. Results proved here are not attributed to these sources.
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For integers k,n > 1, define

Py,(n)

P = [l +3) am) = i oy

For real X > 2, define
Frp(X)=#{1 <m <n <X :rad(Py(m)) =rad(Px(n))}.

The author’s earlier papers. Theorem 1 of [1] states that for every fixed integer k > 2, every
e>0,and X > 2,
Fk7k<X) Lk,e X2/3+e,
At k = 2, this is the earlier 2/3 baseline for F'(X). It is given for comparison only. No row below
uses it.
Lemma 2.1 of [1] states that for squarefree @ and X > 2,

#{1 <z< X :rad(z(z+1)) | Q} < 2@ 1og(2X),

with an absolute implied constant. For the Op row take Q = rad(n(n + 1)) and X = n. The

source equality of radicals gives the divisibility condition for every partner m. Also @ is squarefree

and Q <Y (Y +1). Thus 2¢(@) <, Y27, Choose the exponents of the logarithm and divisor loss

below the requested row loss. Then both are absorbed. No other uniformity in @ is needed.
Lemma 2.3 of [1] gives, for fixed £ > 2, X > 2, K > max(k,2), and 0 < n < 1,

#{n < X :qr(n) > K} <pp XK 4 K2(1 +log K)F1 4 X 1/2,
Lemma 2.4 of [1] gives
#{1 <m<n <X :q(m),qn) < K,rad(Py(m)) = rad(P(n))} <i K?log(2X).

Here X > 2 and K > 1, and k > 2 is fixed. The stronger lower restriction K > max(k,2) belongs
only to Lemma 2.3 above. These quotient-tail and Farey-spacing estimates are stated for context
only. Neither is a premise of the proof.

Theorem 3 of [1] gives, for every n > 0, uniformly for real H > 2 and 1 <V < H?,

B{H <t <2H :rad(t(t + 1)) < V} <, H C; n H7/12> .

For the outer low-radical estimate put H = Y/2 and V = Y5/3=50 For all sufficiently large Y,
H>2,V>1, and V/H? = 4Y~1/3-5% < 1. The right side becomes

(v/2)" (2Y2/3*50 + (Y/2)7/12) .

The common factor (Y/2)7 is kept. Fix a requested row loss € > 0. Choose the theorem parameter
below both £/2 and half the fixed gap 2/3 — Sy — 7/12 > 0. Then the display is O.(Y?/3~S0+¢),
These are the hypotheses and bound used in (4.1) and Appendix C.

Theorems 1.1 and 1 of the author’s earlier papers [2, 3] state, respectively,

Nl(X) <<E X7/12+E, Nl(X) <<6 X20/37+€’

where N1(X) counts primitive positive triples x +y = z with rad(zyz) < z and max(z,y, z) < X.
These theorems are cited for context only. The source rows below count equal-radical pairs of
consecutive-product arguments. They do not count primitive abc triples. So neither theorem
enters a row estimate.

The four-corner parametrization and the identities of Section 2 follow from the four ged defi-
nitions. They give the coordinates used below. Their derivation uses no further cited result.
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External results. We use Heath—Brown’s published [4, Lemma 2, p. 8]. Let G be an absolutely
irreducible bihomogeneous integer form of bidegree (a,b), with a,b > 1, and let X > 1. Then the
number of primitive pairs (z1,x2), (y1,y2) with G = 0 and max; |z;| < X is

Oa,b,E(XQ/b+EHGHE)‘

There is no size condition on the y-pair. Section 6 treats a factor with corner degree a. > 2 and
coefficient degree b, > 1. There the coefficient-lattice pair is first and the primitive corner pair is
second. The reductions in Section 6 make both pairs primitive. The first has radius O(71 + 1).
The transformed factor height is at most Y¢ for a fixed C. The source also gives Ty +1 < Y
for a fixed C’. The lemma with bidegree (by, a.) gives

O((Ty + 1)/ a2y =),

Fix a requested total loss 7 > 0. Choose a fixed exponent Agp > max(C,C’,1). Apply Heath—
Brown with 0 < & < 1/(4Anp). Then its per-cell loss is at most Y/2(T} + 1). Use the lattice
census with its own loss parameter 7/2. As 2/a. < 1,

(Ty + 1)%/0cteyCe < y24ume(T) 41) < YV2(T) +1).

Summation by (6.34) then gives the requested total factor Y. Section 5 uses the same pair order
and degree conditions. Its lattice census gets the separate 7/2 loss. Thus the hypotheses X > 1,
a,b > 1, primitivity and one-sided size hold in Sections 5 and 6.

Section 7 uses the same theorem for each absolutely irreducible factor there with a. > 2 and
by > 1. The pair order and the primitivity are the same. Let H7 be the fixed exponent in the
factor-height bound || F|| < Y7, The source bounds give Uy, Vi, N < Y for sufficiently large Y,
since Upg < f < M, V, <49 <4AM, M < Y9 guax < 1, and N = [Y%id] with agng < 1.
Set the temporary census loss parameter 7census = 1 in (7.30). This choice serves only the coarse
height bound below. Tt differs from the later allocated loss 7. Tt yields 3", (T3 ;+1) < Y*/2. After
raising the fixed lower threshold, every T} ; + 1 < Y3. This coarse bound serves only to give this
pointwise height cap. Set Agp = H7 + 3. For a requested total loss n > 0, take 0 < & < n/(2AuB)
in the Heath-Brown estimate. Then

(Thi + 1)%ecte|Flle < YHHDE(T, 4 1) < YT, + 1),

and (7.30) with loss parameter 1/2 pays for the cell sum. The combined loss is Y. Section 7
treats the cases a. = 0, a. = 1, and b, = 0 separately. The same result applies there.

The unnumbered theorem of Bombieri-Schmidt [5, pp. 69-70] reads as follows. Let F' € Z|x, y]
be an irreducible binary form of degree » > 3 and let A > 1. Then the number of primitive
integer solutions of |F(z,y)| = h is at most Cpgr't¥(") with absolute Cs. The 1989 correction
to their proof of Lemma 7 [6] changes no hypothesis of this theorem. In Section 6 the form is the
irreducible binary cubic ¢z — ¢p23. Its content and the common divisor of z, z are removed first.
The right side is nonzero. The theorem gives O(3!*“("1)) primitive solutions. The reducible case
occurs when both coprime coefficients are cubes. Section 6 counts it separately by factoring the
difference of cubes.

Tao’s Lemma 2.10 [8, Lemma 2.10] reads as follows. Let x be large. Let a, b be positive integers
and h a nonzero integer, all of polynomial size in x. Then

#{(n,m) € Z%, : an® + h =bm?, n <z} < z°0.

Sections 4-7 use the fixed-height Theorem B.1, proved in Appendix B. Tao’s statement is cited
as the precedent. The applications are as follows. In Section 4, the outer fibre (4.4) uses

(a,b,h,n,m) = (P, Qprod; Qprod — P,2n +1,2m + 1), r=2Y +1, Ap = 4.
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Here P, Qprod, |Qprod — P| < 4Y%, 2n+1 < 2Y + 1, and the shift is nonzero. In Section 5, the two
applications use, respectively,

(a,b,h,n,m) = (o, B,u, A, D), (a,b,h,n,m) = (v,6,t,B,C), z=2Y, Ay =2

The equations are «A?+u = SD? and YB?+t = §C?. Section 5 gives «, 3,u, v, 6,1t < (Y—|—1)21/20 <
(2Y)?and A, B <Y +1 < 2Y for Y > 2. Thus the fixed height exponent is Ay, = 2. The bounded
variables are A and B. In Sections 6-7, every corner-degree-zero use takes

(a,b,h,n,m)=(f,g,s,J,K), x=2Y, Ape = 2.

The source gives positive f,g,s, nonzero s, f,g,5 < (Y +1)2, and J,K <Y + 1. In the corner-
degree-zero branches the ordered residual factors first fix L. The selected shift is then counted
among s | L. As L has polynomial height in Y, for every n > 0 the divisor bound gives the
uniform estimate 74iv (L) <, Y. The proof here uses the self-contained Theorem B.1.

Reuss’s Theorem 1 is the determinant-method input behind this low-radical estimate; we use
the consequence stated in Theorem 3 of [1], as applied in Appendix C.
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