
IMPROVING THE STEWART–YU BOUND FOR ALL ABC
TRIPLES

RUIYI ZHANG

Abstract. We prove that log c < AR1/3 exp(− logR/(3000 log logR)) for co-
prime positive integers a + b = c, where R = rad(abc) and A is absolute
and effectively computable. The proof combines estimates at maximal prime
powers with a growing number of auxiliary primes in a rational logarithmic
form.

1. Introduction

For positive coprime integers a + b = c, put R = rad(abc). The abc conjecture
predicts c < KεR

1+ε for every ε > 0. It remains open. Stewart–Yu [5, p. 226]
proved log c < R2/3+C/ log logR for c > 2. Their later bound [6, Theorem 1, p. 170]
is log c ≪ R1/3(logR)3, effectively. We prove the following.

Theorem 1. There is an absolute effectively computable A > 0 such that

(1.1) log c < AR1/3 exp

(
− logR

3000 log logR

)
for all positive integers a+ b = c with gcd(a, b) = 1.

Equivalently, log c < AR1/3−1/(3000 log logR), where the exponent tends to 1/3
from below as R → ∞. Except for (1, 1, 2), one has R ≥ 6 and log logR > 0. In
particular, log c ≪ R1/3 effectively. For R ≥ 6, Pasten [3, Theorem 1.4] bounds
log c by Pmin exp(κP

√
logR log logR). Here Pmin = min{P (a), P (b), P (c)}, P (n) is

the largest prime factor and P (1) = 1. For a ≤ c1−ϑ and fixed ϑ > 0, he bounds
it by ϑ−1 exp(κP

√
logR log logR), with an absolute κP > 0. These improve the

bound in restricted regions. Neither displayed estimate gives an improvement over
the Stewart–Yu bound log c ≪ R1/3(logR)3 for all triples in terms of R alone.

Put
(1.2) H = log c, W = logR, L = 1 +W, X = R1/3.

Let Mi, si,∆ be as in Section 3. Let CT be the effective constant in (3.5) and put
CP = 100000CV , with CV defined in (4.1). On N in (3.1), we use

(1.3) H < CTXL2∆−2/9, H < CPXL10 exp

(
− W

156 logW
+

11

3
log∆

)
.

The second holds for W ≥ W0 when log∆ ≤ (3/1820)W/ logW . At this boundary
both rates equal 1/2730 > 1/3000. Section 6 gives an effective common thresh-
old. Stewart [4, Section 4, (4.13)–(4.14)] introduced the growing auxiliary-prime

Date: November 13, 2026.
2020 Mathematics Subject Classification. Primary 11D75; Secondary 11J86, 11D61.
Key words and phrases. abc conjecture, radical, effective bounds, p-adic logarithmic forms.

1



2 RUIYI ZHANG

construction. Section 4 bounds the cofactors ui used in applying this construction
to additive triples. For earlier p-adic estimates, see [7]. The use of AI tools is
described at the end of the paper.

2. Known estimates

All logarithms are natural. Write ω(n) for the number of distinct prime divisors
of n, with ω(1) = 0, and π(x) for the number of primes at most x. For reduced
x/y, put h(x/y) = logmax(|x|, |y|). Write T (z) = max(1, h(z)) for rational z. The
valuation satisfies vp(p) = 1 and |x|p = p−vp(x).
Fact F1 ([6, Theorem 1, p. 170, (5)]). There is an absolute effectively computable
S ≥ 1 such that
(2.1) H ≤ SXW 3.

Fact F2 ([6, Lemma 2, p. 173, and (10), p. 172]). For rational p-units α1, . . . , αn,
integer exponents |bi| ≤ B0, B0 ≥ 3, and Θ =

∏
i α

bi
i − 1 ̸= 0,

(2.2) vp(Θ) <
p

log p
(c9n)

2n
∏
i

max(h(αi), log p)

log p
logB0,

where c9 > 0 is absolute and effectively computable.
In K = Q(α0) of [6, Section 2, (10)], the ramification index at p is 1, including

p = 2; hence ordp on Q agrees with vp. Independence is not required, and a base
−1 is allowed.
Fact F3 ([1, Proposition 5, p. 517], corrected in [2]). Put K0 = 300(16e)8. Let
m ≥ 1 and let Γ be generated by distinct primes q1, . . . , qm and −1. The primes
form a basis for Γ/Γtors. If ξ ∈ Γ and ξ ̸= 1,−1, then

− log |1− ξ| < Km
0 logmax(e, h(ξ))

∏
j

log qj ,(2.3)

− log |1− ξ|p < Km
0

p

log p
logmax(e, ph(ξ))

∏
j

log qj .(2.4)

Lemma 2.1 (Specialisation of the group estimate). Proposition 5 of [1], with the
sign corrected in [2], gives (2.3)–(2.4) under the hypotheses of Fact F3.
Proof. Apply Proposition 5 of [1], with the sign corrected in [2], with K = Q and
the parameter α = 1 in [1]. The group has positive rank, and h(ξ) ≥ log 2 > 0.
Its constant is 48(16e)8 for m = 1. For m ≥ 2, the specialized coefficient 2(m +

1) logmax(e,m)(16e)3m+5 is at most 4m(16e)8m ≤
(
8(16e)8

)m, since m + 1 ≤ 2m,
logmax(e,m) ≤ 2m−1 and 3m + 5 ≤ 8m. The factor for the real place is at most
F = 4/ log 2 > 1. For m ≥ 2, F

(
8(16e)8

)m ≤
(
(32/ log 2)(16e)8

)m
< Km

0 . For
m = 1, 48F < 300; both comparisons follow from log 2 > 2/3. □
Fact F4 ([4, Lemma 3.1, pp. 301–302]; [8, Main theorem, (1.18), p. 321]). Let
p ≥ 5, n ≥ 7, and ℓ = log p. For independent rational p-units αi and integers bi,
not all zero, put Be = max(2, |b1|, . . . , |bn|). If

∏
i α

bi
i ̸= 1, then

vp

(∏
i

αbi
i − 1

)
< 376

√
n+ 1 [4 + log(n+ 1)]

(
7e

p− 1

p− 2

)n∏
i

h(αi)

·max (p(n/ℓ)n, enℓ)max
(
logBe, 5.4n(n+ 1)

)
.

(2.5)



IMPROVING THE STEWART–YU BOUND FOR ALL ABC TRIPLES 3

Lemma 2.2 (Specialisation of the growing-rank estimate). Under the hypotheses
of Fact F4, estimate (2.5) follows from its cited sources.

Proof. Stewart’s derivation uses the constants 1794 and 5.25. Yu’s published ratio-
nal case has 1790 and 5.84; with these constants, the bound G1 ≤ 5.4n(n+1) used
here holds for n ≥ 7. We derive this range directly from Yu [8]. Use [8, (1.9), (1.11),
(1.13), (1.28), (1.30)–(1.31)] with d = f = ep = 1 and Yu’s parameters qY = 2,
quY

Y = 2. Relabel a minimum-valuation exponent last, as (1.17) requires. We retain
5.84 throughout and use the upper bound 1790 ≤ 1794. Put Qn = 4 + log(n + 1)
and Me = max(logBe, 5.4n(n+ 1)). Then

G1

n+ 1
< 4n+ 6 + log(4n+ 6) ≤ 5.4n (n ≥ 7).

The last inequality holds at 7, and its difference increases. Since h(αi) ≥ log 2 and
the auxiliary quantity in [8, (1.15)] equals log 2 log 3/ log 6, the first term of h(1) is
at most

logBe + log(2 log 3/ log 6) < logBe +
1
4 < 1.001Me.

Yu’s additional term logB◦, where B◦ = min{|bi| : bi ̸= 0}, satisfies logB◦ ≤
logBe ≤ Me. Hence h(1) ≤ max(1.001Me, (n + 1)ℓ). The saturated residue-group
index δ(α) is at least 1. Yu’s main theorem uses the heights of the original inde-
pendent tuple in both Kummer cases; we only enlarge p/δ(α) to p. Yu’s first bound
is consequently at most

1794

(
7
p− 1

p− 2

)n
(n+ 1)n+1

2n!ℓ2

∏
i

h(αi)

·max (p(n/ℓ)n, enℓ)max(Qn, ℓ)max(1.001Me, (n+ 1)ℓ).

Use Stirling’s inequality (n + 1)n+1/n! ≤ en+1
√
n+ 1/

√
2π. Also max(Qn, ℓ)/ℓ ≤

Qn/ log 5 and max(1.001Me, (n+ 1)ℓ)/ℓ ≤ 1.001Me/ log 5. Finally,
1.001 · 1794e
2
√
2π(log 5)2

< 376.

For this comparison one may use e < 2.718282, log 5 > 1.609437, and
√
2π >

2.50662. This gives (2.5) from the published constants for n ≥ 7. □

Put CH = 6 + logS. By (2.1), if h(ξ) ≤ H and 1 ≤ y ≤ R, then
(2.6) logmax(e, yh(ξ)) ≤ CHL,

since log(RH) ≤ logS + 4W/3 + 3 logW ≤ CHL and CHL ≥ 6. For fixed γ > 0,
define the effective constants

Uγ =
⌈
max(1, 4/γ2, 2 logK0/γ)

⌉
,

Cγ =
∏

q<eUγ

q prime

max

(
1,

K0 max(1, log q)

qγ

)
.(2.7)

For every squarefree J ,

(2.8) G(J) := K
ω(J)
0

∏
q|J

log q ≤ CγJ
γ , G(1) = 1.

For ζ = log q ≥ Uγ , logK0 ≤ γζ/2 and log ζ ≤
√
ζ ≤ γζ/2. Multiply over the

primes dividing J .
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3. Maximal prime powers

Arrange a ≤ b. For each nonunit side i ∈ {a, b, c}, put

Mi = max
q|i

vq(i), si = min{q : vq(i) = Mi}, ui = i/sMi
i , Ei = rad(ui).

By definition, si ∤ ui. On a2 > c, all three sides exceed
√
c. Put

xi = log si, Hi = Mixi, ∆ = EaEbEc, Ji = ∆/Ei, Ω = log∆.

Consider the range
(3.1) N = {a2 > c, s39i > R10 for every i}.
On this range,

R = sasbsc∆, JaJbJc = ∆2,(3.2)
10

39
W < xi <

19

39
W, Ω <

9

39
W < xi, log rad(i) <

19

39
W, Hi >

5

19
H.(3.3)

We have xi ≤ W − xj − xk < 19W/39 and log rad(i) ≤ W − xj − xk; summing
the three lower bounds gives Ω = W − xa − xb − xc < 9W/39. Maximality gives
Hi ≥ xi log i/ log rad(i) > (10/19) log i > 5H/19. Also R ≥ 30, W > 3 and
W > 3L/4. The actual ratios
(3.4) ξa = b/c, ξb = a/c, ξc = −a/b

have height at most H and satisfy vq(1− ξi) = vq(i) for q | i.
Set

(3.5) CU = 2CHC1/6, CS =
2CHK2

0C1/26

(log 2)2
, CT =

741

50
CHK2

0C1/6.

If a2 ≤ c, apply (F3) at infinity to ξ = b/c. Here − log(1 − ξ) ≥ H/2. Equations
(2.6)–(2.8) give

(3.6) H < CUXLe−W/6.

This includes unit sides and a2 = c. If a2 > c and some s39i ≤ R10, choose
p = si = min{sa, sb, sc}; then p39 ≤ R10. Since log i ≤ Mi log rad(i) ≤ MiW and
log i > H/2, maximality gives H < 2WHi/ log p. Apply (F3) to the full off-side
prime basis in (3.4):

Hi < CHK2
0C1/26

p

log p
LxjxkJ

1/26
i ≤ CHK2

0C1/26
p

log p
L3R1/26.

Since p ≤ R10/39 = XR−1/13,
(3.7) H < CSXL4e−W/26.

On all of N , (F3) together with (2.8), with γ = 1/6, gives
xjxk

xi
≤ 39

10
W, C∗ =

39

10
CHK2

0C1/6,

Hi < CHK2
0C1/6L

si
xi

xjxkJ
1/6
i < C∗siL

2J
1/6
i .

Multiply and use (3.2)–(3.3):

(3.8)
∏
i

Hi < C3
∗RL6∆−2/3, H < CTXL2∆−2/9.

There is no restriction on ∆ in this estimate.
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4. Cofactors of the maximal prime powers

Assume the triple lies in N . Put κ = max(1, c9) and F (n) = (κn)2n. Choose an
integer m0 ≥ 7 with log(m0 + 1) ≥ 8 log κ+ 10. Define

(4.1) CF = max

(
1, max

0≤m<m0

F (m+ 3)

((m+ 1)!)3

)
, CV =

(CH + 2)CF

4(log 2)3
.

Then CV ≥ 1, since CF ≥ F (3) ≥ 729. For squarefree J with m = ω(J), one has
J ≥ (m+ 1)!. Integration gives log((m+ 1)!) ≥ (m+ 1) log(m+ 1)−m. It follows
that

log
F (m+ 3)

((m+ 1)!)3
≤ (3−m) log(m+ 1) + 2(m+ 3) log κ+ 3m+ 4 +

8

m+ 1

≤ m
[
− 1

2 log(m+ 1) + 4 log κ+ 5
]

(m ≥ 7).

The last expression is nonpositive for m ≥ m0. The finite maximum handles
m < m0, including 0. Consequently,

(4.2) F (3 + ω(J)) ≤ CFJ
3.

Let l | Ei. Represent ξi using sj , sk, every prime dividing Ji, and the sign.
These bases are l-units. Their coefficients are at most B0 = max(3,H/ log 2), with
logB0 ≤ (CH + 2)L. Since log l ≤ Ω < xj , xk, the two factors for sj , sk in (2.2)
have product at most L2/[4(log 2)2]. Each remaining prime contributes

max(1, log q/ log l) ≤ max(1, log q/ log 2) < q.

The sign contributes 1. Apply (F2), (4.2) and l/ log l ≤ Ei/ log 2:

(4.3) 1 ≤ vl(i) < CV L
3EiJ

4
i ≤ CV L

3∆4.

Every residual exponent is included, also at l = 2. For distinct sides j, k, this yields

(4.4) T (uj/uk) ≤ CV L
4∆4.

If uj > 1, log uj ≤ maxl|uj
vl(j)Ω and Ω < W < L; if uj = 1, log uj = 0. Likewise

for uk. Coprimality gives h(uj/uk) = max(log uj , log uk); use CV ≥ 1 for T (uj/uk).

5. Auxiliary primes in the local estimate

Lemma 5.1. Let p, q, r be distinct primes, ℓ = log p, and Λ = log ℓ ≥ 106. Suppose
ℓ ≤ log q, log r ≤ 2ℓ. Let wq, wr be coprime positive integers with gcd(wqwr, pqr) =
1 and ω(wqwr) ≤ ℓ. For 1 ≤ Nq, Nr ≤ p2, σ ∈ {1,−1}, and a nonzero difference,

(5.1) vp(wqq
Nq − σwrr

Nr ) < 25200pℓ5T (wq/wr) exp

(
− ℓ

52 log ℓ

)
.

Proof. Write β for the valuation and z = (wq/wr)q
Nqr−Nr > 0. If β = 0, the

result follows. For σ = 1, take ν = 1. For σ = −1, take ν = 2; oddness gives
vp(z

2 − 1) = vp(z + 1) = β. Hence β = vp(z
ν − 1). The denominator is a p-unit,

and vq(z) = Nq > 0 ensures nonvanishing.
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Put n = ⌊ℓ/(52Λ)⌋. Then n ≥ 7 and n ≥ ℓ/(104Λ). Choose auxiliary primes
outside pqrwqwr. For θ = wq/wr ̸= 1, use n− 3 of them and set

(5.2)

α1 = q/(ϖ4 · · ·ϖn), b1 = νNq,

α2 = 1/r, b2 = νNr,

α3 = θ, b3 = ν,

αi = ϖi (i ≥ 4), bi = νNq.

If wq = wr = 1, omit θ and use n − 2 auxiliaries. The product is zν . Take an
integer relation

∏
i α

zi
i = 1. The valuations at q and r give z1 = z2 = 0. For θ ̸= 1,

a prime in its support then gives z3 = 0, and each ϖi gives zi = 0 for i ≥ 4. The
tuple without θ is treated in the same way. All bases are rational p-units.

For m = ⌊x/2⌋, Legendre’s formula gives

22m

2m+ 1
≤
(
2m

m

)
≤ (2m)π(2m).

Each prime contributes at most 2m to the binomial coefficient. Hence π(x) log x ≥
(x−2) log 2− log(x+1). For x ≥ 1000, use log 2 > 2/3 and x/15 ≥ 4/3+log(x+1)
to obtain π(x) ≥ 3x/(5 log x). At x = 6ℓ log(6ℓ),

(5.3) log x ≤ 1.001Λ, π(x) ≥ 3600

1001
ℓ > 3ℓ.

Here log 6 + log(Λ + log 6) ≤ 3 + log Λ ≤ 3 +
√
Λ/2 ≤ 0.001Λ. There are at most

3 + ℓ forbidden primes, and n+ 3 < 2ℓ. Therefore h(ϖi) ≤ 1.001Λ is possible.
The auxiliary denominator has logarithm at most 1.001nΛ < ℓ/2. Since 1.001Λ ≥

1, we have (1.001Λ)n−3 ≤ (1.001Λ)n; the same comparison holds for n − 2 auxil-
iaries. Therefore,∏

i

h(αi) ≤ 4ℓ2T (wq/wr)(1.001Λ)
n, Be ≤ 2p2,(5.4)

max(logBe, 5.4n(n+ 1)) ≤ 3ℓ2.(5.5)

The cofactor-free tuple satisfies the same bounds. Both maximum terms in (F4)
are at most p(n/ℓ)n, since

log
p(n/ℓ)n

enℓ
≥ ℓ− ℓ

52Λ
[1 + log(104Λ)]− Λ ≥ 0.

Here [1 + log(104Λ)]/(52Λ) < 1/2 and ℓ/2 > Λ. For p ≥ 1000,

7e2(1.001)(p− 1)

52(p− 2)
≤ 7(68/25)2(1001/1000)(999/998)

52
< 1.

That upper bound equals 155615229/155937500 < 0.998. Consequently,

(5.6)
[
7e

p− 1

p− 2

n

ℓ
(1.001Λ)

]n
≤ e−n ≤ e exp

(
− ℓ

52Λ

)
.

Finally,
√
n+ 1[4+log(n+1)] ≤ 2ℓ. Insert (5.4)–(5.6) into (F4), and use 752e·4·3 <

25200. □
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6. Proof of Theorem 1

Set

(6.1) τ =
3

1820
, η =

1

3000
, ρ =

1

2730
, µ = ρ− η =

3

91000
>

1

40000
.

Define the effective threshold

t0 =

⌈
max

(
1000002, log(100000CV ), logCT , logCU , logCS , log

2S

log 2

)⌉
,

W0 = et0 , R0 = eW0 .

(6.2)

Assume W ≥ W0 and put t = logW . Then

(6.3) t ≥ t0, logL ≤ t+ 1, W ≥ t4, W/t ≥ t3.

First suppose the triple lies in N and Ω ≤ τW/t. Choose the least si = p, with the
other primes denoted by q, r. The equation is c − b = a, c − a = b, or a + b = c.
The local difference in Lemma 5.1 has valuation β = Mi, with cofactors uj , uk and
the appropriate sign. Their supports are coprime and avoid pqr. By (3.3),

(6.4) 10W

39
< ℓ ≤ W − Ω

3
, ℓ ≤ log q, log r <

19

10
ℓ < 2ℓ.

In particular, t − 2 < log ℓ ≤ t, so log ℓ ≥ 106. The upper bound for ℓ uses
p3 ≤ sasbsc = R/∆, since p is the least of the three primes. Also

ω(ujuk) ≤ Ω/ log 2 ≤ 2τW/t < ℓ.

Every complete exponent is at most (S/ log 2)eW/3W 3. Its logarithm is at most
W/3 + 4t < 20W/39 < 2ℓ. The middle comparison follows from 4t < 7W/39 in
(6.3). Lemma 5.1 applies with exponents at most p2. Using (4.4) gives

(6.5) H <
19

5
ℓβ < 100000CV L

10∆4 exp

(
ℓ− ℓ

52 log ℓ

)
.

The function g(x) = x − x/(52 log x) increases for log x ≥ 1. Put Y = (W − Ω)/3
and χ = Ω/W . Since tχ ≤ τ < log 3,

3Y t

W
− log Y = log 3− tχ− log(1− χ) > 0,

Y

log Y
≥ W

3t
.

Apply this to (6.5):

H < 100000CV XL10 exp

(
− W

156t
+

11

3
Ω

)
≤ 100000CV XL10e−ρW/t,

(6.6)

because

(6.7) 1

156
− 11

3
τ =

2τ

9
= ρ.

If Ω > τW/t, (3.8) gives H < CTXL2e−ρW/t on N . The equality Ω = τW/t was
included in (6.6).

The polynomial factors satisfy

log(100000CV ) + 10 logL ≤ 11t+ 10 ≤ µt3 ≤ µW/t,(6.8)
logCT + 2 logL ≤ 3t+ 2 ≤ µt3 ≤ µW/t.(6.9)
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Here µ > 1/40000 and t2/40000 > 12. This covers the cofactor polynomial, ℓ5, the
factor ℓ, and all constants in (6.5). For a2 ≤ c, or a2 > c with some s39i ≤ R10,
(6.3) gives

W/6− ηW/t ≥ W/12 ≥ 2t+ 1 ≥ logCU + logL,(6.10)
W/26− ηW/t ≥ W/52 ≥ 5t+ 4 ≥ logCS + 4 logL.(6.11)

Here η/t ≤ 1/52 and η/t ≤ 1/12. Equations (3.6), (3.7), and (6.8)–(6.11) prove
H < Xe−ηW/ logW for W ≥ W0.

It remains to cover the finite range. Apart from (1, 1, 2), at least two distinct
primes divide abc. Hence R ≥ 6. Define

(6.12) E0 = max

(
log 6

log log 6
,
W0

t0

)
, A = 2max

(
1, SW 3

0 e
ηE0
)
.

The function W/ logW has a unique minimum at W = e. Its maximum on
[log 6,W0] is therefore E0. For 6 ≤ R < R0, (F1) yields

H ≤ SXW 3 ≤ SW 3
0 e

ηE0Xe−ηW/ logW < AXe−ηW/ logW .

For (1, 1, 2), H < 1 < X and log log 2 < 0. Hence (1.1) also holds there. □
After omitting the cofactor-height and polynomial factors, the formal endpoint

ℓ = W/3 in (5.1) gives

X exp

(
− W

156 log(W/3)

)
= X exp

(
−
(

1

156
+ o(1)

)
W

logW

)
(W → ∞).

Its leading coefficient is 1/156, whereas Theorem 1 uses 1/3000.

Use of AI tools

The author devised the method of proof. Codex (OpenAI, GPT-6 Astra) and
Antigravity (Google, Gemini 4 Carbon) carried out numerical checks and ran blind
reviews of the manuscript. Claude Code (Anthropic, Claude Fable 5) checked the
proofs and the references. The author checked every step of the proof and every
reference, and takes full responsibility for the content of the paper.
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