IMPROVING THE STEWART-YU BOUND FOR ALL ABC
TRIPLES

RUIYI ZHANG

ABSTRACT. We prove that logc < ARY/3 exp(— log R/(3000loglog R)) for co-
prime positive integers a + b = ¢, where R = rad(abc) and A is absolute
and effectively computable. The proof combines estimates at maximal prime
powers with a growing number of auxiliary primes in a rational logarithmic
form.

1. INTRODUCTION

For positive coprime integers a + b = ¢, put R = rad(abc). The abc conjecture
predicts ¢ < K.R'™¢ for every € > 0. It remains open. Stewart-Yu [5, p. 226]
proved logc < R?/3+C/loglog B for ¢ > 2. Their later bound [6, Theorem 1, p. 170]
is log ¢ < R'/3(log R)?, effectively. We prove the following.

Theorem 1. There is an absolute effectively computable A > 0 such that

log R
30001oglog R

for all positive integers a + b = ¢ with ged(a,b) = 1.

(1.1) log ¢ < ARI/3eXp<_

Equivalently, logc < AR'/3-1/(3000loglog B) ' where the exponent tends to 1/3
from below as R — oo. Except for (1,1,2), one has R > 6 and loglog R > 0. In
particular, logc < R'/3 effectively. For R > 6, Pasten [3, Theorem 1.4] bounds
log ¢ by Ppin exp(kpy/log Rloglog R). Here Ppi, = min{P(a), P(b), P(c)}, P(n) is
the largest prime factor and P(1) = 1. For a < ¢~ and fixed ¥ > 0, he bounds
it by ¥~ !exp(kpy/log Rloglog R), with an absolute xkp > 0. These improve the
bound in restricted regions. Neither displayed estimate gives an improvement over
the Stewart—Yu bound logc < R'/3(log R)? for all triples in terms of R alone.

Put

(1.2) H=loge, W=IlogR, L=1+W, X =RY3

Let M;, s;, A be as in Section 3. Let Cr be the effective constant in (3.5) and put
Cp = 100000Cy, with Cy defined in (4.1). On A in (3.1), we use

w 11
1. H XLPA™0  H XLYexp( -+ —logA .
(1.3) < Cr , <Cp exp 1561ogW+ 3 log
The second holds for W > Wy when log A < (3/1820)W/log W. At this boundary
both rates equal 1/2730 > 1/3000. Section 6 gives an effective common thresh-
old. Stewart [4, Section 4, (4.13)—(4.14)] introduced the growing auxiliary-prime
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construction. Section 4 bounds the cofactors u; used in applying this construction
to additive triples. For earlier p-adic estimates, see [7]. The use of Al tools is
described at the end of the paper.

2. KNOWN ESTIMATES

All logarithms are natural. Write w(n) for the number of distinct prime divisors
of n, with w(1) = 0, and 7(z) for the number of primes at most z. For reduced
x/y, put h(x/y) = logmax(|z|, |y|). Write T'(2) = max(1, h(z)) for rational z. The
valuation satisfies v,(p) =1 and |z|, = p~ "

Fact F1 ([6, Theorem 1, p. 170, (5)]). There is an absolute effectively computable
S > 1 such that

(2.1) H < SXW3.
Fact F2 ([6, Lemma 2, p. 173, and (10), p. 172]). For rational p-units aq, ..., oy,
integer exponents |b;| < By, By > 3, and © =[], ozgi —1#£0,

P on max(h(a;),logp)
2.2 —_ log B,
(2.2) vp(0) < logp(CQn) | I log p og By,

where cg > 0 is absolute and effectively computable.

In K = Q(ap) of [6, Section 2, (10)], the ramification index at p is 1, including
p = 2; hence ord, on Q agrees with v,. Independence is not required, and a base
—1 is allowed.

Fact F3 ([1, Proposition 5, p. 517], corrected in [2]). Put Ko = 300(16¢)%. Let
m > 1 and let T’ be generated by distinct primes qi1,...,¢m and —1. The primes
form a basis for T/Tiors. IfE €T and € #1,—1, then

(2.3) —log |l —¢| < K{"log max(e, h(& Hlogqj,

(2.4) —log |1 —¢|, < K{'

1 log max(e, ph(& H log g;.

Lemma 2.1 (Specialisation of the group estimate). Proposztwn 5 of [1], with the
sign corrected in [2], gives (2.3)—(2.4) under the hypotheses of Fact F3.

Proof. Apply Proposition 5 of [1], with the sign corrected in [2], with K = Q and
the parameter &« = 1 in [1]. The group has positive rank, and h(§) > log2 > 0.
Its constant is 48(16¢)® for m = 1. For m > 2, the specialized coefficient 2(m +
1) log max(e, m)(16e)>™+° is at most 4™(16e)5™ < (8(16¢)®)™, since m + 1 < 2™,
log max(e,m) < 2™~! and 3m + 5 < 8m. The factor for the real place is at most
F =4/log2 > 1. For m > 2, F(8(16e)%)™ < ((32/log2)(16e)®)™ < K. For
m = 1, 48F < 300; both comparisons follow from log2 > 2/3. O

Fact F4 ([4, Lemma 3.1, pp. 301-302]; [8, Main theorem, (1.18), p. 321]). Let
p>5n>7, and £ =logp. For independent rational p-units o; and integers b;,
not all zero, put B, = max(2, b1, ..., |ba|). If [T, a2 # 1, then

<Ha —1><376W[4+1ogn+ )< ) Hhozz

-max (p(n/0)", €"¢) max(log Be, 5.4n(n + 1))

(2.5)
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Lemma 2.2 (Specialisation of the growing-rank estimate). Under the hypotheses
of Fact F4, estimate (2.5) follows from its cited sources.

Proof. Stewart’s derivation uses the constants 1794 and 5.25. Yu’s published ratio-
nal case has 1790 and 5.84; with these constants, the bound G; < 5.4n(n+ 1) used
here holds for n > 7. We derive this range directly from Yu [8]. Use [8, (1.9), (1.11),
(1.13), (1.28), (1.30)—(1.31)] with d = f = e, = 1 and Yu’s parameters gy = 2,
¢v* = 2. Relabel a minimum-valuation exponent last, as (1.17) requires. We retain
5.84 throughout and use the upper bound 1790 < 1794. Put Q,, = 4 + log(n + 1)
and M, = max(log Be,5.4n(n + 1)). Then

Gy

+1
The last inequality holds at 7, and its difference increases. Since h(q;) > log2 and

the auxiliary quantity in [8, (1.15)] equals log 21log 3/ log 6, the first term of A1) is
at most

<4n+6+log(dn+6) <54n (n>7).

log B, + log(2log 3/log6) < log B. + % < 1.001M,.
Yu’s additional term log B°, where B°® = min{|b;| : b; # 0}, satisfies log B® <
log B, < M,. Hence h(1) < max(1.001M,, (n + 1)¢). The saturated residue-group
index d(ex) is at least 1. Yu’s main theorem uses the heights of the original inde-
pendent tuple in both Kummer cases; we only enlarge p/§(a) to p. Yu’s first bound
is consequently at most

1794 <7p - 1>n (n+ 7 H h(e)

p—2 2n!02
-max (p(n/€)", e"€) max(Qp, ) max(1.001M,, (n + 1)¢).

Use Stirling’s inequality (n + 1)"*!/n! < e"™1y/n +1/v/2m. Also max(Q,, )/l <
Qn/log5 and max(1.001M,, (n+ 1)¢)/¢ < 1.001M./log5. Finally,

1.001 - 1794e
— < 376.
2v/2m(log 5)?
For this comparison one may use e < 2.718282, logh > 1.609437, and 27 >
2.50662. This gives (2.5) from the published constants for n > 7. O
Put Cy =6 +1ogS. By (2.1), if h(§) < H and 1 <y < R, then
(2.6) log max(e, yh(&)) < CyL,

since log(RH) < log S +4W/3 + 3logW < CyxL and CyL > 6. For fixed v > 0,
define the effective constants

U, = [max(1,4/7% 2log Ko/7)] ,

Kymax(1,logq)
(2.7) ¢ = T max <1 .
QE’Y q’y
q prime

For every squarefree J,
(2.8) G(J) = Ky [[lega < ¢y, G =1.
qlJ

For ¢ = logqg > U,, log Ky < 7(/2 and log¢ < /¢ < (/2. Multiply over the
primes dividing J.
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3. MAXIMAL PRIME POWERS

Arrange a < b. For each nonunit side i € {a,b, ¢}, put

M,; = m?xvq(i), s; = min{q : v4(i) = M, }, u; =i/sM, E; = rad(u;).
qli

By definition, s; { u;. On a® > ¢, all three sides exceed /c. Put
= 10g Si, Hz = Mi.’L‘i, A= EaEbEca Jz = A/EZ', Q= 10g A.

Consider the range

(3.1) N ={a* > ¢, 537 > R' for every i}.
On this range,
(3.2) R = su8p5.A, JoJvJ. = A2,

19 5
3.3 —W< i W Q<—W< i 1 d(z) < =W, H; > —H.
(83) W < 39 39V < @i lograd(i) < 35 19

We have z; < W — z; — a2, < 19W/39 and lograd(i) < W — x; — x3; summing
the three lower bounds gives Q = W — z, — xp — 2. < 9W/39. Maximality gives
H; > z;logi/lograd(i) > (10/19)logi > 5H/19. Also R > 30, W > 3 and
W > 3L/4. The actual ratios

(34) §a = b/C, & = a/c, §e = _a/b
have height at most H and satisfy v, (1 — &) = v4(2) for ¢ | 4.
Set
20 K§C a6

741
(35) CU = 20[—]01/6, CS = OT = ECHKOQC&/G

(log2)* ~
If a® < ¢, apply (F3) at infinity to & = b/c. Here —log(l — ¢) > H/2. Equations
(2.6)—(2.8) give

(3.6) H < CyXLe /S,

This includes unit sides and a® = c¢. If a® > ¢ and some s3° < R', choose
p = s; = min{sg, 5, 5. }; then p* < R, Since logi < M;lograd(i) < M;W and
logi > H/2, maximality gives H < 2WH,/logp. Apply (F3) to the full off-side
prime basis in (3.4):

L3R1/26

H <CHK001/261 LLUJ(E J1/2 <CHK001/261

Since p < R0/39 = X R~ 1/13,
(3.7) H < CgXL*eW/?6,
On all of NV, (F3) together with (2.8), with v = 1/6, gives
LTk _
z; ~ 10
H; < CHKOCl/GL—xjka V0 < s, L2T°.

W Cy = §CHK301/63

Multiply and use (3.2)—(3.3):
(3.8) [[H: < C3RLATE, H < CrXLPA?°.

%

There is no restriction on A in this estimate.
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4. COFACTORS OF THE MAXIMAL PRIME POWERS

Assume the triple lies in A/. Put & = max(1,cy) and F(n) = (kn)?*. Choose an
integer mgy > 7 with log(mg + 1) > 8log k + 10. Define

- F(m+3) _
(4.1) CF = max (170;'%11825% ((er)')?’) ’ CV =

(CH =+ 2)0}:‘
4(log 2)3

Then Cy > 1, since Cr > F(3) > 729. For squarefree J with m = w(J), one has
J > (m+ 1)!. Integration gives log((m + 1)!) > (m + 1) log(m + 1) — m. It follows
that

F(m+3) 8
— < (3 - 1 1)+ 2 1 44 ——
CEDIE (3—=m)log(m+1)+2(m+3)logk +3m +4 + T

<m[~Llog(m+1) +4logk +5] (m>T7).

log

The last expression is nonpositive for m > mg. The finite maximum handles
m < my, including 0. Consequently,

(4.2) F(3+w(J)) <CpJ3.

Let ! | E;. Represent & using s;,sy, every prime dividing J;, and the sign.
These bases are l-units. Their coefficients are at most By = max(3, H/log2), with
log By < (Cy + 2)L. Since logl < Q < z;,x, the two factors for s;, s, in (2.2)
have product at most L?/[4(log2)?]. Each remaining prime contributes

max(1,log g/ logl) < max(1,logq/log2) < q.
The sign contributes 1. Apply (F2), (4.2) and I/logl < E;/log2:
(4.3) 1 <v(i) < Oy LPE;J} < CyL3A*.
Every residual exponent is included, also at [ = 2. For distinct sides j, k, this yields
(4.4) T(uj/ux) < Cy L*A*

If uj > 1, logu; < maxy,; vi(j) Q2 and @ < W < L; if u; = 1, logu; = 0. Likewise
for ug. Coprimality gives h(u;/ux) = max(log u;,log u); use Cy > 1 for T'(u;/ug).

5. AUXILIARY PRIMES IN THE LOCAL ESTIMATE

Lemma 5.1. Let p,q,r be distinct primes, £ = logp, and A = log¢ > 10%. Suppose
¢ <logg,logr < 2. Let wy,w, be coprime positive integers with ged(wqw,, pqr) =
1 and w(wqw,) < €. For 1 < Ny, N, <p?, o € {1,—1}, and a nonzero difference,

4
(5.1) v (wegN* — ow,r™N) < 25200p0°T (w, /w,.) exp<—w) .
Proof. Write § for the valuation and z = (w,/w,)g™er=Nr > 0. If 3 = 0, the
result follows. For ¢ = 1, take v = 1. For ¢ = —1, take v = 2; oddness gives
vp(22 — 1) = v,(z + 1) = B. Hence 8 = v,(2¥ — 1). The denominator is a p-unit,
and vg(z) = Ny > 0 ensures nonvanishing.
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Put n = [£/(52A)|. Then n > 7 and n > ¢/(104A). Choose auxiliary primes
outside pgrwq,w,. For 8 = w,/w, # 1, use n — 3 of them and set

o =q/(ws @), b1 =vNg,

a =1 r, b :VNT)
652) =1/ )

043,:9, b3:I/,

Q; = W; (Z > 4), bi = UNq.

If wy = w, = 1, omit 6 and use n — 2 auxiliaries. The product is 2. Take an
integer relation [[, o = 1. The valuations at ¢ and r give z; = 2o = 0. For 6 # 1,
a prime in its support then gives z3 = 0, and each w; gives z; = 0 for ¢ > 4. The
tuple without 6 is treated in the same way. All bases are rational p-units.

For m = |z/2], Legendre’s formula gives

22m <2m
<

2m+1 —

< (2m)7™2m),
") < m)

Each prime contributes at most 2m to the binomial coefficient. Hence 7 (z)logxz >
(x—2)log2—log(z+1). For x > 1000, use log2 > 2/3 and /15 > 4/3+log(x +1)
to obtain m(x) > 3x/(5logx). At x = 6/log(6¢),
3600

(5.3) logz < 1.001A, m(x) > mﬁ > 30.
Here log 6 4 log(A 4 1log6) < 3 +logA < 3+ v/A/2 < 0.001A. There are at most
3 + ¢ forbidden primes, and n + 3 < 2¢. Therefore h(zz;) < 1.001A is possible.

The auxiliary denominator has logarithm at most 1.001nA < ¢/2. Since 1.001A >
1, we have (1.001A)"~3 < (1.001A)"; the same comparison holds for n — 2 auxil-
iaries. Therefore,

(5.4) [ 7(ci) < 4T (wy/w,)(1.001A)", B, < 2p?,

(5.5) max(log Be, 5.4n(n + 1)) < 302,

The cofactor-free tuple satisfies the same bounds. Both maximum terms in (F4)
are at most p(n/f)", since

p(n/ﬂ)" l
=17 >0 — —A>0.
log ong l 52 [1 + 10g(1()4A)] A>0
Here [1 + log(104A)]/(52A) < 1/2 and 6/2 > A. For p > 1000,

7e2(1.001)(p — 1) _ 7(68/25)2(1001/1000)(999/998)

1
520—2) 52 <

That upper bound equals 155615229/155937500 < 0.998. Consequently,

p—1n " _ ¢

. ———(1.001A <e "< - .

(5.6) 76p_ g( 001A)| <e _eexp( 52A)

Finally, v/n + 1[4+log(n+1)] < 2¢. Insert (5.4)—(5.6) into (F4), and use 752¢-4-3 <
25200. O
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6. PROOF OF THEOREM 1

Set

1 1 1
(6.1) T 5 3

“ 1200 "T" 30000 P 2m00 TP 7" 91000 ~ 100007

Define the effective threshold

(6.2) to = [max (1000002, log(100000CY ), log Cr, log Cy, log Cs, log 10252)—‘ ,
Wy = e'o, Ry =0,

Assume W > W, and put ¢t = log W. Then

(6.3) t > to, logL <t+1, W >t W/t > t5.

First suppose the triple lies in A and Q < 7W/t. Choose the least s; = p, with the
other primes denoted by ¢,r. The equationis c—b=a,c—a =0b,ora+b=c.
The local difference in Lemma 5.1 has valuation 3 = M;, with cofactors u;, u and
the appropriate sign. Their supports are coprime and avoid pgr. By (3.3),

ﬂ < i< W -

39 - 3 7
In particular, t — 2 < logl < t, so log¢ > 10%. The upper bound for ¢ uses
p3 < 5488, = R/A, since p is the least of the three primes. Also

w(ujug) < Q/log2 < 2rW/t < L.

19
(6.4) ¢ <loggq,logr < 1—06 < 2¢.

Every complete exponent is at most (S/log2)eV/3W3. Tts logarithm is at most
W/3 + 4t < 20W/39 < 2¢. The middle comparison follows from 4¢ < 7W/39 in
(6.3). Lemma 5.1 applies with exponents at most p?. Using (4.4) gives

19 ‘
. - 1 10 A4 _ - ).
(6.5) H < —(f < 100000Cy LA exp(é 5210g€>

The function g(z) = z — x/(521og ) increases for logx > 1. Put Y = (W — Q)/3
and x = Q/W. Since txy < 7 < log3,
3Yt Y

227 _logY =log3 — ty — log(1 —
- los og3 —tx —log(1 —x) >0, gV

Apply this to (6.5):

>

S

w11
H < 100000Cy X L9 exp (— + Q)

(6.6) 156t 3
< 100000Cy X L'0e=PW/t,
because
1 11 27

If Q > 7W/t, (3.8) gives H < CrXL* "/t on N. The equality Q = 7W/t was
included in (6.6).
The polynomial factors satisfy

(6.8) 1og(100000Cy) + 10log L < 11t 4 10 < ut® < pW/t,
(6.9) log Cr +2log L < 3t +2 < ut® < uW/t.
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Here p > 1/40000 and 2/40000 > 12. This covers the cofactor polynomial, £, the
factor ¢, and all constants in (6.5). For a? < ¢, or a? > ¢ with some s3? < R0,
(6.3) gives
(6.10) W/6 —nW/t>W/12 > 2t + 1 > logCy + log L,
(6.11) W/26 —nW/t > W/52 > 5t 44 > log Cs + 4log L.
Here n/t < 1/52 and n/t < 1/12. Equations (3.6), (3.7), and (6.8)—(6.11) prove
H < Xe mW/10gW for W > W,.

It remains to cover the finite range. Apart from (1,1,2), at least two distinct
primes divide abc. Hence R > 6. Define

log6 W,
(6.12) Ey = max L,—O , A = 2max (1,SW5’6"E°) .
loglog 6’ tg
The function W/logW has a unique minimum at W = e. Its maximum on

[log 6, Wp] is therefore Ey. For 6 < R < Ry, (F1) yields
H < SXW?3 < SWienFoxe MW/ 1loeW  gx =W/ logW,

For (1,1,2), H <1 < X and loglog2 < 0. Hence (1.1) also holds there. O
After omitting the cofactor-height and polynomial factors, the formal endpoint
{=W/3in (5.1) gives

X exp <_156bZV(W/3)) _ Xexp<— (1;)6 4 0(1)> 1ong) (W = o0).

Its leading coefficient is 1/156, whereas Theorem 1 uses 1/3000.
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