THE IRRATIONALITY EXPONENT OF SMALL-HEIGHT
BINARY LACUNARY SERIES IS 2

RUIYI ZHANG

ABSTRACT. Let N > 2 be an integer and let A; be nonzero rational numbers
with log H(\;) = 0(27), where H(u/v) = max(|u|,v) for u/v in lowest terms
with v > 0. We prove that 3°.5o AN =2’ is irrational and has irrationality
exponent 2. The proof uses Padé approximants to the tails > <, /\k+rz2r.
The two Hankel families they need satisfy parity recursions, so they are nonzero
for all nonzero weights. After the finite prefix of the series is cleared, the
approximants of order n give integer linear forms with height N(n+1/2)2"
and error N’("+1/2)2k7 up to factors eo(2"), Only finitely many orders are
used for each target exponent. The height condition cannot be weakened to
log H()\j) < C2J for any constant C' > 0: for every C some such weights give
exponent greater than 2, and for larger C positive integer weights can give a
rational number or a Liouville number.

1. INTRODUCTION

For an irrational real number &, its irrationality exponent is

6 -

& — p‘ < ¢~ " for infinitely many (p,q) € Z x Z>O} )
q

The pigeonhole principle gives () > 2 (see the end of Section 5). Write L = log N.
For a nonzero rational number in lowest terms, put

(1.1) H(u/v) = max(|ul,v), ueZ\{0}, ve€Zsy, ged(u,v)=1.

We show that equality holds for binary lacunary series with rational weights of
sufficiently small height.

Theorem 1. Let N € Z, N > 2, and let (\;);>0 be a sequence in Q\ {0} such that
log H(\;) = 0(27). Then the absolutely convergent series

> A A A A
_Z N2 _ M A A2 A
) x_j:OA]N SN Tt et s T

is irrational and satisfies p(x) = 2.

Geometric weights A\; = M, with A € Q \ {0}, satisfy the hypothesis because
log H(M) = O(j). Every sequence drawn in arbitrary order from a finite subset of
Q\ {0} also satisfies the hypothesis, since its heights are bounded.
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Duverney’s criterion [3, Corollary 3.4] already gives irrationality under this
height condition. For w; = N 2" its rationality exception would require

_ )2
AjAjt2 = wWiAj

eventually. Here log [\jAj12/A7, | = 0(27), whereas log w; = 27L, so the exception
cannot occur. Duverney [3, Theorem 3.2] also studies finite exponent bounds. For
related work, see his later paper [4].

Duverney, Kurosawa and Shiokawa [5, Theorem 1] consider signed series - €;/x;,
where x; > 1 are rational and ;41 > x? eventually. Their denominator condition
is
(1.3) 01 = den(z1), 0j41 = 5]2- den(xjﬂ/x?), log 641 = o(log x;),

where den is the reduced positive denominator. They conclude p(} e€;/z;) =
limsup; log 1/ logz;. For x; = N?/(t|);|) with a fixed rational ¢ > 0, the
ratio is t|A;|2/|\;j41]; the accumulated condition in (1.3) can fail even for a finite
set of weights.

Amou and Bugeaud [1, Lemma 3| give an earlier criterion for ) B;/A;, with
strictly increasing positive integers A; and nonzero integers B;. Their hypotheses
include ratios S; = (Aj11/|Bj+1])/(4;/|B;)? > 2 eventually and [[1_,d* " =
A;(l), where d; = den(S;) and dy = |Bi|; small heights alone do not imply this
cumulative arithmetic condition.

For unit weights, Shallit [8, Theorems 8-9] proved bounded partial quotients
when N > 3. For N = 2, he states the corresponding result for 2Zj>0 2-% 8,
Theorem 11 and following example]. He also states a recursion for weights (—1)
when N > 3 [8, Theorem 12].

For nonzero integral geometric weights, Bugeaud, Han, Wen and Yao [2, The-
orem 2.1] give exponent 2: g(z) = Y. ,5,A"2% 7! has integer coefficients, satis-
fies g(z) = 1+ Azg(2?), and has nonzero Hankel determinants of every order by
Lemma 2.1. The multiplier Az is nonzero on the orbit of 1/N. The same theorem
covers periodic rational weights. If the period is p > 1 and Dpe; € Z clears the de-
nominators, then f(z) = Dper 355 \j2¥ =1 € Z[[#]] converges in the unit disk and
satisfies f(2) = P(2) + 22"~ f(2?") with P € Z[2]. Lemma 2.1 gives every Hankel
order, and z2"~1 does not vanish on the orbit of 1/N. Since z = f(1/N)/(DperN),
[2, Theorem 2.1] gives p(z) = 2. Su [9, Theorem 7.3] gives a formal continued
fraction for .-, ¢;j2¥ =1 with ¢y = 1 and nonzero ¢; in any field.

Rajchert [7] and Su [9] study related questions on irrationality exponents and
continued fractions of Mahler-type series. None of our results depends on these
works; apart from standard facts, every step is proved here.

For geometric weights, Mahler’s method also gives transcendence [6, Corollary 2].
The series F(z) = >_,5,A\"2?" has radius 1 and Hadamard gaps, so it is transcen-
dental over C(z). It satisfies F((z) = z + AF(2?); the matrix of the system for
(1,F(2))T and its inverse have polynomial entries. The orbit of 1/N therefore
contains no singular point.

Our proof uses moving tails and their Hankel recursions. After clearing the finite
prefix, adjacent Padé approximants give integer pairs with nonzero determinant.
For each target exponent the finite set of orders is fixed first, so all coefficient costs
are o(2%) at tail shift k. Section 6 shows that the height scale is sharp.
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Throughout the proof write

/\j = uf]:, u; € Z \ {0}, v € Ly, ng(u]’,Uj) =1,
(1.4) vj
hj = log H()\])
In particular,
(1.5) e M <N < el

The upper bound and h; = 0(27) give absolute convergence of (1.2). The moving
tails are

(1.6) Fe(2) = Meyrz®,  Frl2) = Mz + Fiqa(27).

r>0

For each fixed k, the series converges absolutely for |z| < 1.

2. HANKEL DETERMINANTS

Put
_ ) _ (k) i
(2.1) gr(2) = = = gai i
By (1.6),
(2.2) al =N, d =0 (i>1), o), ="V (@@>0).
Define
(2.3) H = det(agi)j)ogi,j@, H(()’“) -1,

K = det(a®, | Docijen, K =1.

n

Lemma 2.1. For all shifts k > 0, the determinants satisfy

k m
(2.4) HyY) = (—1)™(HEHD)? (m > 1),
k m
(2.5) HyW = (—1)™ A (D)2 (m > 0),
(k) _ pr(k+1) g-(k+1)
(2.6) K® = Hi 3 K (n>1).

In particular, Hy(,k)Kf,k) # 0 for every n,k > 0.

Proof. Ordering rows and columns by parity makes the two permutation signs can-
cel. For HQ(Q, the matrix becomes
AeEoo A k+1
< AT 0/’ A= (ai-&-s ))OST,S<m7
where Fyo has its sole nonzero entry 1 in the upper left corner. Exchanging the

two blocks of m columns contributes (—1)™" = (—1)™ and leaves diagonal blocks
A and AT. This proves (2.4).

For Hg(ﬁz 11, separate index 0, the remaining even indices, and the odd indices.
The case m = 0 gives Hl(k) = A\;. For m > 1, put

a= (aék+1), .. a(kH))T, Gm = ( (k+1)

9 Ym—1 m ar+5+1)0§r,s<m'
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The matrix is

)\k O aT
(2.7) 0 0 Gn
a GI' 0

Since A\ # 0, pivoting on the first entry gives the Schur complement

0 Gm
Gl -\, 'aa" )"

For square blocks of size m, column exchange gives

(2.8) det (g §> = (—1)"det Bdet C.

The determinant of (2.7) is (—1)" Ak (det G,,)?, proving (2.5).
For Kflk), the mixed parity blocks vanish by (2.2). The diagonal blocks are
k+1 k+1
(@ ogracrz @ o<rscinga)-
This proves (2.6). Strong induction on n, simultaneously for all &, starts from
HY =Kk =1, BY =N, K =0
Every remaining factor has smaller size, so all determinants are nonzero. (I

Only offsets 0 and 1 are needed; other Hankel determinants may vanish, since
agk) = 0. The weights may have either sign. For geometric weights, gr = Ago;
writing H,, = HT(LO) and K, = K,(LO)7 the recursions specialize to

Hyp = (—1)™N™H? Hopyp1 = (=1)™N™MK2 Ky = AN"Hip o1 K 02
3. PADE APPROXIMANTS TO THE MOVING TAILS

Lemma 3.1. For each n > 1 and k > 0, there exist a positive integer d,  and
polynomials Uy i, Vo i € Z]2] with

(3.1) deg Uy, i, deg V,, 1 < n, Vo k(0) =dp i >0,
such that
(3.2) Epi(2) = Vou(2)Fr(2)—U,r(2) = cn,kz2”+1+0(z2”+2), enk € Z\{0}.

They can be chosen so that, for each fixed finite set of orders, all their coefficients,
dn k. and |c, | are at most exp(o(2¥)), uniformly over that set as k — oo. They
also satisfy the exact identity

(33) Un+1,kVn,k - Un,kvn+1,k = Qn,k22n+17 Qn,k = dn+1,kcn,k €z \ {O}
Proof. Fix n,k. By Lemma 2.1, the system

n—1
k k .
(3.4) Za§+)jbi = fagl_aj (0<j<n)
i=0

has a unique rational solution. For a power series W, the notation [W].,, retains
only powers below n. Put

n—1
(3.5) Pok(T) =T"+ > bT'  Quil(z) = 2"pni(1/2),
=0

(3.6) P i(2) = 2[Qnk(2) gk (2)] <n-
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Both polynomials have degree at most n, and @, x(0) = 1. Here [2‘]WW denotes the
coefficient of z¢ in W.
Define the linear functional Ly (T7) = agk). For n < £ < 2n, (3.4) gives

(21 (Qnkgr) = Lu(T" "pp i) = 0.

At ¢ = 2n, the bordered determinant formula gives

(k)
Ly (T"pp k) = alf) — hT(a(,k).)i1 h= s
(3.7) L 2n i+j/i,j<n H}Lk) )
h=(®, . . a7
Hence
H(k)
(38) Qn,ka — Pn,k = ﬁ22n+1 + 0(2271-5—2).
n

We choose the integerizer explicitly, because its size enters the height. Set

én en
(3.9  ln=[logs2n+1)],  Dpp=[[vk+rr  Sok =) it
r=0 r=0

(k)

i

(3.10) Dpp = det(Dn,kagi)j)OSi,j<m dn,k = Dn i |Dn k|-

Every Dy, ra; ’ with 0 <17 < 2n is an integer. Let

The determinant ©,, j is a nonzero integer. Cramer’s rule in (3.4) shows that every
coefficient of dy, @k is an integer multiple of D,, ;.. Consequently

(311) Un,k = dn,k:Pn,lw Vn,k: = dn,an,k

are integer polynomials. The coefficient of degree 2n + 1 in V,, 1 F}, — U,, i, is also
an integer: all coefficients of F} needed at that degree have denominator dividing
D, k. By (3.8), it is

H*
_ n+1
(3.12) Cn,k = dn,kiHT(Lk) 75 0.

In particular, |cp k| > 1.
Next we bound the sizes in Lemma 3.1. Write ¥ = %,, ;. Then

Dyx < €”, |Dn,ka§k)| <e? (0<i<2n).
Expansion of the determinant, and of the integer Cramer numerators, gives
1< [Dy ] < nle®™,
(3.13) 1<dni < n!e(2"+1)2,

b < (et 1teni2®,

max {m?x 12Uk max 12 Vikls €nk

For the last line, a coefficient of U, or the leading error is a convolution of at
most n + 1 terms; a coefficient of F contributes at most e*. The division by
D1 cancels when the Cramer solution is multiplied by d,, . Since n is fixed and
h; = 0(27), ¥, = 0(2F), uniformly over finitely many orders. The polynomials,
their integerizer and ¢, ; depend only on the weights in (3.9); the remainder E,, j
depends on the whole tail.
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Finally, the polynomial on the left of (3.3) has degree at most 2n+1. Substituting
Ujr = VjrFi, — Ej . shows that it has no terms below degree 2n + 1, and that the
coefficient at that degree is dp41 xcnr # 0. Thus it is exactly the monomial in
(3.3). O

We evaluate at a point that moves with k. Put
hs
(3.14) A =2k, y=N"4, £ = SUp =2.
>k 2
The hypothesis gives €, — 0. Moreover,
(3.15) > hj=o(2").
i<k
Given p > 0, choose J such that h; < p27 for j > J. The fixed sum before J,
divided by 2¥, tends to zero, and the remaining sum divided by 2 is at most p.

Lemma 3.2. For any fized finite set of orders, uniformly over that set as k — oo,

(3.16) Qnk(y) = 1+ O(exp(~LA + o(A))),

(3.17) Epk(y) = cupy®™ ! (14 O(exp(—LA + o(A)))) .

In particular, Vi, k(y) > 0 and E,, ;(y) # 0 for all sufficiently large k, and
(3.18) log |E, k(y)] = —(2n+ 1) LA 4 o(A).

Proof. The integer Cramer numerators used above have absolute value at most
nlexp(2nX,, i), and their denominator is a nonzero integer. Thus the nonconstant
coefficients of @, have size exp(o(A)). Since y = exp(—LA), their finite sum
proves (3.16). Also V;, k = dp £Qn. i with dp, 1 > 0, proving eventual positivity.
Fix n, and split F}, after the terms with r < £,,. The first omitted exponent is

tn =201 > 2n 4 1
For every r > 0, the definition of ¢, gives
Nkrly® < exp(—(L —ex)A27).
For all sufficiently large k, L — e, > L/2 and

Z |/\k+r\yzr < Zexp(f(L — 5k)Atn25)

r>ln+1 s>0
(3.19) < 2exp(—(L — ex)Aty) = exp(—Lt, A + o(A)).

The second inequality uses 2° > s+1 and, for large k, the geometric ratio exp(—(L—
er)At,) < 1/2.

Multiplying the finite part by V,, ; and subtracting U, ; gives a polynomial
whose leading term is ¢, ,2?"T!. All its subsequent terms have degree at least
2n + 2 and coefficients of size exp(o(A)) by (3.13). At y, their sum is therefore at
most exp(—(2n+2)LA 4+ o0(A)). The omitted part, after multiplication by V;, x(y),
is bounded by (3.19) with an additional factor exp(o(A)). Since ¢, > 2n + 2
and |c, kx| > 1, both parts, relative to cn,kyQ”H, have absolute value at most
exp(—LA 4 o(A)). This proves (3.17), and the factor in parentheses is eventually
nonzero. Finally, 0 <log|c, x| = o(A) proves (3.18); there are finitely many orders,
so all bounds are uniform. (]
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4. MOVING-TAIL ITERATION AND INTEGERIZATION

Fix k > 1, so that N2/2 below is an integer, and retain A = 2%, y = N8,
Repeatedly splitting (1.6) gives the exact identity

k—1
_ _ Uj
(4.1) =S+ Filw),  Si=)
7=0
Define
(42) Ck :lcm(vo7...,vk71), Tk = CkNA/2, Jk :TkSk

All three are integers: for j < k, v; divides Cj and 27 < A/2. Equations (3.15)
and (4.2) give

(4.3) 0 <logCj < Z h; = o(A), logT), = LA + o(A).
i<k
Put
(4.4) Un e = N U 1(y), Vik = N™2V,, 1 (y),
B = Tk‘N/n,m Apg = Jk‘N/n,k + T1Up -

The degree bounds give integer evaluations and hence integer pairs A,, j, By, ;. For
all sufficiently large k in a fixed finite order set, B,, ;, > 0 and

An n
k_g Un i (y)

(4.5) Bor = Sk Vo r(y)

(4.6) Bt — An g = TeN"  Ep i (y) # 0.
Put

(4.7) Tk = (n+ 2)LA.

Write the relative error in (3.17) as ry, = 0(1). Then

(4.8) By i = Cdn ie™* Qn i (y),

(4.9) Byt — Ap g = Crenpe” ™ (1 + 7).

Every additional logarithm in these two expressions is 0(A), uniformly over a fixed
finite set of orders. Hence

(410) 1Og Bn,k) = Tn,k + O(A)7

(411) 10g |Bn,kx - An,k| = —Tn,k + O(A)7
Ap

(4.12) log |z — =K | = —27, , + o(A).
Bn,k

The individual factors have logarithmic size

quantity | logarithmic size at fixed n
Tk %LA + O(A)
NnA nLA
dn,kv ‘Cn,k| O(A)
Vo (y) o(A)
|Enk(v)] —(2n 4+ 1)LA 4+ o(A).
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The prefix costs %LA, and the factor z in Fj, = zgy raises the error order to 2n+1;
the two halves balance, since 2(n + 3) = 2n + 1. Also |4, x| < |2|Byi + |Bogz —
Ay k|, so A, i obeys the same height bound.

The adjacent identity (3.3) gives

(4.13) Api1 6Bk — ApiBni1r = CEN2Q, 1 # 0.
The two terms containing Jj, cancel, leaving
TENC O (U1 k() Ve (¥) = Unie () Va1 (1))
_ CzN(2n+2)AQn ky2n+1 _ C]%NAan

Hence, for every (p,q) € Z X Z~q, the two integers
(4.14) B kp — qAn ik, Bpni1,kp — qAny1k

cannot both vanish.

5. PROOF OF THEOREM 1

First fix n = 1 and let K — oco. By (4.6) and (4.11), the forms B; pz — A
are eventually nonzero and tend to zero. If x = a/b were rational, with a € Z and
b € Z~q, then

b(Bykxr — A1) = Biga —bAi i
would be a nonzero integer tending to zero, a contradiction. This proves irrational-
ity.

For the upper bound we use a fixed finite set of orders. Fix an integer M > 1
and use primary orders M < n < 2M, each with companion n+ 1. The whole order
set is therefore

(5.1) B={M,M+1,...,2M +1}.
Put

5.2 =14+ ——-.
(52) v =t e
Order the primary scales 7, ; by increasing k, and then increasing n. This is their
numerical order, because the largest scale in one block is (2M + %)LQ’“ , and the

first in the next is (2M + 1)L2F. Within a block, successive ratios are at most

M+3/2 N
M+12 M
At a block transition the ratio is
2(M +1/2)
—= < ayp.
2M +1/2

The companion scale also satisfies 7,415 < QprTh k-

Fix 0 < n < 1. Since the order set B is finite, (4.10) and (4.11) hold beyond one
common threshold. For each sufficiently large primary scale 7 = 7, , its two rows
i =n,n+ 1 satisfy

(5.3) 0 < B <exp((am +mn)7), |Bi kx — A | < exp(—(1—n)7).

The companion has a larger scale, which only improves its error. Since 7 is a fixed
multiple of A for each order in the order set B, the o(A) terms are absorbed once
M and n are fixed.
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Let g be any sufficiently large positive integer. Choose the first primary scale for
which

log(4
(5.4) ;> oeda)

L=
For sufficiently large ¢ it has a predecessor beyond the common threshold. The
scale-ratio bound therefore gives

1—n 1—n

Set
o (o + 1)
5.6 _ amlam +n)
(5.6 g oo
For both selected rows, (5.3)—(5.5) imply
1

(5.7) B, < (49)°, q|Birxr — Aj k| < 1

Suppose p € Z and

(5.8)

r— P' < 4= B+ = (+5)
q
For i = n,n + 1, the integer I; , = B; xp — qAi  satisfies

Ili,k| < Bikq ‘p — x| +q|Birr — A il
q
1 1
(5.9) < (4q)ﬂq4—(ﬂ+1)q—(1+5) + 173

Both integers would vanish, contrary to (4.13). Hence the reverse of (5.8) holds
for every integer p and every sufficiently large ¢, whether or not p/q is reduced or
equals a selected approximant.

Let v > 2. Since ap — 1, choose M such that 1+ a2, < v, and then choose
n > 0 small enough that 1 + 8 < v. With these choices fixed, the proved lower
bound

T p‘ > 4= (B+1) = (1+5)
q
is larger than ¢~% for all sufficiently large ¢. Only finitely many pairs with the
remaining denominators can satisfy |x — p/q| < ¢7%. Thus u(z) < v, and letting v
decrease to 2 gives u(x) < 2.

The choices have the order

(5.10) (()\j)jzo,N) — v>2 — Mn,B — ko,q0o — (p,q) — k,n.

The thresholds kg, go depend on the sequence and its little-o modulus.

For the reverse bound, fix an integer R > 1 and partition [0,1) into R intervals
of length 1/R. Two fractional parts among {jz}, 0 < 7 < R, lie in one interval.
Their difference gives integers p, ¢ with

1<q<R,  |gz—pl<1/R, T— =< — <

q| R T ¢*
Since « is irrational, for each fixed D the finitely many distances ||gz||, 1 < g < D,
have a positive minimum mp > 0, where ||¢|| denotes distance from ¢ to the nearest

D ‘ 1 1
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integer. For R > 1/mp, the inequality |gz — p| < 1/R forces ¢ > D. These
denominators are unbounded as R — oo, and p(z) > 2. O

6. SHARPNESS OF THE HEIGHT SCALE

The little-o condition cannot be replaced by a bound log H(\;) < C, 27 with any
constant C, > 0. Below, small coefficients give exponent greater than 2, and the
coefficient %L gives both a rational and a Liouville sum.

Fix 0 < 6 < 1/3, and put

(6.1) m;=1027], A =NCVM e =2 (—1)im,.
The weights are positive rationals, with
(6.2) log H(\;) = m;L = 0L27 + O(1).
The associated sum has the exact digit expansion

T = Z N~¢,

Jj=0
The exponents are strictly increasing: for odd j,
ejr1—ej =2 —m; —mj > (1-30)27 >0,

and for even j their difference is 2/ +m; 4+ m;41 > 0. The gaps tend to infinity, so
the expansion is not eventually periodic and z is irrational.

Let p;/q; be the truncation through index j, in lowest terms. Its denominator
is exactly ¢; = N, because its numerator is 1 modulo N and hence is coprime to
every prime dividing N. The increasing integer exponents give

D; N €+t

(6.3) 0<az—"<

L <N,
q; —1-N-1~—

Along even indices,
et 2(1+9)
€ 1-6
For every v < 2(1 +6)/(1 —0), (6.3) is less than ¢; at all sufficiently large even
indices. Consequently

> 2.

(6.4) p(x) > 2(1%—'_90) > 2.

Equivalently, for each 0 < k < L/3 this gives
2(L+ k)
L—k

Given any C, > 0, choose 0 < k < min(Cy, L/3). Then the same weights satisfy
log H()\;) < C.27 for all j, but their sum has exponent greater than 2.
A rational sum is possible with positive integer weights. Set

log HO) ~ k2, () >

(6.5) N=N-1, XN=N""_-1 (>1).
For j > 1,

J

NN2 =N N
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so the partial sums telescope:
m .
S AN =1-N"
§=0

The infinite sum is therefore 1, whereas
1 .
(6.6) log H(\;) ~ §L 27,

The same coefficient also allows a Liouville number. Keep A\g = N — 1, and
replace the later weights by

~ i1 )
)‘j = NQJ -1+ 1{j:7‘2 for some r>1} (.7 > 1)

These are again positive integers and satisfy (6.6). Their sum is

-2
T=14¢&n, EN:ZN_Q .

r>1
Its digit expansion is not eventually periodic, so £y is irrational. The truncation

2
through » = R has reduced denominator qg = N 2 , since its numerator is 1
modulo N, and

R
(R+1)2 _92R+1

0<ey— S N2 <onN2" g
r=1
The same bound holds after adding 1. Since 22f+! — oo, this proves u(z) = oco.
The height condition is not necessary for an individual series. For example, given
an integer b > 2, the weights \; = b2 have log H(\;) = (logb)27, but their sum
equals > j>0(N b)~%'. Theorem 1, applied with base Nb and constant weights 1,
gives exponent 2 for that sum.

USE oF AI TOOLS

The author devised the main argument. Codex (OpenAl, GPT-6 Astra) carried
out exact checks of the Hankel identities and searched the literature. Claude Code
(Anthropic, Claude Opus 5.5) reviewed the arguments and references. The author
takes responsibility for the proof and references.
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